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A Comparison Study Between Navier-Stokes Equation and
Reynolds Equation in Lubricating Flow Regime
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For practical calculations, the Reynolds equation is frequently used to analyze the lubricating
flow. The full Navier-Stokes Equations are used to find validity limits of Reynolds equation in
a lubricating flow regime by result comparison. As the amplitude of wavy upper wall increased

at a given average channel height, the difference between Navier-Stokes and lubrication theory

decreased slightly ; however, as the minimum distance in channel throat increased, the differ-

ences in the maximum pressure between Navier-Stokes and lubrication theory became large.

Key Words : Navier-Stokes Equation, Reynolds Equation, Lubrication Theory

Nomenclature

h . Height of channel

ho, T . Average channel distance, amplitude
of the cosine wavy wall, repectively

p . Pressure

Do, D2 . Perturbation pressure of order 0, 2

Re . Reynolds number 0vlyes/

Q . Volume flow rate

u, v, w . Velocity component

x, ¥, 2 . Rectangular Cartesian coordinates

€ . Perturbation parameter, h/L

¥ . Stream function

Yo, ¥», ¥y . perturbation stream function of order
0,2 4

7] . Viscosity

v > Kinematic viscosity

Superscript

() . Derivative

Subscript

min * minimum

max . maximum
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L : Lower surface
U . Upper surface
(Vs . Derivative with respect to x

1. Introduction

This work was motivated to provide basic
guidelines for using a simplified subset of the
Navier-Stokes equation, the *“Reynolds equa-
tion”, in a lubricating flow regime. Engineering
field applications such as lubricating flow in a
power steering actuator, or hydraulic actuators in
many hydraulic equipments can be potential areas
of applying this simplified Reynolds equation.
The study was particularly motivated by the
power steering actuator research/lip-seal friction
study between Ford Sci-Lab and University of
Michigan, Ann Arbor. Typical schematic of lip
seal cross section of an actuator can be seen in
Fig. 1. The metal shaft slides back and forth at
various frequencies and speeds while the lip seal
elastomer holds tightly by order of roughness of
metal shaft. The typical clearance between metal
shaft and elastomer lip seal is about 0.1 gm and
the lubricating oil is heavy paraffin oil. The sur-
face roughness of the metal shaft can be consi-
dered as a sinusoidal wall and elastomer surface
as a smooth wall ; however, in this study to make
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Fig. 1 Schematic of lip seal cross section

the problem steady the elastomer seal is assumed
as a wavy wall and the metal shaft as a sooth wall.
The smooth metal shaft is moving at a constant
speed of 0.0254 m/sec instead of oscillating back
and forth.

The lubrication theory has been applied fre-
quently by various researchers in tribology and
biofluids due to its simplicity and easiness to
obtain useful solutions. Schumack, et al. (1991)
investigated the effect of 0" and 2™ order lubri-
cation theory in the analysis of fluid flow under a
grinding wheel. Dusey (1993) also compared the
lubrication theory with the Navier-Stokes meth-
od, using an artificial compressibility when sim-
ulating bolus transport in the esophagus. Hsu and
Lee (1994), Dowson and Wang (1994), Wolff
and Kubo (1994) studied elasto-hydrodynamic
lubrication. Hua and Kohnsari (1995) studied
the elasto-hydrodynamic transitional lubrication
flow in gear transmission. Carvalho and Scriven
(1997) analyzed a capillary phenomena and vis-
coelastic effect in roller nips. They indicated that
except very narrow lubricating flow regime in
roller coating gap the lubricating equation could
not be applied safely; however, they did not
provide any quantitative criteria for the effective
regime of Reynolds equation. Lubrication be-
havior in a mechanical force seal to control
leakage of working fluid at the interface between
a rotating shaft and its housing has been studied
by using the Galerkin Finite Element Method
(Choi et at., 2001).

In this study, the 0** and 2™ order lubrication
equations are used to compute the flow field

between the lubricating channels. The results are
compared with FIDAP (1993), a full Navier-
Stokes simulation code. More specific guide lines
for usage of Reynolds equation in the current
lubricating flow conditions are to be suggested.

