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Vibration Analysis of Thick Hyperboloidal Shells of Revolution from
a Three-Dimensional Analysis
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Abstract

A three-dimensional (3-D) method of analysis is presented for determining the free vibration frequencies of thick,
hyperboloidal shells of revolution. Unlike conventional shell theories, which are mathematically two-dimensional (2-D), the
present method is based upon the 3-D dynamic equations of elasticity. Displacement components wu,, uy and u, in the
radial, circumferential, and axial directions, respectively, are taken to be sinusoidal in time, periodic in €, and algebraic
polynomials in the » and z directions. Potential(strain) and kinetic energies of the hyperboloidal shells are formulated, and the
Ritz method is used to solve the eigenvalue problem, thus yielding upper bound values of the frequencies by minimizing the
frequencies. As the degree of the polynomials is increased, frequencies converge to the exact values. Convergence to four
-digit exactitude is demonstrated for the first five frequencies of the hyperboloidal shells of revolution. Numerical results
are tabulated for eighteen configurations of completely free hyperboloidal shells of revolution having two different shell
thickness ratios, three variant axis ratios, and three types of shell height ratios. Poisson’s ratio (v) is fixed at 0.3. Com-
parisons are made among the frequencies for these hyperboloidal shells and ones which are cylindrical or nearly cylind-
rical(small meridional curvature.) The method is applicable to thin hyperboloidal shells, as well as thick and very thick ones.

Keywords : three-dimensional analysis, hyperboloidal shell of revolution, thick shell, vibration, Ritz method
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E 1 Convergence of frequencies in wa¥ o/G of a com-
pletely free, hyperboloidal shell of revolution for
the five lowest bending modes(#=2) with b/a=1,
ha=0.2, Hfa=4, and H/H,=0(v=0.3).

TZ DET 1 2 3 4 5

2 12 1.06729 0.5756 0.8806 1.127  1.377
4 24 | .03690 0.1621 04344 0.6912 0.9963
6 36 |.03244 0.1452 0.3854 0.6346 0.7071
8 48 1.03190 0.1430 0.3799 0.5744 0.6903
10 60 |.03177 0.1428 0.3797 0.5675 0.6885
12 72 1.03173 0.1428 0.3796 0.5672 0.6885

2 18 |.05364 0.1980 0.6597 0.7940 1.040
4 36 |.03158 0.1286 0.3558 0.5691 0.6934
6 54 |.02932 0.1219 0.3323 0.4840 0.6787
8 72 1.02892 0.1206 0.3310 0.4556 0.6236
10 90 |.02880 0.1202 0.3307 0.4513 0.6059
12 108 | .02877 0.1202 0.3306 0.4511 0.6023

2 24 |.04458 0.1809 0.4750 0.6979 1.009
48 1.03025 0.1239 0.3360 0.5263 0.6886
72 1.02904 0.1209 0.3312 0.4568 0.6386
96 |.02881 0.1202 0.3306 0.4513 0.6076
120 | .02874 0.1201 0.3305 0.4506 0.6012
144 | .02872 0.1200 0.3304 0.4506 0.6006

30 |.04164 0.1623 0.4535 0.6951 0.8591
60 |.02962 0.1226 0.3320 0.4752 0.6753
90 | .02890 0.1205 0.3308 0.4523 0.6182
120 | .02876 0.1201 0.3305 0.4508 0.6018
150 | .02874 0.1201 0.3305 0.4506 0.6012
180 | .02871 0.1200 0.3304 0.4505 0.6005
195 | .02871 0.1200 0.3303 0.4505 0.6003

36 |.04016 0.1572 0.4183 0.6649 0.7255
72 .02920 0.1215 0.3313 0.4590 0.6484
108 | .02882 0.1203 0.3306 0.4510 0.6051
144 | .02874 0.1201 0.3305 0.4506 0.6010
180 | .02872 0.1200 0.3304 0.4506 0.6006
216 | .02871 0.1200 0.3303 0.4505 0.6005

42 | .03877 0.1560 0.4117 0.6497 0.7075
84 |.02904 0.1209 0.3309 0.4534 0.6245
126 | .02878 0.1201 0.3305 0.4508 0.6017
8 168 |.02873 0.1200 0.3304 0.4506 0.6006
10 210 | .02872 0.1200 0.3304 0.4505 0.6005
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Notes:
TR = Total numbers of polynomial terms used in the # (or ¢) direction

TZ = Total numbers of polynomial terms used in the 2 {or § direction
DET = Frequency determinant order
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T2l 2 Hyperboloidal shells of revolution for b/a=1 and
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712! 3 Hyperboloidal shells of revolution for b/a=2 and
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E 2 Frequencies in wa' /G of completely free, hyperboloidal shells of revolution with b/a=1 and Hy/a=4 for v =03.

