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Three-Dimensional Vibration Analysis of Deep, Nonlinearly Tapered
Rods and Beams with Circular Cross-Section
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Abstract

A three dimensional (3-D) method of analysis is presented for determining the free vibration frequencies and mode
shapes of deep, tapered rods and beams with circular cross section. Unlike conventional rod and beam theories, which are
mathematically one-dimensional (1-D), the present method is based upon the 3-D dynamic equations of elasticity.
Displacement components #,, #, and #,, in the radial, circumferential, and axial directions, respectively, are taken to be

sinusoidal in time, periodic in , and algebraic polynomials in the r and z directions. Potential (strain) and kinetic energies of
the rods and beams are formulated, the Ritz method is used to solve the eigenvalue problem, thus yielding upper bound
values of the frequencies by minimizing the frequencies. As the degree of the polynomials is increased, frequencies
converge to the exact values. Convergence to four-digit exactitude is demonstrated for the first five frequencies of the rods
and beamns. Novel numerical results are tabulated for nine different tapered rods and beams with linear, quadratic, and cubic
variations of radial thickness in the axial direction using the 3 D theory. Comparisons are also made with results for
linearly tapered beams from 1 -D classical Euler-Bernoulli beam theory.

Keywords : vibration, three dimensional analysis, deep rod and beam, tapered rod and beam, ritz method
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a2l 1 A Representative Nonlinearly Tapered Beam
Having Circular Cross-Section and the Cylin-
drical Coordinate System( 7, 8, 2)

Orr.r+ Urz.z—l—%,"(UVV_G€8+OVH,€):pd-r (23)
670,r+ 6(92,2"’%(20‘7'5—’_0‘36,6):07;6 (2b)
Orerr Ot L (0 000 0) =00 (2¢)

(ey) el BAE v A3 2o}
0;-A€0;+2Ge;; (3)

@714 4% G=Laméel 4%, 534 Amo] e Lame
o) 442 QAS(E)S LTogu ()2 EASH e A
3} 2},

_ Ey . E
A= (1+v(1-2v G= 2(1+) (4)

H e(=e,tegpte.,) =HIE M2 g (trace).
sy=3azd7 el de}

AAE AEE () A AN (u,, wp, u,) 9] BAZ
& o 2o

ug‘g‘f“ U,

Epy= Uy r, €9~ Ez™ Uz, 2 (53)
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U, g~ U
Ere:%[ue,r“' '07, 6]

Il
Nh—t
*

x
N
+

em:%(ur,z+uz,r)y €z

21(5)d] o&td | 1/ el 71203l p=00M HAR
£ EASR L ¥ ¥g 9 5ol (singularity)o] 24
3 "l o] Bolde Bl AF oM A%
< Foto A £ glon, WA ()9 e o WY
T 0 r< R2ANM 0 r< R(z) 22 mAHofof g},
o A3 2k

HAEE A ARV =

V== f(orrerr—’_ 095560+ Gzzezz+ 2079 Ery +

26,,6,,+ 204,007 drdl dz (6)

4714, o=l 7.
H(3)# (5)2 A6l s
& A ol Al WelgRe

oA (V) 7}

ﬂrlf'

V= % f[/l( €t g0t €.+ 2G{ e, P+ ep” €2
2

+2e et tes D)) rdrdodz (7)

%f Cot, 2+ wp+ w,)rdrdbdz (8)
Q

ot}

Aske] HolAd g Y8 MR/ T( MY HHAE(2)E 2+
2t P=y/(Ro+R)T t=z/LoZ FAst Al o
g Tx8E AFAE(E 6, 09 HWYE g H7
2t}

0KT<8(E), 0<6<27,0<¢<1 (9)

AT BAE

JAA=RHC+ R (p=0) (10a)

i
fir

_ 1 ¥k . q ok
8(5) = 1+R*[(R R™(1-20+R"1(g=0) (10b)

@mﬂwﬂR%;%MEﬂﬂmmﬂuw&ﬂw
£ 29 38 24 (p
1-2)5) 53K g=3) 4 wlels] 1E Helw 3]

