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TOPOLOGICAL OPERATIONS OF
ITERATED STAR-COVERING PROPERTIES

MyunG HyunN CHO* AND JUNHUI KiMm

ABSTRACT. In this paper, we study topological operations of iter-
ated star covering properties, i.e., subspaces, products, and images
and preimages of iterated starcompact spaces.

1. Introduction

Let X be a set and U a collection of subsets of X. For any nonempty
subset A of X, let st(A,U) = st} (A,U)=U{U €U : ANU # 0} and
st"tL(A,U) = st(st"(A,U),U) for all n € N. In particular, stO(A,U) =
A. We write st™(x,U) instead of st ({x},U).

DEFINITION 1.1. [1, 7] Let n € N.

(1) A space X is called n-starcompact if, for every open cover U of
X, there exists a finite subset F of X such that st®(F,U) = X.

(2) A space X is called n%-starcompact if, for every open cover U of
X, there exists a finite subcollection V of U such that st™(|J V,U) = X.

A space X is called countably compact if every countable open cover
of X has a finite subcover. A space X is pseudocompact if every con-
tinuous real-valued function on X is bounded. It is well-known that
countable compactness is equivalent to l-starcompactness in the class
of Hausdorff spaces [3]. Also, if n € N=NU{n+ 3 : n € N} and
n > 3, then every m-starcompact regular space is 2%-starcompact [7],
and 2—%——starcompactness is equivalent to pseudocompactness in the class
of Tychonoff spaces [7].
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DEFINITION 1.2. [7] A space X is said to be (n, k)-starcompact if for
every open cover U of X there is an n-starcompact subspace A of X
such that st*(A4,U) = X. For the sake of unification, a compact space
is called %-starcompact.

The above definition has appeared in [7], but no thorough investiga-
tion has been done so far. We can obtain the following lemma from the
definition.

LemmaA 1.3. [7]

(1) Every (n, k)-starcompact space is (n + k)-starcompact for n € N
and k € N.

(2) Every (n1, k)-starcompact space is (ng, k)-starcompact for ny,ng

€ N with ny <ng and k € N.

(3) Every (n, ky)-starcompact space is (n, k)-starcompact for n € N
and kl,k‘z € N with k1 < ks.

Most of (n, k)-starcompact properties which were introduced in Def-
inition 1.2 have been distinguished in [5]. For example, it was proved
that the Isbell-Mréwka space is a 2-starcompact Tychonoff space which
is not (1%, 1)-starcompact, and the modification of Tree’s example is a
(2, 2)-starcompact Tychonoff space which is not (2, 1)-starcompact [5].

stl  ———— st?

compact — gt} —— 430! st2:2
countablty — ! sthl ——+ g¢l2 locally
compac compact
. Y
1 1
st13 gtlzl — gl3:2
st?2 — st2! st??2 st22

Diagram 1. (In the class of regular spaces)
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In this paper, we shall study topological operations of iterated star
covering properties, i.e., subspaces, products, and images and preim-
ages of iterated starcompact spaces. In section 2, we give examples of
iterated starcompact spaces, one of which is not hereditary to regular
closed subspaces, and the other is not hereditary to closed G5 subspaces
even in the class of Hausdorff spaces if n + k > 2. Section 3 is devoted
to products of iterated starcompact spaces. We prove a product theo-
rem which is equivalent to (1,n)-starcompactness. We ask a question
about iterated starcompactness of product spaces. Section 4 consists of
images and preimages. We show that a continuous image of a (n, k)-
starcompact space is (n, k)-starcompact. We also show that the open
perfect preimage of an (n%, k)-starcompact space is (n%, k)-starcompact.
We investigate conditions under which preimages of (n, k)-starcompact
spaces are (n, k)-starcompact for any n, k € N.