ot

H/Hy=0 Hy/Hy=1/4 H/Hp=1

S
" ha=0.2 hla=0.4 h/a=0.2 ha=0.4 ha=0.2 h/a=0.4

1 0.7841 0.7835 0.5547 0.5561 0.1054 0.1067

2 1.298 1.299 0.9701 0.9730 0.7841 0.7836
0" 3 1.872 1.875 1.507 1.511 0.9392 0.9408

4 2.469 2.473 2.024 2.028 1.298 1.299

5 3.074 3.077 2.527 2.532 1.555 1.558

1 0.3140 0.3255 0.3098 0.3193 0.2400 0.2416

2 0.4207 0.4792 0.4087 0.4598 0.3140 0.3255
ot 3 0.5615 0.6950 0.5438 0.6708 0.3474 0.3779

4 0.7183 0.8687 0.7008 0.8124 0.4207 0.4792

5 0.8623 1.027 0.8076 0.9310 0.4814 0.5763

1 0.3285 0.3520 0.3126 0.3265 0.09520 0.09967(3)

2 0.4450 0.5240 0.3966 0.4494 0.2779 0.2845
1 3 0.5782 0.6053 0.5080 0.5448 0.3374 0.3706

4 0.6111 0.7449 0.5515 0.6489 0.3629 0.3952

5 0.7456 0.8966 0.6625 0.7332 0.4594 0.5256

1 0.02871(1) 0.04991(1) 0.03376(1) 0.05482(1) 0.03301(1) 0.05560(1)

2 0.12004) 0.2016(4) 0.1383(5) 0.2168(4) 0.03695(2) 0.05589(2)
2 3 0.3303 0.4294 0.3296 0.4432 0.1490 0.2184

4 0.4505 0.6143 0.4130 0.5107 0.1986 0.2469

5 0.6003 0.7106 0.4493 0.6512 0.3510 0.4623

1 0.05879(2) 0.1021(2) 0.05922(2) 0.1023(2) 0.05887(3) 0.1021(4)

2 0.1924 0.3176 0.1971 0.3202 0.05973(4) 0.1024(5)
3 3 0.3757 0.5937 0.3825 0.6014 0.1952 0.3190

4 0.5333 0.8583 0.5300 0.8636 0.2000 0.3219

5 0.7070 0.9123 0.6052 0.9014 0.3786 0.5973

1 0.09140(3) 0.1687(3) 0.09141(3) 0.1687(3) 0.09141(5) 0.1687

2 0.2482 0.4379 0.2484 0.4380 0.09141 0.1687
4 3 0.4443 0.7584 0.4454 0.7595 0.2484 0.4380

4 0.6416 1.087 0.6455 1.090 0.2485 0.4381

5 0.8654 1.130 0.8595 1.132 0.4452 0.7592

1 0.1339(5) 0.2524(5) 0.1339(4) 0.2524(5) 0.1339 0.2524

2 0.3172 0.5768 0.3172 0.5769 0.1339 0.2524
5 3 0.5315 0.9359 0.5317 0.9361 0.3172 0.5768

4 0.7580 1.308 0.7586 1.309 0.3172 0.5769

5 1.013 1.356 1.019 1.357 0.5316 0.9360

Notes :

T=Torsional mode: A=Axisymmetric mode.

Numbers in parentheses identify frequency sequence.
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E 3 Frequencies in wa' o/G of completely free, hyperboloidal shells of revolution with b/a=2 and Hy/a=4 for v =03.

H/H,=0 H/Hy=1/4 H/Hy=1
S
g h/a=0.2 h/a=0.4 ha=0.2 h/a=0.4 h/a=0.2 h/a=0.4
1 0.7922 0.7915 0.5775 0.5776 0.2061(5) 0.2077(3)
2 1.500 1.501 1.182 1.184 0.7922 0.7915
0 3 2.241 2.243 1.795 1.796 1.124 1.125
4 2.985 2.987 2.399 2.401 1.500 1.501
5 3.730 3.731 3.002 3.004 1.869 1.872
1 0.6939 0.7060 0.6794 0.6876 0.4766 0.4776
2 0.8641 0.9372 0.8289 0.8838 0.6939 0.7060
0t 3 1.094 1.252 1.025 1.106 0.7315 0.7570
4 1.311 1.324 1.170 1.275 0.8641 0.9375
5 1.330 1.528 1.315 1.503 0.9245 1.009
1 0.6570 0.6821 0.5154 0.5267(4) 0.2080 0.2126(4)
2 0.7778 0.7930 0.7317 0.7410 0.4547 0.4640
1 3 0.8816 1.007 0.7685 0.8391 0.6956 0.7332
4 1.112 1.169 0.9765 1.130 0.7192 0.7402
5 1.189 1.377 1.145 1.178 0.8077 0.8371
1 0.08463(1) 0.1531(1) 0.09176(1) 0.1584(1) 0.09133(1) 0.1576(1)
2 0.2037(3) 0.3707(3) 0.2177(3) 0.3857(3) 0.1004(2) 0.1625(2)
2 3 0.4774 0.6491(5) 0.3485(5) 0.5287(5) 0.2265 0.3844
4 0.7565 1.007 0.5830 0.7906 0.2738 0.4162
5 1.053 1.145 0.8378 1.142 0.4942 0.6773
1 0.1947(2) 0.3531(2) 0.1950(2) 0.3532(2) 0.1949(3) 0.3532(5)
2 0.4269(5) 0.7404 0.4309 0.7427 0.1952(4) 0.3533
3 3 0.6752 1.129 0.6852 1.145 0.4281 0.7416
4 0.8507 1.365 0.7157 1.195 0.4351 0.7445
5 1.135 1.545 0.9278 1.474 0.6937 1.143
1 0.3320(4) 0.6065(4) 0.3320(4) 0.6065 0.3320 0.6066
2 0.6482 1.120 0.6484 1.121 0.3320 0.6066
4 3 0.9778 1.618 0.9806 1.621 0.6484 1.121
4 1.233 1.942 1.205 1.944 0.6486 1.121
5 1.430 2.027 1.265 1.975 0.9797 1.623
1 0.5043 0.9047 0.5043 0.9048 0.5044 0.9048
2 0.9012 1.528 0.9013 1.528 0.5044 0.9049
5 3 1.287 2.090 1.287 2.090 0.9013 1.528
4 1.639 2.371 1.642 2.371 0.9014 1.528
5 1.927 2.606 1.817 2.610 1.287 2.091
Notes:

