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Abstract

In this paper, we introduce the concepts of intuitionistic fuzzy products and intuitionistic fuzzy subgroupoids. We investigate

some properties of products and subgroupoids
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1. Introduction

After the introduction of the concept of fuzzy sets by
Zadeh [12], several researchers[l,7,10,11] have applied the
notion of fuzzy sets to group theory.

As a generalization of fuzzy sets, the concept of
intuitionistic fuzzy sets was introduced by Atanassov|2].
Recently, Coker and his colleagues [5,6,8], and S.J.Lee and
EP.Lee[9] introduced the concept of intuitionistic fuzzy
topological spaces using intuitionistic fuzzy sets. In 1989,
R.Biswas[4] introduced the concept of intuitionistic fuzzy
subgroups and stidied some of it's properties.

In 2003, Baldev Banerjee and Dhiren Kr. Basnet[3]
investigated intuitionistic fuzzy subrings and ideals using
intuitionistic fuzzy sets.

. In this paper, we introduce the concepts of intuitionistic
fuzzy products and intuitionistic fuzzy subgroupoids. And we
study some properties of products and subgroupoids.

2. Preliminaries

We will list some concepts and results needed in the later
sections.

Definition 1.1[2). Let X be a nonempty set. An intuitionistic
Juzzy set(in short, IFS) on X is an object having the form
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intuitionitic fuzzy product, intuitionistic fuzzy subgroupoid, f-invariant, have the sup property.

A= {(x, pa(x), va(n):xe X}

where the functions px, : X — I and v, X — I denote
the degree of membership (namely p4(x)) and the degree of
va(x)) of each x= X to A,

respectively, and (0 < p4(x) + va(x) <1 for each xe X.

nonmembership (namely

For the sake of simplicity, we shall use the symbol A=
(x, pa, va) of A= (uu vy for the IFS A= {(x,
ralx), va(x)) : x€ X}(See, [2]).

We will denote the set of all he IFSs in X as IFS(X).

Definitions 1.2[2]. Let X be a nonempty set and let A=
(z4, va) and B= (up vp) be IFSs on X. Then:

(1) AC Biff pyp < ppand vy=2vp

(2) A=B iff ACB and B C A.

() A= (va, ra).

@ AN B=(ua N tp, vaV vp).

(5) AU B=(pa V up, va/\ vp.

6) [1A= (pa,1—pa), > A= A—v4 va).

Definition 1.3[5]. Let {A;} -, be an arbitrary family of IFSs
in X, where A;= (u,va) for each 7 J. Then:

@ NA;= (Aza,, Vva).

b)) NA;= (\/ﬂA,, /\VA,)-
Definition 1.4[5). 0-=(0, 1) and 1-=(1, 0).

Result 1.A[5, Corollary 2.8]. Let A, B, C, D be IFSs in X.
Then:



(1) ACBand CCD=AUCC BUDand ANCC BN D
2 AcCBandACC=ACBNC
3) AcCB andBC C=AUBCC.
4 ACB andBC C=>ACC.
S (ANB=ANB, (ANB‘=AUB"
(6) ACB=B'C A*
(N (A9 =A.
8 19=0, 0°=1..
Definition 1.5[S]. Let X and Y be nonempty sets and let f :
X — Y a mapping. Let A= (u,, va) be an IFS in X and
B= (up, vy be IFS on Y.
Then
(a) the preimage of B under f, denoted by f '(B), is the

IFS in X defined
by :

FUB) = (F " (up), g,

where f~'(up) = g+ f.
(b) the image of A under f, denoted by f(A), is the IFS
in Y defined by :

FA) = (Rua), Ava)),

where for each ye Y.

Y T
f(/‘A)(y) = [ fo'(y)ﬂA(x) if /1~ (y)
0 otherwise,
and
; 1
Hoao) = Pl it o,
1 otherwise.