W7 ARREAA A WSl ABHerse AR
ooy, B3] AETAE 7h wE 23] e 9F A
Qo Qd WA e Lol

ul¥,6,¢,0=ULT, Ocosnbsin{wt+ a) (11a)
ug (W, 8,2, 0)=U,(¥, {)sinnlsin(wt+ a) (11b)
u W, 6,¢,0=U,Y, cosnbsin(wt+ a) (11c)

A7NM, U, Uy, U, = ¥ ¢9] #4590 BAEF, 0=

LRAEF, e=27|12P02 ZHHE Y9 €84 4

mppEmrm— N . [RL/L, Ro/RL]
Jd =[0.05, 0.2]
(a)
—t N [RL/L, Ro/RL]
B -4 =[0.05, 0.5]

[R./L, Ro/R.}
={0.15, 0.2]

(c)

[R/L, Ro/R/]
=[0.15, 0.5]

(d)

a2l 2 Linearly( p=1) Tapered Beams Having Circular
Cross-Section with &, in(10a)
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R Ro
[1” I, R,,]
=12, 0.15, 1/3]

Ry Ro]

‘ =[2, 0.05, 3]

B Ry Ry

- - [q, L, R RL}
=[2, 0.15, 1/3]

{c)

R, Ro Ry
["' L, R, RL]
=[2, 0.05, 1, 3]

R Ky R,
[‘7’ L. R. RL]
=[3, 0.025, 7, 4]

(e)

a2l 3 Nonlinearly Tapered Beams Having Circular
Cross-Section with &, in (10a) for (a) and (b),
and & in (10b) for (c), (d), and (e)

-

sin{wt+a)e] ¥ 2= :

% g9E AFREF(n)9dE 8 (uncoupled) 7t H
}E}

o
o,
=
o
Rl
2,

= rTJr 29

o Wa4= (11 )—:;.— 173 (8)el e % sin®
(ot+a)@ coswita) 12 HalA 72 5 ded,
FAY #E e & ol gste] AW o a7 2}

5 folfom[{%(kﬁkz+ka>2+2<k12+k22

+ky?) + k2 A+ (ks P+ kg DD WdWdE (12)
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o714
. Ur‘}‘wnUb" kz_:__RO_ZEL U.s ky=U,y (l4a)
Ro+R Uy +nU,
k45—0f_L U,e+ U, v, ksz“ﬂ—w—_—Ua,w
nlU, RotR
k=g~ Usl (14b)
[ g 4% 2o g8 et
2 : —
= fo c032n9={ 3{” iflf n”>—10 (15a)
Fzzf ”51112%(9*{ (7)r” lflf nnzle (15b)

- (16)

2(11)9 Aste U dsttds oz 53

du e 2y,

Urv U€,

I i

UL®, =290 g]o ]_ZOA,W’ (17a)
K L

Ul W, 0 =7/, 0 ,§o goBk,wkg’ (17b)
M N

UT.O=28,0 2 2 C (17¢)

0 n=0

ANN, i 5k L m, w=R5 I J, K, L, M, N=1}&
Aol Ag HznAg, Ay By C =329 ol A4,
p=71884 Az wet 2FHe T 9o dE
59 the3 g,
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2. 9% (2=0) 1%, YA ZA<= A
:779:772=§2

3. 28%(z=L) 278, WA ZBAE A
77,:776=77z=(§—1)2

4, ¥ BE DA 1 p,=p=1n,=(¢—1)°

R

g = Moo Az Bw v)sled AAZRAT
g 13, o] d4E A7) A FEH o g H
o (mathematically complete) I, J, ..., N7} &7}l
upe} =7t FohEA ol o oW BX} TFE B3
g 5 A Ant AT 229 5o & FHepd, BE
U e] 58 142 AlgtAA Ha 2 (17)S dEad
FHstA dvt

nHHEAY FAshes Ao AF Ay By, Con©ll H

3 A55e) A28 T thg 27} o] o Rt

d _ —
aAl_]_(Vmax Tmax)_o,

(1=0,1,2,....1;j=0,1,2,....,]) (18a)