2. Analysis

The lubrication theory which was first derived
by Reynolds is valid when the ratio of the length
scales along the normal and tangential directions
to the dominant flow direction is much less than
unity and Reynolds number based on the charac-
teristic length is very low. In such a flow regime,
pressure force and viscous force are dominant and
therefore convection terms, fluid inertia, pressure
gradient across the thin fluid film, velocity gra-
dients other than across the film may be neglected
in 0" order lubrication theory. The 2" order
lubrication theory which can account the pressure
variation across the thin film can be derived from
the full Navier-Stokes equation by introducing
the perturbation methods using stream function
and pressure.

The 2-D, streamfunction form of the dimen-
sionless, steady, incompressible flow governing
equations for lubrication flow regime is

&Re( Yyl — Vi) — € Re (Px¥uxy — Yy ¥icex)
_ot, 0V o'y .0y (1)
SV te oy ot

where

_ _ channel height
<g_-h/L_channel length

with boundary conditions
Y=9y—1=0 at y=0
¥—Q=19»=0at y=h(x)
By expanding the stream function using slowly
varying assumption
v=tht+htetht )
p=toteppt--

The equation at order unity can be written as
Yo 19y =0

v/fo=y+y2<3h? %>+y3<l 2Q> (3)
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At O(&);

—2% ooyt Re ( VoyVoxyy— YoxPoswy) 4)

Vo syyy =

with boundary conditions

Yo=1zy=0 at y=0
="1hy=0 at y=1

where @ is the volume flow rate.

»=Re I'y* [ﬁ%—%%—%( g >2+...}

The pressure from the scaled Stokes equations
to order & can be written after some algebra as

follows.
pozéfl/l?dx+12Q/#dx (s)
prete[ =3 s Sy s ()
s {22)u rmaDyol ) o

_18%}2}/ 48<Q/ha/h3 > ( Z:M

The detailed derivation can be found in Sc-
(1991).
verning equation can be rewritten between lu-

humack et al. The integral form of go-

bricating channels in differential form as follows ;

A R
*i{mh ) [phmﬂb)} 7

ox 2 2

dy 2

dh oh

+:0(wa ) PUa =~ ox —PVa>7 day +h’3?

V=N U=Ua. v="uv.(upper surface)
=0 u=1u,, v=0s(lower surface)

If we ignore the quantity of side leakage terms
which have 9/dy derivatives, the O
nolds equation in differential form may be written

order Rey-

as follows.
sl - &) oy

Poiseulle flow Coutte (stretch, physical wedge)

When the upper wall is assumed as a sinusoidal
rubber, the upper wall equation can be defined as
h=ho+ h1 cos{0.2 mx). All the lengths are nondi-

mensionalized by reference length of 0.075 ym.
The governing equation becomes a nonlinear or-
dinary differential equation for pressure. The
Runge-Kutta-Fehlberg method with secant slope
strategy (shooting method) is used to solve this
ordinary differential equation. This is an initial
value problem with a smooth bottom wall {metal
shaft) moving at constant speed of 0.0254 m/sec.

3. Results and Discussion

The typical lubricating channel geometry can
be approximated as a fixed upper sinusoidal wall
with one period and lower flat plate moving at a
constant speed as shown in Fig. 2. The real metal
shaft is axisymmetric; however, since we are
dealing with microscopic lubrication channel, the
average channel heights is about 0.075 gm. Even
the small near contact lubrication regime contains
thousands of microscopic wavy channels, so we
assumed it as 2-dimensional flowfield. Working
fluid is heavy paraffin oil of specific gravity 0.87
and kinematic viscosity 66.7 mm?/s. The piston is
assumed to move at a constant speed of 0.0254 m/
sec, and the Reynolds number based on reference
length of 0.075 pm is 2.856 X 1078,

cal lubrication flow condition, where the pressure

This is a typi-

and viscous diffusion terms are in equilibrium.
The pertodic boundary conditions are used at the
inlet and the exit.