Result 1.B[S, Corollary 2.10). Let A, A, (i <)) be IFSs in
X, let B, B{feK) IFSsin Yandlet f: X — Y a
mapping. Then

(1) ACA,y = F(A)CF(Ay).
(@) B,C B, = f By (f(By).
(3) Acf U AA).
If #is injective, then A = F '(f(A)).
4 A N(B)CB.
If fis surjective, then Af '(f(B)) = B.
() FUBY)=Nr (B).
©) £ (NBY)=Ur '(By.
(N AUAY) =UA).
&) ANANCNAAY.
If 7 is injective, then f(MNA;)) = NF(AD.
9 Al.)=1.,if fis surjective and A(Q.)=0..
(10) FY(1.)=1.and F£'(0.)=0-.
(1) [AA)ICf(AY), if fis surjective.
(12) F(BY=1r'(B]I"
Definition 1.6[9]. Let 1, x=(0,

1] and A+p<1. An
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intuitionistic fuzzy point(in short, IFP) x( , of X is the

IFS in X defined by

(A,
@,

if y=ux

X0y = [ for each yeY.

if y+x

In this case, x is called the support of x(; , and A and
p are called the value and nonvalue of x (, ,, respectively.

An IFP x; , is said to belong to an IFS A= (ya, va)
in X, denoted by x, ,€A, IF A< pux)and
o = yalx).

It is clear that an intuitionistic fuzzy point x, , can be
represented by an ordered pair of fuzzy points as follows :

X w= (%0, 1— xl—p)-
We will denote the set of all IFPs in X as IF,(X).

Result 1.C[9, Theorem 2.2]. Let A = (u,,v,4) be an IFS in
X and let x(, , € IF,(X). Then

xa o€ Aifand only if x, € py and %, € 1—v,.

Result 1.D[9, Theorem 2.3]. Let A= (p4,v,) and
B= (ug,vg) be IFSs in X. Then A C B if and only if

for each  x , € IF)(X),

Xan € A  implies

xum € B

Result 1.E[9, Theorem 2.4]. Let A= (p, v,) be an IFS in
X. Then

A=Ulxuwlxms € A

Definition 1.7[5]. Let X be a set and let A, x e I with 0
< A+ p < 1. Then the IFS C, , in X is defined by: for

each x € X, Cq, (0=, 4, ie, pc, () =2 and

14 Cu.w('x) = 4

2. Intuitionistic fuzzy products

Definition 2.1. Let (X,.) be a groupoid and let A, B& IFS
(X). Then the intuitionistic fuzzy product of A and B, A©
B, is defined as follows : for any x € X,

#aop(x) =
{ V [ua (W Aug(2)] for each(y, z) € XxX with yz = x,
yz=x
0 otherwise,
and
Yaos(x) =
{yz/z\[w;(y)\/ug(z)] for each(y,2) & XxX with yz = x,
1 otherwise.

Proposition 2.2. Let " -
elFy X) and let A, B € IFS(X). Then :

be as above, let x (. 5, ¥ (.
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H Xia. p° Y, @)= (xv) (aAa', BVI)*
@ A-B= U rws Y

Xogas ATy, e

Proof. (1) Let z « X. Then :

Py v (2
\/, (e, (xDIAp, (¥79] for each(x",y) e XxX with x'y' = 2
- [ v 0 otherwise
aN\ad  if xy= 2,
:{O otherwis,
and

Ve ,\\u,:»(z)
_[ A lve, Ve, ()] for each(x',¥) & XxX with x'y = 2

0 otherwise
BB it ay=a,
{ 1 otherwis.

Hence x (.5 ° Yie.s» = (49 (one. sva) -
(2) Let C= U %o Vs Then, by the
X

W EATY (4 S E

proof of Proposition 1.1(i1) in [10], we have :
ta s(w) =pdw), ie, pa p= pc

Thus it is sufficient to show that v, g(w) = ve(w).

