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COMMON FIXED POINT THEOREMS FOR WEAKLY
COMPATIBLE MAPPINGS IN MENGER SPACES

S. SHARMA AND K. CHOUBEY

ABSTRACT. In this paper we prove common fixed point theorems for four mappings,
under the condition of weakly compatible mappings in Menger spaces, without tak-
ing any function continuous. We improve results of [A common fixed point theorem
for three mappings on Menger spaces. Math. Japon. 34 (1989), no. 6, 919-923}, [On
common fixed point theorems of compatible mappings in Menger spaces. Demon-
stratio Math. 31 (1998), no. 3, 537-546).

1. INTRODUCTION

Jungck [6] proved a common fixed point theorem for commuting maps gener-
alizing the Banach’s fixed point theorem. Banach fixed point theorem has many
applications but it has one draw back, that the definition requires continuity of the
function. There then follows a flood of papers involving contractive definition that
do not require the continuity of the function. This result was further generalized
and extended in various ways by many authors.

Sessa [19] defined weak commutativity and proved common fixed point theorem
for weakly commuting mappings. Further, Jungck [7] introduced more generalized
commutativity, so called compatibility, which is more general than that of weak
commutativity. Since then various fixed point theorems for compatible mappings
satisfying contractive type conditions and assuming continuity of at least one of the
mappings, have been obtained by many authors.

It has been known from the paper of Kannan [9] that there exist maps that have a
discontinuity in the domain but which has a fixed point. Moreover the maps involved
in every case were continuous at the fixed point. In 1998, Jungck & Rhoades [8]
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introduced the notion of weakly compatible maps and showed that compatible maps
are weakly compatible but converse need not to be true.

Menger [10] introduced the notion of probabilistic metric spaces, which is the
generalization of metric space, and the study of these spaces was expanded rapidly
with the pioneering works of Schweizer & Sklar [16, 17]. The theory of probabilistic
metric spaces is of fundamental importance in probabilistic function analysis.

Recently fixed point theorems in Menger spaces have been proved by many au-
thors including Bylka [1], Pathak, Kang & Baek [12], Stojakovic 20, 21, 22|, Hadzic
[4, 5], Dedeic & Sarapa [3], Rashwan & Hedar [15], Mishra [11], Radu [13, 14], Sehgal
& Bhaucha-Reid [18], and Cho, Murthy & Stojakovic [2].

In this paper we prove some common fixed point theorems for weakly compatible
mappings on complete metric spaces without using the condition of continuity. We
improve results of Dedeic & Sarapa (3], Rashwan & Hedar [15] and Mishra [11].

2. PRELIMINARIES

Let R denote the set of reals and R the non-negative reals. A mapping F: R —
R* is called a distribution function if it is non-decreasing and left continuous with
inf F = 0 and sup F = 1. We will denote by L the set of all distribution functions.
A probabilistic metric space is a pair (X, F'), where X is a non empty set and F is
a mapping from X x X to L.

For (u,v) € X x X, the distribution function F(u,v) is denoted by Fy,. The
functions F, ,, are assumed to satisfy the following conditions:

(P1) Fuu(z) =1 for every z > 0 if and only if u = v,

(P2) Fy.(0) =0 for every u,v € X,

(P3) Fuy(z) = Fyu(x) for every u,v € X,

(P4) if Fyyo(z) = 1 and Fy 4 (y) = 1, then Fuy(z +y) = 1 for all u,v,w € X and
z,y > 0.

In a metric space (X, d), the metric d induces a mapping F': X X X — L such that

F(u,v)(z) = Fyu(z) = H(z — d(u,v)),

for every u,v € X and z € R, where H is a distribution function defined by

0, <0
H(Z):{l z>0
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Definition 2.1. A function ¢ : [0,1] x [0,1] — [0,1] is called T-norm if it satisfies
the following conditions:

(t1) t(a,1) = a for every a € [0,1] and ¢(0,0) = 0,
(t2) t(a,b) = t(b,a) for every a,b € [0,1],

(t3) If ¢ > a and d > b, then t(c,d) > t(a,b),

(t4) t(t(a,b),c) = t(a,t(b,c)) for every a,b,c € [0,1].

Definition 2.2. A Menger space is a triple (X, F,t), where (X, F) is a probabilistic
metric space and t is a T-norm with the following condition:

(PS) Fu,v(m + y) Z t(Fu,w (-77), Fw,v(y))
for all u,v,w € X and z,y € RT.