2. Subspaces

In this section, we shall discuss hereditary properties of subspaces
of spaces having (n, k)-starcompact properties. It is well-known that
countable compactness is hereditary to closed subspaces and pseudocom-
pactness is not hereditary to closed subspaces in general. Even closed
subspaces of an (n, k)-starcompact space may not be (n, k)-starcompact
ifn+k > 1%. For instance, one can check easily that the Tychonoff
plank T = (w1 + 1) x (w4 1) \ {{w1,w)} is (},1)-starcompact and has
an infinite closed discrete subspace.

It is also well-known that pseudocompactness is hereditary to reg-
ular closed subspaces (A subset A of a space X is regular closed if
A = ClxIntxA). It is strange that this is not the case with 1%-
starcompactness (See Example 9 in Section 2.3 of [7]). However, it is still
unknown whether 2-starcompactness is preserved by regular closed sets
[7]. In the following example, we show that (n, k)-starcompact proper-
ties are not hereditary to regular closed subspaces in general.

ExamMpPLE 2.1. Let ¥ = w U R be the Isbell-Mréwka space with
|R| = ¢ and let D be a discrete space with |[D| = |R| and DNR = 0.
Let N+(D) = 8D x (¢t + 1) N [(BD N~ D) x {¢*}],and i : R — D
a bijection. Define the quotient space X of N+ (D) U ¥ by identify-
ing r € R with i(r) for each r € R. Then X is a (},1)-starcompact
Tychonoff space which has a regular closed subspace homeomorphic to
@. It is proved that ¥ is not (13, 1)-starcompact in Example 2.1 of [5].
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Therefore, (3,1)-starcompactness, (1,1)-starcompactness, and (13,1)-
starcompactness are not hereditary to regular closed subspaces.

A space X is w-starcompact [1] provided that for every open cover U of
X there exist & € N and a finite subset F' of X such that st*(F,i) = X.
Note that for any n € N and k¥ € N, an (n, k)-starcompact space is
w-starcompact.

In Example 3.5 of [5], X is a (1, 2)-starcompact Hausdorff space, and
Y} is regular closed in X, which is not w-starcompact. Therefore, (n, 2)-
starcompactness, (1, k)-starcompactness and (i, j)-starcompactness are
not hereditary to regular closed subspaces in the class of Hausdorff spaces
whenever n > 1, k> 2 and (¢ > 3, j > 0).

In [7], Matveev asked whether 1%-starcompactness is preserved by
closed Gs-sets (in particular, zero-sets). The answer is no under some
set-theoretic assumption [10]. The following example shows that (n, k)-
starcompactness is not hereditary to closed Gs subspaces in the class of
Hausdorff spaces if n + k& > 2.

ExAMPLE 2.2. Let T = ((w1 + 1) x (w + 1)) \ {{w1,w)} be the
Tychonoff plank and R be a maximal almost disjoint family of infinite
subsets of w with |R| =¢. Let X = T UR. Topologize X as follows:

i) T is open in X

ii) a basic neighborhood of A € R has the form {A} U ((a,w;] X (A~
F)), where a < w; and F is a finite subset of w. Equivalently, X can
be considered as a quotient space of T U ¥ (¥ = w U R is the Mréwka
space) which identifies w with {w;1} x w. Then X is Hausdorff, but not
regular. Since w; X (w+ 1) is a dense countably compact subspace of
X, X is (1,1)-starcompact. But, ¥ = (w1 x {w}) UR is a closed Gs
subspace which is not w-starcompact. O

3. Products

It is well-known that the product of a countably compact (respec-
tively, a pseudocompact space) and a compact space is countably com-
pact (respectively, pseudocompact). The situation is more difficult with
the group of n-starcompactness properties where n € N.

QUESTION 1. [7] Is the product X xY 2-starcompact provided X is
2-starcompact and Y is compact?
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In (1], it is shown that if X is nj-starcompact and Y is compact,
then X xY is n%—starcompact. However, the product of two (n,k)-

starcompact spaces may not be (n, k)-starcompact for any n € N,k € N.
Indeed, if X and Y are countably compact Tychonoff spaces in Novédk’s
example of [9], then X X Y has an infinite discrete clopen subset.