Let w =X and we may assume that there exist u, v =X
such that yo=w, pa(u)+1 and yu(w)+without loss of
generality. Then:

vass(w) = /\ [va(u)Vug(v))

< A N e @V, (0]

W= X, pEAY 7
= Uc( W)

Since Uy, v € A and V(). vt € B,

ve{w)= AN /\w[ Views (VY (0)]

X e €A Y. EB uv=
= AN ve v, 0D
uéw[ Vidpata). VA(”))( u)\/}/ U(#;(U).uﬂ(u))( U)]

A\ [va()Vvs(w)]

N

It

= v,.5(w).
Thus v ,4.p=vc. Hence

A-B= X(ap° V(.8

X 2€A Y 10 nEB
The following proposition holds from Definition 2.1.

Proposition 2.3. Let
" be as above.
(1) If“-" is associative [resp. commutative] in X, then so
is “ <7 in IFS(X).
(2)If“-" hasaunity e € X, then e o € IF, (X) is a
unity of “ - "in IFS(X), ie, A -
for each Ae IFS(X).

(X, ) be a groupoid and let " -

cqp=A=eqp - A

3. Intuitionistic fuzzy subgroupoids and ideals

Definition 3.1. Let (G, - ) be a groupoid and Ilet
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0.+ AeIFS(G). Then A is called an intuitionistic fuzzy
subgroupoid in G(in short, IFGP in G) if A - ACA.

The followings are the immediate results of Definition 2.1
and Definition 3.1.

Proposition 3.2. Let (G, -) be a groupoid and let
0.+ A €IFS(G) Then the followings are equivalent :
(1) A is an IFGP in G.
() Forany x(, g, Y. »SA X p° Y@ »EA,
ie, (A, -) is a groupoid.
(3) For any x, ye X, palxy) 2pa(x) Apaly) and valxy)
< valw) Vvals).

Proposition 3.3. Let A be an IFGP in a groupoid (G, - ).

() If “-7 is associative in G, then so is “ - ” in A, ie.,
forany x(, 9, Y. g0 2@, 8 € As
X n * YViw.s)) 2w »
=%@p° Ww. g 2w »)-
(2) If “-” is commutative in G, then so is “ « " in A, ie

for any % g Y. €A X p Vi =

Vi, g)° Xia p-
(3} If “-” has a unity ¢ € G, then e g © X (g p =
X(a, p =X » ° €q o for each x, p= A

From Proposition 3.2, we can define an intuitionistic fuzzy
subgroupoid in a groupoid G as follows.

Definition 3.'. Let (G, - ) be a groupoid and let A
IFS(X). Then A is called an intuitionistic fuzzy subgroupoid(
in short, /EGP) of G if for any x, ye G,

walen) Zpa() Apa(y) and va(xy) < valx) Vva(w).
[t is clear that (. and 1. are both IFGPs of G.

Definition 3.4. Let G be a groupoid and let A € IFS(G).
Then A is called an :

(1) intuitionistic fuzzy left ideal(in short, IFLI) of G if for
any x, y€G, Alxy) 2 A(y),ie., pa(xy) 2 pa(y) and
valxy) < valy).

(2) intuitionistic fuzzy right ideal(in short, IFRI) of G if
for any x yeG, Alxy) = A(x),ie., pa(xy) = palx)
and v4(xy) < va(y).

(3) intuitionistic fuzzy ideal(in short, IF]) of G if it is both
an IFLI and an IFRIL

It is clear that A is an IF1 of G if and only if for any x,
yeG,  palxy) 2 pa(0)Veay) and  valxy) < va()A
va(y). Moreover, an IFl(resp. IELI, IFRI) is an IFGP of G.
Note that for any IFGP A of G we have pu,(x") >pa(x)
and pu(x") < vua(x) for each x € G , where x" is any
composite of x%.

We will denote the set of all IFGPs of G as IFGH(G).



Remark 3.5.

(1) If u, is a fuzzy subgroupoid of a groupoid G, then
A=(us, u3) = IFGP(G).

(2) If p, is a fuzzy (left, right) ideal of a groupoidG, then
A=(pa p%) is an IFl(an IFLI, an IFRI) of G.

3) If A eIFGPG),
subgroupoids of G.

(4) If A is an IFI(an IFLI, an IFRI) of G, then, ux, and
vy are fuzzy(left, right) ideals of G.