The concept of neighbourhood in probabilistic metric space was introduced by
Schweizer & Sklar [16]. If u € X,e > 0 and A € (0, 1), then an (g, A)-neighbourhood
of u, denoted by Uy,(e, A), is defined by

Use,\)={ve X :F,,(e) >1-A}.
If (X, F,t) is a Menger space with the continuous T-norm ¢, then the family
{Uu(e,N):u€e X, e>0, A€ (0,1)}

of neighbourhoods induces a Hausdorff topology on X and if sup,.; t(a,a) = 1, it
is metrizable.

An important T-norm is the T-norm
t(a,b) = min{a,b} for all (a,b) € [0, 1]

and this is the unique T-norm such that t(a,a) > a for every a € [0, 1].
Indeed if it satisfies this condition, we have

min{a, b} < t(min{a, b}, min{a,b}) < t(a,b) < t(min{a, b}, 1) = min{a, b}.

Therefore, ¢t = min.
In the sequel, we need the following definitions due to Radu [13].

Definition 2.3. A sequence {z,} in a Menger space X is said to be convergent to

a point ¢ € X if for every €> 0
lim Fp, .(e) = 1.
n—oo

The sequence {z,} is called a Cauchy sequence if for each ¢ > 0 and A € (0,1),
there is an integer N (e, A) such that F; (¢) > 1 — X whenever n,m > N.

TnTm
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If every Cauchy sequence in X is convergent, then (X, F) is called a complete
probabilistic metric space.

Theorem 2.1 (Schweizer & Sklar [16]). Let t be a T-norm defined by t(a,b) =
min{a,b}. Then the induced Menger space (X, F,t) is complete if a metric space
(X,d) is complete.

Definition 2.4 (Jungck & Rhoades [8]). A pair of mappings A and S is called a
weakly compatible pair if they commute at coincidence points.

Ezample 2.1. Define the pair A4, S : [0,3] — [0, 3] by
z if z€]0,1 3—z if z€]0,1
Ap) =% T Eelbh g fooell)
3 if zell,3)], 3 if zel1,3].
Then for any = € [1,3], ASz = SAz, showing that A, S are weakly compatible
maps on [0, 3].

Ezample 2.2. Let X = R and define 4,5 : R - R by Az = z/3,z € R and
Sz = z?,z € R. Hence 0 and 1/3 are two coincidence points for the maps 4 and
S. Note that A and S commute at 0, i.e., AS(0) = SA(0) = 0, but AS(1/3) =
A(1/9) = 1/27 and SA(1/3) = S(1/9) = 1/81 and so A and S are not weakly

compatible maps on R.

Remark 2.1. Weakly compatible maps need not be compatible. Let X = [2,20] and
d be the usual metric on X. Define mappings A,5 : X > X by Az =z if z = 2
or >, Az =6if2<x2<58z=zifz=2,82=12if2<z<58c=2-31if
z > 5. The mappings A and S are non-compatible since sequence {z,} defined by
Tn=5+1,n>1 Then

lim Sz, =2, lim SAz, =2 and lim =6.

n—o0 n—oo n—oo

But they are weakly compatible since they commute at coincidence point at = 2.

In this paper, we assume that if 2, = z,yn — ¥, than Fy_ 4, — Fy 4.

3. COMMON FIXED POINT THEOREMS

Theorem 3.1. Let A,B,S and T be self mappings on a complete Menger space
(X, F,t) where t is continuous and t(z,z) > z for all x € [0,1], satisfying the

following conditions:
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(3.1) A(X),B(X) are closed sets of X and A(X) C T(X), B(X) C S(X),
(3.2) The pairs {A, S} and {B, T} are weakly compatible,
(3.3) There exists k € (0,1) such that
Fay,Bo(kz) > t(-FAu,Su(z:)) t(FBo,1o(2), t(Fauro(az), FBy,su(22 — a:c))))
for all u,v € X,z > 0 and a € (0,2). Then A, B,S and T have a unique common
fixed point in X. We need the following lemma proved by Mishra [11] for our first

result.

Lemma 3.1. Let A,B,S and T be self mappings of the Menger space (X, F,t),
where t is continuous and t(z,x) > z for all z € [0, 1], satisfying the condition (3.1)
and (8.8). Then the sequence {yn} defined by (3.4) is a Cauchy sequence in X.

Proof of Theorem 3.1. Since A(X) C T(X), for any zg € X, there exists a point
z1 € X such that Azg = T'z;. Since B(X) C S(X), for this point z;, we can choose
a point z9 € X, such that Bxy; = Sz and so on. Inductively, we can define a
sequence {y,} in X such that

(3.4) Yon-1 = ATon_9 = TTon_1 and yon = STon = Bxon_1,

forn=1,2,---.