A space X is called totally countably compact if any infinite subset
of X contains an infinite subset whose closure is compact. It is clear
that every totally countably compact space is countably compact. A
Hausdorfl space X is a k-space if for each A C X, A is closed in X
provided that the intersection A with any compact subspace Z of X is
closed in Z. It is known that every countably compact k-space is totally
countably compact. The following theorem is known by N. Noble in
1969. o

THEOREM 3.1. [8] The product X xY of a totally countably compact
space X and a countably compact space Y is countably compact. '

THEOREM 3.2. The following are equivalent for a space X andn € N:

(1) X is (1,n)-starcompact;

(2) X xY is (1,n)-starcompact for every totally countably compact
space Y; , o

(3) X xY is (1,n)-starcompact for every compact space Y.

Proof. (1) — (2) Let U be an open cover of X xY and let 7 : X XY —
X be the projection mapping onto X. Then V = {#n(U) : U € U} is an
open cover of X. Since X is (1, n)-starcompact, there exists a countably
compact subspace A of X such that st"(A4,V) = X. Then B=AxY is
countably compact by Theorem 3.1 and st"(B,U) = X x Y.

(2) — (3) It is straightforward.

(3) — (1) We can prove this by taking Y as a singleton. O

CoROLLARY 3.1. The following are equivalent for a Hausdorff space
X andn e N:

(1) X is (1, n)-starcompact;

(2) X xY is (1,n)-starcompact for every countably compact k-space
Y;

(3) X x Y is (1,n)-starcompact for every compact space Y.

THEOREM 3.3. [4] If X is a (4, 1)-starcompact space and Y is a

compact space, then X x Y is (%, 1)-starcompact.

Comparing with Theorem 3.3, the situation is much more difficult
with the group of (n, k)-starcompactness properties for n > 2.
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QUESTION 2. Let X be a (n, k)-starcompact space forn > 2 and 'Y
be a compact space. Is X x Y (n,k)-starcompact?

4. Images and preimages

It is known [1] that a continuous image of a n-starcompact space is n-
starcompact. We show that a continuous image of a (n, k)-starcompact
space is (n, k)-starcompact.

THEOREM 4.1. Let n € N, ke N Iff: X — Y is a continuous
mapping from an (n, k)-starcompact space X onto Y, then Y is (n, k)-
starcompact.

Proof. Let U be an open cover of Y. Then V = {f~}(U) : U € U}
is an open cover of X. Thus, there exists an n-starcompact subspace A
of X such that st*(4,V) = X. By a result, Theorem 2.4.1 in [1], f(A)
is n-starcompact. For any y € Y, choose x € f~1(y). Then there exists
{f7'(U1),---, " (Ux)} such that z € f~H(Un), F~HU)NF " (Usyr) # 0
for each i < k, and f~}(Ur)NA # 0. 1t follows that y € Uy, U;NU; 1 # 0
for each i < k, and Uy N f(A) # §. Therefore, y € st*(f(A),U) and Y is
(n, k)-starcompact. O

Before turning to preimages, we first recall that a continuous mapping
f: X — Y is perfect if it is a closed mapping and all fibers f~1(y)
are compact subsets of X. It is well-known that a perfect preimage
of a countably compact space or a pseudocompact space is countably

compact or pseudocompact [2]. An open perfect preimage of an n%-

starcompact space is n%-starcompact [7). We show that the same is true

for (n3, k)-starcompactness.

THEOREM 4.2. Let f : X — Y be an open perfect mapping from a
space X onto a space Y and let n,k € N. IfY is (n%, k)-starcompact,
then X is (n}, k)-starcompact.

