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Ranked-Set Sample Wilcoxon Signed Rank Test
For Quantiles Under Equal Allocation
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Abstract

A ranked set sample version of the sign test is proposed for testing hypotheses
concerning the quantiles of a population characteristic by Kaur, et. al(2002). In this
paper, we proposed the ranked set sample Wilcoxon signed rank test for quantiles
under equal allocation. We obtain the asymptotic property and the asymptotic relative
efficiencies of the proposed test statistic with respect to Wilcoxon signed rank test of
simple random sample for quantiles under equal allocation. We calculate the ARE of
test statistics, the proposed test statistic is more efficient than simple random
sampling for all quantiles. The relative advantage of ranked set sampling is greatest
at the median and tapers off in the tails.

Keywords : Wilcoxon signed rank test, ranked-set sampling, Asymptotic relative efficiency,
equal allocation.

1. Introduction

Many authors discuss the sampling method, which is called the Ranked-Set Sampling(RSS)
method. This sampling method is introduced by McIntyre(1952). The RSS method is useful
when measurements are destructive or expensive or invasive, while ranking of the observation
is relatively easy. Mclntyre(1952) suggested the RSS method for assessing yields of pasture
plots without actually mowing and weighing the hay for a large number of plots. Takahasi
and Wakimoto(1968) proposed the same procedure and developed an extensive body of theory
that is, however, based upon the assumption of perfect ranking, Dell and Clutter(1972)
considered a useful technique for improving estimates of the mean in the situation that
measurements of observations are not perfectly judged. Stokes(1980) investigated the
estimation of a population variance and asymptotic relative efficiency on the RSS. In one
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sample location problem, Hettmansperger(1995) studied the sign test on RSS. Koti and
Babu(1996) calculated the exact null distribution of the ranked-set sample sign test statistic.
Kim and Kim(1996) studied the Wilcoxon signed rank test on RSS. In two sample location
problem, Bohn and Wolfe(1992, 1994) proposed the Mann-Whitney-Wilcoxon statistic and
investigated the properties of the test procedures based on RSS for perfect and imperfect
judgements. Oztirk(1999a,b) studied the one- and two-sample sign tests for RSS and
extended one sample sign test to two sample sign test on RSS. Kaur et al.(2002) studizd
ranked set sample sign test for quantiles under equal and unequal allocation, search the
optimal allocation under unequal allocation. Their research is more efficient than simple
random sample sign test for quantiles.

In this paper, we discuss the ranked-set sampling method Wilcoxon signed rank test for
quantiles under equal allocation. In the quantile problem, we will propose test statistic using
RSS Wilcoxon signed rank test to have more efficient than simple random sampling(SRS) for
the Wilcoxon signed rank test. In section 2, we introduce the test statistic and study the
asymptotic property of the test statistic. Section 3 shows the asymptotic relative
efficiency(ARE) of the proposed test statistic with respect to Wilcoxon signed rank test on
SRS. In section 4, we have conclusions and further work.

2. Test Statistic
2.1 Review of Ranked-Set Sampling

Now we introduce the Ranked-Set Sampling method. A set of #% items is from the
population, the items of the set are ranked by judgment and only the item ranked the smallest
is quantified, but k2— 1 remaining observations are returned to the population. The another set
of size k is drawn and ranked and only the item ranked the second smallest is quantified.
This process is repeated until we measure k& ordered observations ; X (), ", X (91, Where
X (j1 is the measurement taken on the item judged to be rank ;j among £ observations and

the second subscript indicates the first cycle. This sampling method is called the RSS and is
explained in Figure 1.

Xa Xap  Xaw-» Xaw = Xan
Xoy Xa - Xoew-my Xow = Xon

=

Xw Xw  Xww- Xw = X

[Figure 1] Display of % measurement observations of the first cycle(RSS)
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2.2 The Proposed Test Statistic

We consider one sample location problem on RSS. Let X (y1,", X (ns s X 015 s X (n

be a RSS of size #nk as shown in Figure 1. X (;; are independent and identically distributed

for fixed ;.

We repeat the process for # cycles to get nk measurements.

