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SUBALGEBRAS OF A ¢-ANALOG
FOR THE VIRASORO ALGEBRA

Ki1-BonGg NAM AND MOON-OK WANG

ABSTRACT. We define subalgebras V,"?*"# of V, where V, are in
the paper [4]. We show that the Lie algebra V;"?*"% is simple
and maximally abelian decomposing. We may define a Lie algebra
is maximally abelian decomposing, if it has a maximally abelian
decomposition of it. The F-algebra automorphism group of the
Laurent extension of the quantum plane is found in the paper [4],
so we find the Lie automorphism group of quZ *nZ in this paper.

1. Preliminaries

Let N be the set of all negative integers and Z be the set of all in-
tegers. Let F be a field of characteristic zero. Let ¢ € F be a fixed
non-root of unity (¢" # 1 for any n € N.) Throughout the paper, let
us denote that mN and nN are additive submonoids of Z, where m
and n are fixed non-negative integers. Similarly, let mZ and nZ de-
note additive subgroups of Z, where m and n are fixed non-negative
integers. The skew polynomial ring Fy[z,y|, where yz = qzy, has been
called the quantum plane and it has the Laurent extension F,[z*!, y*1].
F,[z*!,y*1] has a subring F,[z™",y™V] = {z™3y™|a,b € N}, where m
and n are fixed non-negative integers.

Fy[z™N,y™N] can be localized at the Ore set of powers of z and
y to give a ring of Laurent polynomials F,[z™Z,y"Z]. The center of
F [z, y"N] or F,[z™%,y"] is F.

Let A be an associative F-algebra. We may define a Lie algebra A
on A using the commutator [,] on A defined by [a,b] = ab — ba for any
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a,b € A. The F-algebra F[z*!, y*!| gives the Lie algebra F, [z *!, y*1],
and it has the Lie algebra decompositions as follows;
(1) Fq[xil,yil] — F@V[ImanZ,

where the Lie subalgebra V;"#*"Z has the standard basis {z™y"|i, j €
Z, at least i or j is not zero }. The Lie algebra V, in the paper [4] is
isomorphic to the Lie algebra V;IZ *. The Lie algebra quZ xnZ is generated
by z=™y~", ™, and y" [4].

2. Simplicity

The monomial of the form ™4™ form a vector space basis of F,[z™Z,
Z] !
Yol

THEOREM 1. The F-algebra FJ"?*"Z is simple.

Proof. Tt is straightforward. So let us omit the proof of the theorem.
O

THEOREM 2. The Lie algebra V;]mZ xnZ js simple.

Proof. The proof of this theorem is similar to the proof of the The-
orem 1.3 in the paper [4] or it can be easily proved by induction on the
number of terms of an element in a non-zero ideal of quZ xnZ [6]. Let
us omit the proof of the theorem. O

COROLLARY 1. The Lie algebra VqZ2 is simple.

Proof. This is the Theorem 1.3 in the paper [4]. O
Theorem 2 can be proved by a result of I. N. Herstein [2], [4], i.e.
Fq[xil, ,yztl] =F @ quanZ'

LEMMA 1. The map D, g(z™y™) = (ami + Bnj)a™y™ induces a
derivation of F, [me ,y™N] for any o, 3 € F. The derivation D, g is not
an inner derivation of F,[z™" y™V].

Proof. Tt is standard (please refer the proof of Lemma 1.1 in the
paper [4].) a
THEOREM 3. Every derivation of the F-algebra Fy[z™",y"V] is the

sum of inner and D, g where D, g is the derivation in the Lemma 1.

Proof. Tt is standard by Lemma 1. O
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COROLLARY 2. The Lie algebra of derivations of F-algebra Fy[z™",

y™] is generated by the inner and the derivations Dy g in Lemma 1.

Proof. It is standard (please refer the proof of Theorem 1.2 in the
paper [4].) O

3. Abelian decomposition of a Lie algebra

A Lie algebra L has a decomposition of abelian subalgebras of it, if
L = @,y Ai such that A;, i € I, is an abelian subalgebra of L and I is
an index set.

A Lie algebra L is maximally abelian decomposing, if it holds the
following two conditions:
(i} L = ®;e1A; such that A;, 7 € I, is an abelian subalgebra of L and I
is an index set.
(i) If any element | € L such that [ =37, (4. ;c;c;li and [J] > 2, then
the centralizer of [ is one dimensional vector space.