(5) If A €eIFGP(G), then [ 1A, <> A eIFGP(().
(6) If A is an IFI( an IFLI, an IFRI) of G, then [ JA and
< > A are IFIs(IFLls, IFRIs) of G.

then

ra and vy are fuzzy

Definition 3.6. Let A be an IFS inaset X and let A, pe [
with A+u <] Then the set X** = {re X: Alx) >
Cu o)} ={xe X: pa(x) = A and v, (x) <y} is called a
(A, p)-level subset of A.

Proposition 3.7. Let G be a groupoid and let (A, px) e Ix ]
with A+u<l. If Ae IFGP(G) or A is an IFI(IFLJ,
JFRDof G, then Gi** is a subgroupoid or a (left, right)
ideal of G.

Proof. Suppose A € [FGP(G) and let x, ye Gi*". Then
#a(x) 2 A, valx) < g and pa(y) =4, va(y) < p. Since A
€G IFGP(G), palxy) = pa(x)Apealy) and vy )<y y(x)
Vvaly). Thus  pa(xy) =4,
Gi* ™. Hence G is a subgroupoid of G.

Now suppose A is an IFLI of G, let x G and let y
GAY*. Then pa(») =2 and wu(y) < p Since A is an
IFLL of G, valzy) < pa(y). Thus
a(xy) 2 A and vu(xy) < p. So xy €G. Hence G * is a
left ideal of G. By the similar argument, we can easily check
that G * is a (right) ideal of G. This complete the proof.

and pyu(xy) <p. So xye

ralxy) 2 pa(y) and

Proposition 3.8. Let G be a groupoid and let 7 < P(G). Then
A= (x7 x4) is an IFGP or IFI(IFLL, IFRI) of G if and
only if T is a subgroupoid or an ideal (left ideal, right ideal)
of G, where y; is the charecteristic function of 7.

Proof. A is an IFGP of G
iff for any x, ye G, x(xy) = xr{x) Axr()
and x p(xy)=x p (D) Vi 7(¥)
iff for any x, ye G, xr(x) = x7(3)=1
implies yH{(xy) =1
iff for any x, ye T, xye T
iff T is a subgroupoid of G.
Similarly, A is an IFLI of G
iff for any x, ye G, x{xy) > x4
and x r(xy) £ xpdy)
iff for each xe Gand ye T, xye T
iff T is a left ideal of G.
By the similar arguments, we can easily check that the
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remainders hold. This completes the proof.

From Definitions 1.2, 1.3, 14 and Result 1.A, for a
groupoid G, IFS(G) is a complete lattice under the
intuitionistic fuzzy set inclusion “ C ” such that (. and 1.
are the least and greatest elements of IFS(G), respectively. It
is clear that 0. and 1. are IFls(and in particular, IFGPs)of

G.
Proposition 3.9. Let {A,} oy CIFGP(G). Then ﬂrAae
IFGP(G).

Proof. Let Then

and let xyeG.

A=) A,
A=( a/e\ﬂ/;,,, a\E/]"V 4q)- By the proof of Proposition 3.1 in
[12], zalxy) = pa(x)V @4y Thus it is enough to show that
valzy) <= va(0)Vvag,-

valey) = Vv ada) < V[ a (0 Vy 4,3)]
= a\e:/[‘VAa(x) \/ >E/F(VAa(y))
= va(x)Vwa(y).

Hence ﬂrA,, is an IFGP of G.

ac

Proposition 3.10. Let {A,} .. be any family of IFIs( IFLIs,
IFRIs). Then ﬁFAa or UFAQ is an IFI(IFLI, IFRI).

Proof. Let G be a groupoid and let {A4,} .., be any family
of IFIs(IFLIs, IFRIs) of G. Let A= ﬂr A, and let x, y

G.
Suppose {A,} 4 is a family of IFLIs of G. Then

pwalxy) = }!Fﬂ adxy) = /N\ gt a(9)
(Since A, is an IFLI of G for each ae I')
and

valay) = Vv adx) <V vadly)

(Since A, is an IFLI of G for each e< ).