X Xwn ~  dd hg(d
X Xon ~ did he(d

X, Xwn ~  tid b

The density function % (;(#) represents the pdf of the j-th order statistic of size £ from a

distribution with pdf A(#) and cdf H(# and H ;(#) is cdf and its density function is given
by;
, _ k! i1 _ k—j

H () = f_tmhm(x)dx-

We suppose the population is distributed as H(x)=F(x— &,) and wish to test for

Hy: &£,= 0 against H 4:£,#0. For p=0.5, this hypothesis reduces to a test of the median.
Wilcoxon signed rank test is a very useful test for one sample location problem. We propose
the test statistic using Wilcoxon signed rank test on RSS for quantiles.

The proposed statistic is given by

W?e_ss = ,2. Zli' T(i)i-

where T(j),' = Ztl( X(J),-‘*‘ X(,)/)O).

Let VZ’,) = gli . T(j)i/( g) We consider VE:) for convenience calculations instead of Wiss.
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The V{; can be written as

Ve = (,ﬁ—) 2 B ot X 00

2
= % Z‘I(X(J)i>0)+-,}t- 211 lill(x(j)i'f'X(,‘)/)O)
(%) (%)
= ngl U1+ UZ,
where Ul=—’l,z ZII(X(/){)O) and U2=“%)' ;211 I=2;+11(X(m+ X(,‘)l>0).
2

First of all, we evaluate the expectation of Vz}),

E(V{,)) = E[ n-z—l U1+U2]

= =2 P(X 30+ P(X gy + X > 0),

where P(X (500)=1— H (,(0) and

P(X g+ X >0 = [ _[1— Hy(—x—28)1dH (5 (2).
The expectation of proposed test statistic, W;ss,

EWiss) = (2) B B(VE)
= ”Z,(I"Ho)(O))
+ (;l) ,fo_wm(l" H(—x—2&))dH ().

We evaluate the variance of statistic Wiss,

Varl Wgss) = [(g)] ’ g‘ Var( V()
=1 2‘(1— H, (0)H ,(0)

* (3) gP(X mt X (22 01— X (n+ X 520))
= nk(1— H(0))H(0) &

+ (;“) Z\P(le + X (> I —P(X (jn+ X (5> 0)),

where 62=1— ,ZI}H(,) (0) — H(0))?/ kH(0)(1 — H(0))



Ranked-Set Sample Wilcoxon Signed Rank Test 539
For Quantiles Under Equal Allocation

With £ fixed and as n—oo,

k| Wiso—nk1= 1) = (2) 3 [T (1= 1 (= 5=26)00H (3]

~ N(0.HOX1 - HOYS + 25k 3P [1- P,
where P (= P(X (1 X (522 0).

The following theorem provides the mean and variance of the test statistic, Whss, on the
RSS under the null hypothesis.

Theorem 1 Under Hy: &,=0, H(0) = F(0) = p,
E o Whes) =nk(n+1)/4, Var o Whss) = kn(n+1)(2n+1) 8%ss,/ 24,

where 0%ss, =1 — gwm (0) = 9%/ kp(1~ )

Proof. The expectation and variance formula follow from the fact that —}; ﬁlF o (0)
“=

= F(0)=p, and F(;(0) is given by the change of variable = F({).

3. Asymptotic Relative Efficiency

We compare the test under equal allocation using the criterion of the Pitman's asymptotic
relative efficiency. For given quantile, we compare the Wilcoxon signed rank statistic on RSS,

Whss, for quantile under equal allocation will be made with corresponding test under SRS,

Wirs. The efficacy of test statistic is given by;

D = 7 e

Under Hy: &, = 0, in order to compute the efficiency of Whss, we evaluate

E(Z V= 5510 Fo(—en+ [ (1= Fo(-x=26)dF ()]

=

The derivative of E g( i'\ V) evaluated at &, = 0 is
=

ek %E%V&) lemo= B( 2T 70 @+2f (D)

Hence.
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Then the efficacy of Whss is

+ . . n2—1 g(lzl fo (0)+2f_°;f2(,)(x)dx)
S = I PETCESNCIES))
\/nk ¢ N n

2\/—3;‘ [ rh(Da
kd RSS,

0 &ss,

Note that the efficacy of %}s is

eff(Weks) = 23 [ fi(x)a,

The asymptotic relative efficiency of W;SS with respect to WS+RS is

eff*( Wiss)
eff*( Wizs)

2o e

kG gss, f_ifz (x)dx

ARE( Wgss, Wigs) =

2

where

Fia(x) = [ = 1),(k b1 ]ZF“"‘“(xm—F(x)) A= £2(x)

B [ (j— l)l(k N ] FZU ) ? (=D Z(k J)) Fx) f4(x).