The Lie algebra V;{”Z *nZ is maximally abelian decomposing, since
(2) V2" = @ eaxnAtig)

is a required maximally abelian decomposition where A ;) is the sub-

algebra of it spanned by z™*y™* k ¢ Z, where we may choose the
minimal integers ¢ and j for A ;) using the absolute values of them.

LEMMA 2. The units of Fg"z *nZ are monomials of the form cz'y’ for
O0#ceF,iemZ, and j € mZ.

Proof. It is standard (please refer the proof of Lemma 1.4 in the
paper [4].) O

Each element (a, 5) € F* x F* induces an automorphism of F, (;”Z xnZ
namely 0, g)(x™y™) = (az)™(By)™ . Each element of SI(2, Z) induces
h
1

an automorphism of F;"Z xnZ . < ?) corresponds to the automor-

phism which maps to 2™ to 2™*y™ and y” maps to z™y" (note that
o.(xmyn) — qnjmhxmi+mhynk+nk and O.(ynxm) :qmn+njmhxmi+mhynk+nk

?
we have that jh —ik = 1.) We show that these automorphisms generate
the automorphism group.

THEOREM 4. The automorphism group AutF(Fg”Z xnZy of quZ xnZ
is isomorphic to the semidirect of SI(2,Z) and F* x F*.
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Proof. If o is an automorphism of anz XnZ it take 2™ and y to
units. So by Lemma 2, o(z™) = Az™y™ and o(y") = pz™y™ for
Ap € F* x F* and h,k,i,57 € Z. As the above note, we have that
det (h ?) = 1. Since

)

5 hoE\  (h ok
(3) (a,B) i j) T\ g O(ahgk,aifi)s

it follows that the product is a semidirect. O

The following lemma for the Lie automorphism group quZ xnZ of
corresponds to the Lemma 2 for the automorphism group of quZ xnZ,

LEMMA 3. For any Lie automorphism 6 of quZ xnZ g(z™) = gmhynk

and 9(y™) = 2™y™ hold for some h, k,i, and j € Z.

Proof. Let 6 be an Lie automorphism of V:ImZ XnZ Tt is enough to
show that 8(z™) = 2™"y"* for some h,k € Z. Since quZ *nZ is max-
imally abelian decomposing, 6(z™) should be in A; ;) by 4 for some
(i,7) € Z x N. Similarly, for any element z%y? € quZX"Z, f(zvy?) €
Ay for some (7,j) € Z x N. Assume that there is z%y” € quZX"Z,
such that 6(z“y") has p non-zero terms in A ;) such that p is max-
imal, i.e. for any element zby® € quZ XnZ the number of terms of
0(z%y®) is less than or equal to p, p > 1. There is t € mZ such that
0([z, 2*”]) = (1—¢**0(z**y") has p terms, since V;"Z*"Z is maximally
abelian decomposing. 6([z%y?, ztT¥y"]) has p? terms. Since p® > p, this
contradicts the fact that 8(z%y") has the maximal number of non-zero
terms. This shows that p = 1. Therefore we have proven the lemma. [

Let Autp;.(vJ*4*"%) be the group of all Lie automorphisms of v;»#*"Z,
Each element (o, 3) € F*® x F*® induces an automorphism of quZ xnZ,
namely (o) (2™y™) = (az)™(By)™. Each element of SI(2,Z) in-
h

duces an automorphism of V;"4xnZ ; ( .

; ;c) corresponds to the auto-

morphism which maps to ™ to 2™"y™ and y maps to 2™y™. From

o([z™, y"]) = O(z™y" —y"2™) = (1—q™")0(z™y"), we have that [(z™),
6(y™)] = (1 — g™")6(z™y"). This implies that [xmhy“k,q:m’y"]] =(1-
™) z™hyEgmiynd | This implies that ¢W™F = ¢"*™+nm We have

that nm(det (}ZL ’;)) = nm. This implies that det (}Z ljc) =1 We
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show that these Lie automorphisms generate the automorphism group
of VmZ xnZ
f :

THEOREM 5. AutLie(quZ xnZ ) Is isomorphic to the semidirect of
SU(2,Z) and F* x F*.

Proof. The proof of this theorem is similar to the proof of Theorem
4 by Lemma 3 and the above note. Thus let us omit the proof of the
theorem. O

LEMMA 4. For F-algebra isomorphism 6 from Fy,[z*!,y*1] to F,
[utl,v*1], 8(z) = ciuv* and 6(y) = cou'v? hold for some h,k,i, and
j € Z where c¢; and ca are non-zero scalars.