8y oy
75— (Vs = L) =0,

(k=0,1,2,...,K;1=0,1,2,..., L) (18b)

) _ _
acmn(vmax Tmax)-oy

(m=0,1,2,...,M; n=0,1,2,...,N) (18c)

2(18)& Ay, By, Coe BIASFE 3= (I+1D({J+1)
+(K+D(L+ D+ M+ DN+ DAL A8, F3t, dF
W Alo|th, BA & (nontrivial solution)& 371 #
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E 1 Convergence of Frequencies in wLV p/G of a Co-
mpletely Free, Quadratically ( p=2) Tapered Beam
Having Circular Cross-Section with &, in (10a),
Ro/R;=1/3, and R,/L=0.15 for the Five Lowest
Torsional Modes (#=0) for »v=0.3

TR| TZ | DET 1 2 3 4 5
2 4 5.498 | 157.1 | 2754 - -
4 8 3834 7.327 | 16.79 | 144.1 | 183.2
6 12 | 3.670 | 6.543 | 10.50 | 17.78 | 33.25
8 16 | 3.669 | 6.523 | 9.635 | 12.88 | 18.34

10| 20 | 3.669 | 6.520 | 9.578 | 12.69 | 16.19
22 13.669 | 6.520 | 9.577 | 12.68 | 15.82
24 | 3.669 | 6.529 | 9.577 | 12.68 | 15.82

2

2 6 5408 | 34.92 | 58.52 | 302.5 | 455.4
4 12 | 3.812 | 7.272 | 15.87 | 39.60 | 47.56
6 18 | 3.659 | 6.515 | 10.35 | 17.22 | 29.07
24 | 3.659 | 6.495 | 9.587 | 12.82 | 17.86
10| 30 | 3.658 | 6.493 | 9.538 | 12.63 | 16.04
11| 33 | 3.658 | 6.493 | 9.538 | 12.63 | 15.75
12| 36 | 3.658 | 6.493 | 9.537 | 12.63 | 15.75

2 8 | 5.315 | 30.02 | 52.00 | 72.24 | 87.35
4 16 | 3.804 | 7.268 | 15.08 | 35.67 | 41.57
6 | 24 | 3.659 | 6512 | 10.26 | 17.10 | 27.04
8 | 32 | 3658 6494 | 9.581 | 12.81 | 17.60
10| 40 | 3.658 | 6.492 | 9.536 | 12.63 | 16.01
11| 44 | 3.658 | 6.492 | 9.536 | 12.63 | 15.75
12| 48 | 3.658 | 6.492 | 9.536 | 12.62 | 15.74

AR A R R B W W W W W W WINDNDNDNNNDN

=1

ASAAY AIFWRE JEx| AL, A (10a)dlA p

=24 o= Ho|sg B £HA dFE
HoFa ot o] Be R (=Ro/R)=1/3°11 R./L
=0.15°]9, %‘ 891 A He slgdtt o] Ee v
=0.3¢ o HE =(n=0)9 3¢ 5709 ¥ A
5 oLV 0o/GE Em‘—r-ﬂ 3

FaA d7s 2g deder] 8 (e O 2
(ke Wz 22 59 & 7 tdo] o H
QAHE, [=K=M, J=L=N). B2, oJ" Ho]
+ @4E g2A FHAL o FAASe HAH8E olE &
= Ak

TRx TZ for torsional modes (n=0)
DET=|2x TRx TZ for axisymmetric modes (n=0) (19)
3x TRx TZ for torsional modes (n=1)

T 1L 2NY 1TZ(=J+1, L+1, N+ 1) TR(=1I
+1, K+1, M+ 1)°] 2718535, 5749 dgs 25
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Nk ﬁ??—iﬂ% 22l ZFHA = FFAT o]}
A A%E Belon, Sz adelA #3493
¢ AerE Fs7] AelM= (TR, 12)=(3,10)% DET

97 e o

F 32 A(10a)dM p=1% HA¥Ho= Heolrd Ud
oG 7kl AR7AA L] 470 5'_4 i}% %T( oLV 0/G)
E HolFa glvh 2o ()12 0.3 g5l on, of
Hol e 0 20 124 0‘3} o] 47H91 H %"M 2
Me 7he B(R/L=0.05)°]3, UMz 270 e B