So A= ﬂFAa is an IFLI of G. By the similar arguments,

we can easily check that the remainders hold. Also we can
see that UrA” is an IFI(IFLI, IFRI). This completes the
ae

proof.
It is clear that the collection of all the IFIs(IFLIs, IFRIs)is
a complete sublattice of IFS(G).

4. Homomorphisms

Proposition 4.1. Let f:G— G~ be a groupoid homomorphism
and let BeIFS(G’).

(1) If BeIFGP(G'"), then f Y(B) € IFGP(G).

(@) If B is an IFI(FLIL, IFRI) of G then 7 Y(B) is an
IFI(IFLI, IFRD) of G.
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Proof. (1) By Definition 1.5, F Y(B) = (f '(ug), f "(vg)).
Let x,ye G. Then:
() = F 7 (up) () = pp(F(x9)
= ug(f(x)Ay)) (fis a groupoid homomophism)
> pp(Rx0)) Apes(f(9)
= ) ONF (w)(3)

and

v () = (wp) () = vp(f(xy)

va(f()A3) (fis a groupoid homomorphism)
v F(NNvg(A))

F o0 AF (0p)(9).

Hence 7 Y(B) € IFGP(G).
(2) By the similar arguments of the proof of (1), it is clear.

no

Definition 4.2. Let A= JFS(G). Then A is said to have the
sup property if for any Te P(G), there exists a to f{(He T

such that A(g) = ILEJTA(t)’ ie., wpalfy) = ’\E/Tu,,(t) and
valty) = /\T va(f) where P(G) denotes the power set of G.

Remark 4.3. Let A< JFS(G). If A can take an only finitely
many values(in particular, if they are charecteristic function),
then A has the sup property.

4.4. Let f:G—G" be a
homomorphism and let A< IFS(G) have the sup property.
() If Ae IFGP(G), then f(A) e IFGP(G).
(2) If A is an IFI{ IFLL, IFRI) of G, then f(A) is an
IFI( IFLI, IERI) of G''.

Proposition groupoid

Proof (1) Let y, v = G’’. Then we can consider four cases :
(i) F\»n=e, FH ) *6;
(i) f7'\»*s, F ') =¢;
(i) ' =¢, fTI )=
(v) f'm =9, F1()=4.
We prove only the case (i) and omit the remainders. Since
xpef (y) and

A has the sup property, there exist

xy’ € f Ny’) such that:
#alxg) = _rgy(y)(ﬂA (%), valxg)) = xs/f\(y) va(x)

and

walxy) = X,E>/,(y,) (2alxg’),valxy)) = x,e{r\(y,) valx’).
Then:
#ramy’) = Rua)oy’)
= XEMW,)#A(Z) > palxgxg’) = palxg) A alxg”)

=( V pilANC V  palx))
f iy Xef iy

= fp dDNAF(ea)y")
and
vsa(3y) = RoaXyy")

A

N v4(2) L va(xxy) < valx)Vva(x")
xef ()
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= ( xeﬁ(y)v,q(x))\/( x'e/’f\(y')UA(x'))

= F (v )V F(ua(y).
(2) By the similar arguments of the proof of (1), it is clear.

Definition 4.5[3]. Let f: X——Y be a mapping and let
AeIFS(X). Then A is said to be finvariamt if
f(x) = f(y) implies A(x) = A(y), ie, pa(x) = paly) and
va(0) = va(¥).

It is clear that if A is f-invariant, then 7 1(f(A4)) = A

(See Proposition 6.6 in [3]).
The following is the immediate result of Definition 4.5.

Proposition 4.6. Let f: X—— Y be a mapping and let A =
{AeIFS(X) : A is f—invariant}. Then f is a one-to-one
correspondence between A and JFS(f(X)).

Corollary 4.6. Let f:G——G"" be a mapping and let A = {
AeIFGP(G): A is f—invariant and has the sup property }.
Then f is a one-to-one corre-spondence between A and
IFGP(f(G)).
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