Let {y,} be the sequence in X defined above. By using Lemma 3.1, {y,} is a
Cauchy sequence in X and hence by completeness of X, the sequence converge to
some point z in X. Also the subsequences {Ax2,}, {Sz2n}, {Bzon-1} and {Tzon—1}
all converges to z.

Since B(X) C S(X), there exists p €X, such that z = Sp. Then using (3.3), we
have

FAP1B“~”2n—1 (kw)
> t(FAp,Sp, (x)a t(Fszn_l,T$2’n—1($)) t(FAp,Ta:zn_l (Ot.'E), FB:czn_x,Sp(2$ - ax))))
Taking n — oo and a — 1, we have

FAp,z(kCU) > t(FAp,z(x)a t(Fz,z(-'L')a t(FAp,z(x)a Fz,z(z)))> = FAp,z(x)a
which means that Ap = 2. Hence Ap = Sp=z.
Similarly, since A(X) C T(X), there exists ¢ € X, such that z = Tq. Then using
(3.3) and taking a — 1, we have
P pq(ke) 2 t(Fo(2), t (e, (@), HFr,2(2), Fge()))) 2 Fige(@)

which means that Bq = z. Hence Bqg = Tq = z.
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Therefore 2 = Ap = Sp = Bq = Tq. Since the maps A and S are weakly
compatible, then ASp = SAp, i.e., Az=5z.
Now we show that z is a fixed point of A. By (3.3) and taking o — 1, we have
FAz,z(kIU) > t(FAz,Sz(x)a t(Fz,z(x)a t(FAz,z(x)a Fz,Az (37)))) > FAz,z(x)7

which means that Az = 2. Hence Az = Sz = z. Similarly, a pair of maps B and T
is weakly compatible By (3.3) and taking 8 — 1, we have

Fz,Bz(kx) > t(Fz,z(x), t(FBz,Tz (CII), t(FZ,TZ(‘T)) FBz,z(z)))> > FBz,z(m)

which means that Bz = z. Hence Az =Sz=Bz=T2=z.

Thus z is a common fixed point of 4, B, S and T. Finally in order to prove the
uniqueness of z, suppose that z and w are common fixed points of A, B,S and T.
Then by (3.3) and taking o — 1, we have

P (k) 2 t(Fr2(2),(Fu(@), HFrw (@), Fus())) ) 2 Fr(@)
which means that 2 = w. This completes the proof of the theorem. a

Remark 3.1. We note that Theorem 3.1 is still true if we replace the condition (3.3)
by the following condition:

(3.5) there exists k € (0,1) such that
Fau,Bo(kz) > min{Fay 5u(2), FBo1v(Z), FauTv(0%), FBy su(22 — ax)}
for all u,v € X,z > 0 and « € (0,2).
Theorem 3.2. Let A,B,S and T be self mappings on a complete Menger space

(X, F,t), where t is continuous and t(z,z) > z for allz € (0, 1], satisfying conditions
(3.1),(3.2) and

(3.6) there exists k € (0,1) such that
Fpu,py(kz) 2> min{Fay,5u(2), Fpo,10(2), Fsu,rv(2)},
forallu,v e X,z > 0. Then A, B, S and T have a unique common fized point in X.
Proof. If the condition (3.6) is satisfied, then for any a € (0,2), we have
Faupo(kz) > min{Faysu(), FBv,10(2), Fsu1o(Z)},
> min{Fay,5u(2), FBo,7v(2), Fauro(a2), Fpo,su(22 — az)}

Then using the Remark 3.1, the conclusion of Theorem 3.1 is still true. As a conse-
quence of Theorems 2.1 and 3.1, we have the following: O
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Theorem 3.3. Let A, B, S and T be self mappings of a complete metric space (X, d),
satisfying the following conditions:

(3.7) A(X) € T(X) and B(X) C S(X),

(3.8) The pairs {A, S} and {B,T} are weakly compatible,

(3.9) d(Az, By) < max{d(Az, Sz),d(By,Ty),d(Sz, Ty), :[d(Az, Ty) + d(Sy, By)]
for all z,y € X. Then A,B,S and T have a unique common fized point in X.

Remark 3.2. (i) Theorem 3.1 improves result of Rashwan & Hedar [15] by dropping
the condition of continuity.

(ii) Theorem 3.2 improves the main result of Dedeic & Sarapa [3]. Following
Bylka [1], we consider the family G of functions g : [0,00) — [0,00) such that g is
non-decreasing in [0, c0),

(3.10) nh_)n;og”(m) = 00

for every > 0. Here g™ denotes the nth iteration of g.

Theorem 3.4. Let A,B,S and T be self mappings on a complete Menger space
(X, F,t), wheret is continuous and t(z,z) > z for all z € [0, 1], satisfying conditions
(3.1) and (3.2), and suppose that there exists a function g € G such that

(311) FAu,Bv(x) .>_ FSu,Tv(g(m)))
for all x > 0 and for every u,v € X. Then A,B,S and T have a unique common
fized point in X.