T=Torsional mode: A=Axisymmetric mode.
Numbers in parentheses identify frequency sequence.
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E 4 Frequencies in waV o/G of completely free, hyperboloidal shells of revolution

with b/a=3 and Hy/a=4 for v =03.

>
o
X
o
2

A

Hy/Hy=0 H/Hy=1/4 H/Hy=1
" ’ h/a=0.2 ha=0.4 h/a=0.2 h/a=0.4 h/a=0.2 h/a=0.4
1 0.7689 0.7686(5) 0.5801 0.5803(5) 0.2697(5) 0.2712(4)
2 1.540 1.540 1.222 1.222 0.7689 0.7686
0 3 2.314 2.315 1.848 1.849 1.151 1.152
4 3.088 3.088 2.471 2.472 1.540 1.540
5 3.861 3.861 3.093 3.094 1.927 1.928
1 0.9515 0.9596 0.8895 0.8913 0.5525 0.5528
2 1.096 1.142 1.023 1.049 0.9515 0.9596
o* 3 1.294 1.383 1.205 1.276 0.9858 1.003
4 1.454 1.516 1.387 1.496 1.096 1.142
5 1.523 1.606 1.522 1.577 1.167 1.238
1 0.7620 0.7842 0.5649(5) 0.5763(4) 0.2514(4) 0.2559(3)
2 0.8613 0.8728 0.8054 0.8199 0.5206 0.5313
1 3 1.072 1.191 0.9711 1.026 0.7996 0.8290
4 1.305 1.392 1.146 1.262 0.8538 0.8637
5 1.418 1.579 1.297 1.393 0.9678 0.9839
1 0.1320(1) 0.2443(1) 0.1373(1) 0.2482(1) 0.1358(1) 0.2471(1)
2 0.2362(2) 0.4395(2) 0.2427(2) 0.4502(2) 0.1482(2) 0.2521(2)
2 3 0.4981(4) 0.6899(4) 0.3647(4) 0.5604(3) 0.2395(3) 0.4443(5)
4 0.8641 1.132 0.6599 0.8884 0.3361 0.5139
5 1.227 1.435 0.9731 1.296 0.5447 0.7479
1 0.3246(3) 0.5907(3) 0.3248(3) 0.5908 0.3248 0.5908
2 0.5654 0.9854 0.5690 0.9881 0.3249 0.5908
3 3 0.7318 1.249 0.7003 1.220 0.5684 0.9879
4 0.9606 1.508 0.8198 1.347 0.5711 0.9889
5 1.315 1.925 1.066 1.654 0.7434 1.266
1 0.5734(5) 1.018 0.5734 1.018 0.5735 1.018
2 0.9222 1.552 0.9225 1.552 0.5735 1.019
4 3 1.203 1.971 1.211 1.979 0.9224 1.552
4 1.359 2.187 1.271 2.086 0.9227 1.552
5 1.632 2.458 1.454 2.295 1.208 1.976
1 0.8787 1.504 0.8788 1.504 0.8789 1.504
2 1.327 2.147 1.327 2.147 0.8790 1.504
5 3 1.690 2.647 1.691 2.648 1.327 2.147
4 1.945 2.981 1.924 2.982 1.327 2.147
5 2.127 3.102 1.991 3.011 1.692 2.649
Notes:

T="Torsional mode: A=Axisymmetric mode

Numbers in parentheses identify frequency sequence.
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