(R /L=0.15)c19, XN & & F F72| o7 H] (
=Ry/R.=0.2 ¢ 0.5)7} AL&E AT} 5709 OJTJ]'O“I‘
(n=0",0"1,2,3)8 2 »ol diaiAl 39 5709 2=
(s=1,2,3,4,5)°l aldst= 25709 zE57F 24 Bo
talA At AHA T Ax ¥EY Rod 24
3 R ouigdtt B3 ko] £abe 7 2o 6%4 57¢]
Ao 45 9u|git ZAns=e 9o AFFE o
FHol| A A=At

49 (@ (b)) A(10a)9 89N p=2¢ “H
228 A0 R () (DE A (10D 8,(HAA ¢
d o 23k FAACE ()& ¢=3%2 w 33 ﬁ*si

=

3]

3 Frequencies in oLV o/G of Completely Free, Lin-
early ( p=1) Tapered Beam Having Circular Cross
-Section with ¢, in (10a) for v=0.3

F# 2 Convergence of Frequencies in oLV o/G of a Co- R
mpletely Free, Quadratically ( p=2) Tapered Beam {TLR&}
Having Circular Cross-Section with &, in (10a), L
Ry/R;=1/3, and R,/L=0.15 for the Five Lowest n| s|(0.05, 0.2)]|(0.05, 0.5)|(0.15, 0.2]|(0.15, 0.5
Bending Modes for »=1 for v=0.3 1| 4.637(5) 3.555(4) 4618(3) | 3.549(2)
‘ N 2| 7.444 6.512 7.413 6.501(5)
TR| TZ | DET| 1 2 3 4 5 0" 3| 10.32 9.579 10.27 9.563
22 12 | 16.20 | 22.25 | 31.41 | 41.42 56.37 4| 13.27 12.68 13.22 12.66
2 4 24 | 1.354 | 5563 | 18.67 | 21.54 | 27.01 5| 16.29 15.80 16.22 15.78
2 6 36 | 1.222 | 3.539 | 7.959 | 13.78 | 21.30 1] 6.039 5.295(5) 5.991(4) 5.269(4)
2 8 48 | 1.213 | 3.246 | 5.974 | 9.835 16.25 21 10.79 10.24 10.63 10.10
2 10| 60 | 1.213 ] 3.222 | 5.818 | 8.865 12.37 0% 3| 15.65 15.23 15.20 14.73
2 11766 | 1.213| 3.222 | 5.811 | 8710 11.97 4| 20.55 20.21 19.33 18.80
2 12| 72 | 1.213 | 3.222 | 5.809 | 8.696 11.72 5| 2547 25.15 19.94 19.82
3| 211811525 2133|3021 | 3622 | 40 8] 1| 0.5964(1) | 0.6783(1) 1.662(1) | 1.839%(1)
3143613035231 | 1721 2072 | 2507 21 1.430(2) 1.782(2) 3.694(2) | 4.283(3)
3 6 54 | 1.183 | 3.423 | 7537 | 13.03 2013 1| 3| 2.619(3) 3.348(3) 6.201(5) 7.154
3|8 | 72|1.176 | 3.142 | 5753 | 9.498 | 15.44 4, 4.130(4) | 5.298 8.958 10.12
3 10| 90 | 1175 | 3.121 | 5.632 | 8.582 | 11.87 5| 5982 7.565 11.78 12.95
3 |11]99 | 1.175| 3.120 | 5.625 | 8.429 | 11.60 1| 42.85 42.82 14.22 14.26
3 12108 1.175| 3.120 | 5.623 | 8.416 | 11.34 2] 49.43 48.53 17.70 17.05
4 2 24 | 15.12 | 2043 | 29.48 | 35.73 | 36.88 2| 3] 54.00 b1.42 21.217 19.38
: o ; : ’ 4| 59.62 54.41 23.37 20.94
4| 4| 48 1299 | 5136 | 17.07 | 20.32 | 24.57 o i 58 14 o5 71 99 65
4 6 72 | 1.182 | 3.414 | 7.487 | 12.93 19.96 L 6526 65 56 21 16 21 60
4 8 96 | 1.176 | 3.140 | 5.740 | 9.464 15.34
4 110120 | 1.175 | 3.119 | 5.628 | 8.566 11.82 2| 75.56 4.5 26.57 25.82
4 | 11| 132 1.175 m 5.621 84420 11.57 33| 8113 78.23 30.56 28.46
’ : ' ’ ) 4| 86.05 81.84 32.54 30.19
4 |12 |144 ) 1.175 | 3.119 | 5.620 | 8408 | 11.32 5| 9264 86.24 34.992 31.99