In order to prove the theorem we need the following lemma due to Rashwan &
Hedar [15].

Lemma 3.2. Let g € G, then
(i) g(z) > = for all z > 0,
(ii) of Fuo(z) > Fup(g(z)) for some z > 0, then u = v.

Proof of Theorem 3.4. Let {y,} be the sequence in X defined by (3.4). Then for

allz >0,n=1,2,..., we have
Fy2n+1»y2n+2 (J)) = FAmZnsz2n+1 (:L‘) > FSwzn,Tmzn+1 (g(x)) = Fyzn,y2n+1 (g(ac))
Similarly, we have

FyZnyy2n+1 (CL') = FBz2n—lyA$2n (:E)

Fszgn_1,Tz2n (9(x)) = Frey, 1,520 (g(z)) = Fyon1,92n (g(z))

v
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Therefore

(3.12) Fyniyns1 (2) 2 Fyp 19 (9(2)) 2 -+ 2 Fyo (97 (@)

Now, we show that the sequence {y,} is a Cauchy sequence in X. Let €, A be positive
reals. Then for m > n and | = m — n, by using (3.12), we have

(3.13)  Fyym(€) 2 t(Fynynsr(€/1), Fynpr ym (€L = 1)/1))

t(Fyoun (8"(6/D), Fynpr,ym (€(1 = 1)/1))

t(Fyo,u1 (97 (€/1)), t(Fyns1ynsz (/1) Fynyaym (€L = 2)/1)))
t(Fyo,un (9" (/1)) t(Fyo,1 (9" (€/D), Fynaym (1 = 2)/1)))
(t(Fyo,yl "(e/1)s Fyoun (8" (/D)) Fynpaim (€U = 2)/1)).

From Lemma 3.2, we deduce that g”(¢/l) < g"*!(e/l) and by the hypothesis
t(a,a) > a. Then from (3.13) we obtain

(3.14) Fypym (€) 2 t(Fyo 0 (97 (€/1)s Fyppaym (€01 — 2)/1)).

Using the induction argument we obtain from (3.14) that

Fynym (€) 2 t(Fyo,yl(gn(E/l), (Fym-2,9m-1(/1), Fyn_ 1,ym(€/l)))
t(Fyou: (9™ (e/1), t(Fyo,n (9™ 2(e/1), Fyoun (9™ (/1))
t(Fyon (9™ (/1) Fyoan (972 (e/1)))

Fyou (9"(/1))-

Hence, we can choose N < n such that Fy, (g™ (/1)) > 1 — A, and then

Fyym(E)>1=Aforallm>n2>N.
This means that {y,} is a Cauchy sequence in X and hence by completeness of X,

vV vV v

v

VAR AV AV}

this sequence converges to some point z in X. Also the subsequences {Az2,}, {Sz2n},
{Bzan-1} and {Tzn—1} all converge to 2. Since B(X) C S(X), there exists a point
p € X such that z = Sp. Then using (3.11), we have

Fap,Bagn-1 (z) 2 FspTeon-1 (g(:l:)),

Taking the limit n — oo, we have
FAp,z(:L') 2 Fz,z(g(x)) =1,

which implies that Ap = z. Hence Ap = Sp = z.
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Similarly, since A(X) C T(X), there exists a point ¢ € X such that z = Tgq.
Then using (3.11), we have

Fr,Bq(7) 2 Frr(9(2)) = Fra(9(2)) = 1,

which implies that z = Bq. Hence Bq = Tq = z. Therefore z = Ap = Sp =
Bg = Tq. Since the maps A and S are weakly compatible, then ASu = SAu, i.e.,
Az = Sz. Now we show that z is a fixed point of A. By (3.11), we have

FAz,Z(m) 2 FSz,z(g(m)) = FAZ,z(g($))-

By Lemma 3.2 we have Az = z. Hence Az = Sz = z. Similarly, a pair of maps B
and T are weakly compatible. By (3.11) we have

Fz,Bz(x) 2 Fz,Tz(g(m)) = FZ,Bz(g(w))'

By Lemma 3.2 we have Bz = z. Hence Az = Sz =Bz=Tz = 2.

Thus z is a common fixed point of 4, B,S and T'. Finally in order to prove the
uniqueness of z, suppose that z and w (2 # w) are common fixed points of A, B, S
and T. Then by (3.11), we have

FZ,w(w) > Fz,w(g(a"))'

By Lemma 3.2, we have z = w. This completes the proof of the theorem. d
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