Then we consider the asymptotic relative efficiencies for the umfonn, double exponential and

logistic distributions.

First, for uniform distribution,
ARE(Wiss, Wigs)

2 DG ]zzg -0 () g

k0 Rss,

2

Second, for double exponetial distribution,
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ARE(Wgss, Wigs)
1—(L 1)21+d 1

ﬁ\[ DG ;)1]222 k‘g” lm ?) e Y
RSS,

Third, for logistic distribution,
ARE(Whss, Wigs)

Gﬁx[ G- 1)'(k ;)']zzﬁ»(‘ )f(k 7 (21+1+a’)(21+d)
k3 gss,

In order to calculate the ARE, we tabulated & gss, for different values of p and for

k=2(1)5,10 in Table 1.

2

[Table 1] Values of & gss, for »=0.05,0.1,0.2,0.5,0.2,0.9,0.95 and £=2(1)5,10

» p

0.05 0.1 0.2 05 0.8 09 0.95
2 0.976 0.954 0.917 0.866 0.917 0.954 0.976
3 0.954 0.914 0.855 0.791 0.855 0914 0.954
4 0.933 0.880 0.807 0.740 0.807 0.880 0.933
5 0914 0.851 0.771 0.702 0.771 0.851 0.914
10 0.835 0.746 0.659 0.592 0.659 0.746 0.835

[Table 2] Values of ARE( Wpss, Wags) for uniform distribution.
b b
0.05 0.1 0.2 0.5 08 09 0.95

2 1.866 1.954 2.116 2.371 2.116 1.954 1.866
3 2.815 3.062 3.501 4,097 3.501 3.062 2.815
4 3.841 4.315 5134 6.114 5134 4315 3.841
5 4.944 5.705 6.944 8.387 6.944 5,705 4,944
10 11.541 14.465 18.565 22.960 18.565 14.465 11.541

[Table 3] Values of ARE( Wiss, Wirs) for double exponential distribution
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5 P

0.05 0.1 0.2 05 0.8 09 0.95
2 1.429 1.496 1.620 1.815 1.620 1.496 1.429
3 1.930 2.100 2401 2.809 2.401 2.100 1.930
4 2481 2.787 3.316 3.949 3.316 2.787 2.481
5 3.076 3.549 4.320 5.218 4.320 3.549 3.076
10 6.634 8.315 10.672 13.198 10.672 8.315 6.634

[Table 4] Values of ARE( Wiss, Wigs) for logistic distribution

b P

0.05 01 0.2 05 0.8 0.9 0.95
2 1512 1.683 1.714 1.920 1.714 1.583 1.512
3 2.068 2.249 2572 3.009 2572 2.249 2.068
4 2.667 2.996 3.565 4,246 3.565 2.996 2.667
5 3.309 3.819 4,648 5614 4,648 3.819 3.309
10 7.125 8.929 11.461 14.174 11.461 8.929 7.125

When the underlying distribution is uniform, double exponential, logistic distribution, the
values of ARE is in Table 2, 3 and 4. It is observed that ranked set sampling is mcre
efficient than simple random sampling for all quantiles. The relative advantage of RSS is
greatest at the median and tapers off in the tails. Increasing sample size k& further enhances

the performance of RSS.
4. Conclusion and Further Work

In one sample problem, we proposed Wilcoxon signed rank test for quantiles on RSS. It is
observed that ranked set sampling is more efficient than simple random sampling for all
quantiles. The relative advantage of RSS is greatest at the median and tapers off in the tails.
Increasing sample size £ further enhances the performance of RSS. For further research, we

can apply the idea in this thesis to testing under the unequal allocation.
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