FIDAP (1993) is used to compute the fully two-
dimensional viscous flow in the microscopic

channel.
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Fig. 2 Enlarged schematic of lubricating channel
flow regime (/n;=0.075 pm)
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Table 1 Puax/Pre; comparison among different h=1+h; cos 0.2 7x geometries

Geometry hmm FIDAP Oth Lub. 2nd Lub. th/PF[DAp (%)
1+0.1 cos 0.2 x 0.9 1.05865 0.96071 0.963 90.75%
1+0.5¢co0s 0.2 mx 0.5 6.4858 5.930 5.943 91.4%
1+0.75cos 0.2 mx 0.25 17.0 15.388 15.404 90.3%
1+0.9 cos 0.2 mx 0.1 56.06 52.16 52.06 93.8%

1+0.99 cos 0.2 mx 0.01 1433.08 1412.9 1404.1 98.59%
3.1 The effect of amplitude of upper wavy
. /
wall on the maximum pressure . ,‘i{,,‘i::
| T = Py Pt

The upper wavy elastomer wall might be des-
cribed as = ho+ I cos(0.2 mx) where s was the
amplitude of the cosine wave wall, while the
average channel distance %, was kept constant as
unity. The amplitude %, was varied from 0.1 (the
largest gap between upper and lower wall) to 0.99
(the smallest gap) so that we could observe the
effect of the narrowest gap distance /imn on the
maximum pressure and its location. Typical wall
pressure distribution comparison was given in
Fig. 3. The maximum pressure was built up in the
convergent part of upper wave wall ; however, the
minimum pressure was occurred in the divergent
part.

In Fig. 4, as we decreased the amplitude of the
wavy wall or increased the minimum gap distance
hmin, the difference between Navier-Stokes meth-
od (FIDAP) and Reynolds equation became lar-
ger. The relative pressure ratio in percentage be-
tween FIDAP and O™ order lubrication theory
can be found in Table 1. When Zmin was 0.01, then
poLuv/ Pripap=0.986. The peak pressure difference
was very small, indicating the Reynolds equation
was valid in this flow region ; when Amn=0.9, the
peak pressure ratio was 0.9075 and the pressure
difference was not negligible ; however, we could
still use the Reynolds equation for engineering
practice. The amplitude of the wavy wall did not
affect the solution much at a given average dis-
tance Jp=1. The average distance between the
metal shaft and the wavy wall, %, seemed to be
important in applying Reynolds equation. For the
case of /ip=1, i.e., same as the reference length of
0.075 pym, the Reynolds equation predicted the
peak pressures in the channel reasonably well
when compared with Navier-Stokes equation for

; P,/ Py (FIDAP) |
py/ b, (FIDAP)

Fig. 3 Wall pressure comparison among FIDAP, 0*
and 2™ order lubrication theories along the

channel
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Fig. 4 Pumax/Pret VS hmin/lrer comparison plot among
various h=14h; cos(0.2 7x) geometries

all the different amplitudes %, of the upper wavy
wall on the maximum pressure.

3.2 The effect of average channel distance
on the maximum pressure

We moved the upper wavy wall up and down

to see the effect of average channel distance Ao

without changing amplitude of the wavy wall.

The dimensionless upper wall geometry equation

was A= ho+0.5 cos(0.2 mx). As we decreased /,,
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Fig. 5 Wall pressure comparison among FIDAP, 0™
and 2™ order lubrication theory along h=
0.514+0.5cos 0.2 mx
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Fig. 6 Wall pressure comparison among FIDAP, 0'

and 2™ order lubrication theory along h=
0.6+0.5¢c0s0.2 mx

the local maximum and minimum pressure region
became smaller. The pressure gradient across the
channel became negligible so that the pressure
was ncarly; constant at normal direction. The
Reynolds equation agreed quite well with the
Navier-Stokes equation when the average gap
distance %,=0.51, or the minimum height fmn=
0.01, as in Fig. 5. The maximum pressure differ-
ence between the two methods was less than 0.3%
as shown in Table 2. Figure 6 shows wall pressure
comparison among Navier-Stokes (FIDAP), 0™
and 2" order lubrication theories along the upper
surface prescribed by £#=0.610.5 cos 0.2 zx. The
lubrication theory predicted the wall pressure
distribution quite accurately when compared with
the full Navier-Stokes method. As shown in Fig.
7, the relative difference between the Navier-
Stokes and Reynolds equation was larger as we
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Fig. 7 Wall pressure comparison among FIDAP, 0™
and 2™ order lubrication theory along h=
1.5+0.5cos 0.2 mx
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Fig. 8 Wall pressure comparison among FIDAP, 0*