Proof. Tt is straightforward from the that the unit of F[u*!,v*!] has
the form u’v? for s,t € Z. Therefore we have proven the lemma. O

PROPOSITION 1. Let F, [z*!,y*!] and F,,[u*',v*'] be simple F-
q q2

algebras. If g1 # qo, then Fy, [x*!, y*1] is not isomorphic to Fy, [u*?!, vt?]
as F-algebras.

Proof. Let us assume that there is an isomorphism 8 from F, [z%!,
y*!] to Fy[u*!,vt!]. Then 8(z) = ciu® and 6(y) = cpu®’ hold
by Lemma 4. By 6(zy) = q16(yz), we have that cicoqfiu®tbviti =
cre2q1gy u Tyt This implies that

4) 0y’ =45
By 8(zyz?) = ¢20(z>y), we have that
(5) A’ =g

By (4) and (5), we have that ¢} = 1. This contradicts the fact that
q1 is not a root of unity. Therefore, there does not exist such an isomor-
phism. Therefore, we have proven the proposition. O

COROLLARY 3. Let qu *Z and qu *Z be given simple Lie algebras.
If 1 # q2, then VZ*Z is not isomorphic to VZ*Z.

Proof. Tt is straightforward by Proposition 1 and Theorem 1. O

4. Subalgebras of skew polynomials

Let \;j € F; the skew polynomial ring R(\) = Flzy, -+ ,z,] with

relations z;x; = A;;z;; has been called a quasipolynomial ring [1]. The
+1

corresponding Laurent polynomial ring P(\) = Fla7,--- 25 = §
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obtained by inverting the z; was studied by the paper [5]. S is sim-
ple, if and only if the center is F, if and only if there does not ex-

ist u = (u1,-+-,un) € Z"™ with u non-zero such that for all 5, 1 <
J < n, (M) - (Anj)* = 1. The Laurent polynomial ring P(\) =
FlzEl, ... J2Fl] = S has a subring F[zT%,... |2/ %] where my,-- - ,
my, are fixed non-negative integers. Similarly, F[z7%, ...  z7%] is sim-
ple, if and only if the center is F, if and only if there does not exist
u = (u1, - ,Un) € Z™ with u non-zero such that for all j, 1 < j < n,
(A1) -+ (Anj)* = 1. Using the commutator of FzT"?Z,- ..  2™Z] we

define the Lie algebra V12X XmnZ ag VmZxnZ in Section 1.

THEOREM 6. If F-algebra FlzTZ, ... 7] is simple, then the Lie

algebra VimZ*xmnZ js simple.

Proof. The proof of this theorem is similar to the proof of Theorem
2, so let us omit the proof of the theorem. O

Some infinite dimensional Lie algebra L has a proper subalgebra, S of
L such that there is a Lie isomorphism 8 from S to L. So the following
is an interesting problem:.

QUESTION. Does there exist an isomorphism from V;™1Z% " *mnZ ¢
V)\Zx-an?

References

[1] C. De Concini and V. G. Kac, Representations of quantum groups at roots of
1. Operator algebras, unitary representations, enveloping algebras, and invariant
theory, 471-506, Progr. Math. 92, Birkhauser, Boston, 1990.

[2] L. N. Herstein, Topics in ring theory, University of Chicago Press, 1969.

[3] N. Kawamoto, On G-Graded automorphisms of generalized Witt algebras, Contem.
Math. Amer. Math. Soc. 184 (1995), 225-230.

[4] E. Kirkman, C. Procesi, and L. Small, A g-analog for the Virasoro algebra, Comm.
Algebra 22 (1999), no. 10, 3755-3774.

[5] J. C. McConnell and J. J. Pettit, Crossed products and multiplicative analogues
of Weyl algebras, J. London Math. Soc. (2) 38 (1988), no. 1, 47-55.

[6] K.-B. Nam and M.-O. Wang, Simple Lie algebras which generalizes KPS’s Lie
algebras, Commun. Korean Math. Soc. 17 (2002), No. 2, 237-243.

Ki1-BoNG NAM, DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE, UNI-
VERSITY OF WISCONSIN-WHITEWATER, 800 WEST MAIN STREET, WHITEWATER,
WI 53190, USA

E-mail: namk@mail.uww.edu



Subalgebras of a g-analog for the Virasoro algebra 551

MOON-OK WANG, DEPARTMENT OF MATHEMATICS, HANYANG UNIVERSITY, ANSAN
425-791, KOREA
E-mail: wang@hanyang.ac.kr