256 stEMARZAslE =2 X163 M38(2003.9)




A3 B 7(}-1]]
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E 4 Frequencies in oLV p/G of Completely Free, Nonlinearly Tapered Beams Having Circular Cross -Section with
& in (10a) for (a) and (b), and & in (10b) for {(c), (d), and (e) for v=0.3

{p,fg,&} [q,i,_R_o,R_m]
LR, L’ R, R,
(a) (b) (c) (d) (c)
n s (2, 0.15, 1/3) (2, 0.05, 3) (2, 0.15, 1, 1/3) (2, 0.05, 1, 3) (3. 0.025. 7, 4)
1 3.658(3) 4.260(2) 0.9052(2) 5.354(2) 3.194(2)
2 6.492 7.192(5) 7.259 8.445(5) 7.256
o7 3 9.536 10.12 9,965 11.34 10.53
4 12.62 13.11 12.95 14.21 13.67
5 15.74 16.13 16.02 17.08 16.76
1 5.143(4) 5.852(4) 2.904(4) 6.799(4) 5.211(4)
2 10.02 10.49 10.12 11.29 10.72
04 3 14.84 14.90 14.64 15.43 15.30
4 19.18 18.67 18.48 18.97 17.01
5 20.03 19.67 19.51 21.78 19.72
1 1.157(1) 2.238(1) 0.6092(1) 3.154(1) 1.790(1)
2 3.119(2) 4.725(3) 2.173(3) 5.814(3) 4.213(3)
1 3 5.620(5) 7.557 4.913(5) 8.656 6.983(5)
4 8.408 10.46 7.981 11.61 9.857
5 11.32 13.07 11.25 13.93 12.68
1 14.14 14.20 13.72 16.03 11.95
2 18.51 16.12 13.72 17.01 17.14
2 3 23.35 17.85 20.02 18.91 22.31
4 25.62 19.51 20.02 20.53 23.30
5 28.21 21.46 28.33, 22,98 23.91
1 21.20 21.68 20.29 24.53 17.53
2 27.53 24.63 20.30 25.59 25.21
3 3 33.10 26.27 29.34 27.48 32.07
4 34.87 27.91 29.35 28.90 33.01
5 38.03 29.90 38.69 30.11 35.95
dlelsd dgea s = 2l A(Ro/ R, =1/3)8 2] FAL A%+ oLV o/ GE 349

A9 AES WLV p/CF HolZ

9} 39

ol A ATt

sle o] 7| BABSE

AR

4R AEFTE n=19) W 0

9 HEYH B =07
N EE 208 714 O
T F04 BE (2=0")7} 319

sto] ek

743 A7
o]

BE AEFE (TR, TZ)=(4. 12)E A&

5. TEEQl 128 HOlE el Ha
E 5904 ARAAS 939HE 742

CEEECEREE

T, v

RitzH (3DR)Z 249l 134 Euler-Bernoulli ¥ ©]
2(1DB)22 A4tste] Hz vwsigitt, o] Bel Hs
A Dyg=Ro+R)o| gt B Zojo] ¥|(L/D,,)EE 5,
10, 20, 40°] A12EA9t. »=12 9 &9 5719 I+
& A2 vastgdon, o] b »=0.3& A3

= %]
2o 9@ %S 7 HAE Aol g A3 2},

1DB —3DR

e o —
Difference % DR

x100

Rosa$} Auciello™ & m@#A9l
FAA dgdo R gojdd we Ag¢ PPAE g
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