and 2™ order lubrication theory along h=
5.540.5cos 0.2 nx

increased the average gap distance /A to 1.5.
When /i was order of unity, the pressure ratio
changed between about 90~ 100%. From this the
Reynolds equation seemed to be reasonable rela
tively when /s, was order of unity or less ; how-
ever, when we increased /o substantially above
1.0, the difference became larger, so that we could
not use the Reynolds equation safely in such
region. For example when %=5.5 or /mn=>3.0,
the pressure ratio between Lubrication theory and
Navier-Stokes equation, porus/Ppripar, was 0.246
as shown in Fig. 8. The Reynolds equation pre-
dicted the peak pressure significantly lower than
Navier-Stokes did. The maximum pressure com-
parisons among Navier-Stokes and Reynolds
equations for 2=/,+0.5 cos 0.2 mx geometry are
tabulated in Table 2.

The local maximum and minimum pressure posi-
tions of two geometry shapes h=/hy+0.5 cos



604 Dong Joo Song, Duck Kyo Seo and William W. Schultz

Table 2 Punax/Prer comparison among different h=he+0.5 cos 0.2 7x geometries

Geometry hmin FIDAP Oth Lub 2nd Lub Poth/PFIDAP (%)
554+0.5¢c0s0.2 mx 5.0 0.1172 0.02884 0.02829 24.6%
1.5+0.5¢c0s 0.2 mx 1.0 1.8128 1.533 1.538 84.5%
1.140.5c0s 0.2 7x 0.6 4.705 4.287 4.266 91.1%
1.0+0.5cos 0.2 7x 0.5 6.4858 593 5.927 91.4%
0.6+0.5cos 0.2 mx 0.1 75.510 72.53 72.97 96.05%
0.51+0.5¢cos 0.271x 0.01 2099.70 2094.0 2094.5 99.7%

10' - I — { o | Stokes and Reynolds equation became larger as
! ! L] h=1+h,cos0.2nx | . .. . .
| , % hehgp0.5cos0.2nx | we increased the minimum gap distance Amn sig-
L, —p—woop— nificantly above 1.
10° f e ‘,,ﬁ,,,{.”,,,r___-‘; S N—
! i » B
. i " 4. Conclusions
=& ! = |
H ! i
0! b s O S Nt [E— .
! i f ' | * The Reynolds equation has been compared
‘ with the full Navier-Stokes solution at various
e N i S B amplitudes of wavy wall and average channel gap
Sk é . -415. —t distances. As the minimum gap distance in chan-
XA, nel throat increased, the difference in the maxi-
Fig. 9 Comparison of the maximum pressure loca-  mum pressure between Navier-Stokes method

tion and the minimum channel throat
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Fig. 10 Puax/Prer vS hyun/lrer comparison plot among
various h=hy40.5 cos (0.2 7x) geometries

0.2 mx and =1+ /1 cos(0.2 mx) moved toward
the symmetry plane when we decreased the mini-
mum gap distance, /i, between the upper wall
and bottom flat shaft as shown in Fig. 9. When
the minimum gap distance /min was near 1 (Figs.
7 and 9), the peak pressure position was located
at x/ lres=3~3.5 while it was located at X/ lrer=
49 (the center location=5) when Jmia=0.01
(Figs. 5 and 9). Figure 10 shows the relationship
between the maximum pressure and the minimum
gap distance. The difference between Navier-

and lubrication theory became large. The Rey-
nolds equation predicted a reasonable pressure
distribution along the wavy wall when the nondi-
mensional average gap distance was near or less
than 1 (order of 0.075 #m). The amplitude of
wavy wall at a given average gap distance did not
affect the solution much. The local maximum and
minimum pressure locations were moving toward
throat of the channel as we decreased the mini-
mum gap distance Amin.
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