Proof. Let U be an open cover of X. For each y € Y, since f~1(y) is
compact, there exists a finite subcollection ¢, C U such that f~1(y) C
U, and each element of U, meets f~1(y). Since f is open, Oy
() f(U,) is an open neighborhood of y. It follows from the continuity
and closedness of f that there exists an open neighborhood Vj of y
such that V, C Oy and f~Y(V,) € UUy. Then V = {V, : y € Y}
is an open cover of Y. Since Y is (n%,k)-starcompact, there exists an
ni-starcompact subspace A of Y such that st*(4,V) = Y. One can
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check easily that f|;-14) : f7Y(A) — A is open and perfect. By a
result, Theorem 62 of 7], f~1(A) is ni-starcompact. Let + € X and
let f(z) = y. Since st*(A4,V) = Y, there exists a finite subcollection
{Vy, -+ s Vi } of V such that y € Vi, Vi, NV, # 0 for each i < k,
and Vy, N A # 0. By the construction of V;, V;, NV, # () implies that for
each U € U,, there exists U’ € Uy such that UNU’ # (). So we can find
a finite subcollection {Uy,--- , Uk} of U such that x € Uy, U; N U4, # @
for i < k, and Uy N f~1(A) # 0. Therefore, x € st*(f~1(A4),U) and X is
(n%—, k)-starcompact. O

Since it is still unknown [7] that an open perfect preimage of a 2-
starcompact space is 2-starcompact, we do not know yet whether an open
perfect preimage of an (n, k)-starcompact space is (n, k)-starcompact for
any n,k € N ( n > 2). Of course, we note that the affirmative answer
to this question would imply the affirmative answer to Question 2. It
is, however, true for (1, 1)-starcompactness and it can be generalized to
(1, k)-starcompactness for k € N as in the following theorems.

THEOREM 4.3. If f : X — Y is an open perfect mapping from a
Hausdorff space X onto a (1,1)-starcompact space Y, then X is (1,1)-
starcompact.

Proof. Let U be an open cover of X and let y € Y. Since f~1(y) is
compact, there is a finite subcollection U, of U such that f~(y) C UlU,
and each element of U, meets f~1(y). Since f is open, Oy = () f(Uy)
is an open neighborhood of y. By continuity and closedness of f, there
exists an open neighborhood V,, of y such that V,, C O, and f~1(V,) C
UUy. Then ¥V = {V,, : y € Y} is an open cover of Y. By assumption,
there exists a countably cormpact subspace A of Y such that st(A,V) =
Y. Let B = f71(A). Then B is countably compact. We claim that
st(B,U) = X. Let x € X. Then there exists V, € V such that f(z) € V,
and V;NA # (. By the construction of V,,, there exists U € U, such that
z € U. Since V, C f(U), UN fY(A) # 0. So, z € st(B,U). Therefore,
X is (1,1)-starcompact. O

As a generalization of Theorem 4.3, we have the following result.

THEOREM 4.4. If f : X — Y is an open perfect mapping from a
Hausdorff space X onto a (1, k)-starcompact space Y (k € N), then X
is (1, k)-starcompact.

Instead of “perfect”, one can only demand “ Y is an n-starcompact
space with all fibers k-starcompact”.
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THEOREM 4.5. Let n € Nand k € N. If f : X — Y is an open
mapping onto an n-starcompact space Y such that all fibers are k-
starcompact, then X is (k,n)-starcompact.

Proof. Let U be an open cover of X. Since f is open, V = f(U) is an
open cover of Y. Because Y is n-starcompact, there exists a finite subset
F of Y such that st®(F,V) =Y. Then A = f~!(F) is k-starcompact.

Claim : st"(A,U) =X

Let z € X and let f(z) = y. then there exists a finite subcollection
{V1,--+,Va} of V such that y € Vi, V; N V41 # 0 for each i < n, and
Vo NF # 0. Denote V; = f(U;) for each . Then z € Uy, U; NU;41 # 0
for each ¢ < n, and U, N A # 0. Thus z € st™(A4,U).

Therefore X is (k,n)-starcompact. d
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