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ABSTRACT. In this paper, some rank equalities related to generalized inverses A;z)S of
a matrix are presented. As applications, a variety of rank equalities related to the M-P
inverse, the Drazin inverse, the group inverse, the weighted M-P inverse, the Bott-Duffin
inverse and the generalized Bott-Dulffin inverse are established.

1. Introduction

In the theory of generalized inverses of matrices, rank equalities related to gen-
eralized inverses are the important subjects, and have been widely studied ([3],
[5]-[10]). How to characterize equalities for the M-P inverse of a matrix? Tian ([6])
presented a simple and excellent method for coping with above problem, and use
it to characterize a variety of valuable equalities related to the M-P inverse of a
matrix. It is well-known that M-P inverse A is a generalized inverse A(T2, )S, and it is

also well-known that the Drazin inverse AP, the weighted M-P inverse A}LVL N> the
group inverse A4, the Bott-Duffin inverse Agz)l ) and the generalized Bott-Duffin
inverse AEJLF)) are all generalized inverses Ag )S So, it is significant to study the
rank equalities related to generalized inverse Ag?’ )S Following [6], in this paper, we
present a variety of rank equalities related to the generalized inverse Ag )S As their
applications, we shall give some rank equalities related to Af, AP, AM N Ag, A

(L)
and AEZ)) . The matrices considered in this paper are over the field C of complex

numbers. For A € C"™*™ we use A*,r(A), R(A) and N(A) to stand for the conju-
gate transpose, the rank, the range and the null space of A, respectively.
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Lemma 1.1 ([1]). Let A € C™*™ be of rank r, let T be a subspace of C™ of
dimension s < r, and let S be a subspace of C™ of dimension m —s. Then A has
a {2}— inverse X such that R(X) =T and N(X) =S if and only if

(1.1) AT e S =C™,
in which case X is unique, this X is denoted by A(T2)s

Lemma 1.2 ([11]). Let A € C™*™ be of rank r, and let T be a subspace of C™ of
dimension s < r, and let S be a subspace of C™ of dimension m — s. In addition,
suppose G € C™ ™ such that R(G) =T and N(G) = S. If, A has a {2}— inverse

Agﬁ,)s, then

(1.2) Ind(AG) = Ind(GA) = 1.
Further, we have

(1.3) AP = G(AG), = (GA),G.

From [11] and Lemma 1.2, let G be equal to A*, N"1A*M, A* A Py and Ps re-
spectively, we have
Lemma 1.3 ([1], [2], [11]).

(1) Let A€ C™*™, then one has

At =A%)

R(AN(A) = AT (AA7)g = (ATA) A7,

Ay n = AR(N—lA*M),N(N—lA*M) =N'TA*M(AN7'A*M), = (NP A*MA),N~1 A* M;
where M, N are Hermitian positive matrices of order m and n, respectively;

(2) Let A€ C™*™, then one has

AP = Ag()Ak),N(Ak) = AF(AMY), = (AM), AR,
2

Ay = Ag%gé)ﬁN(A) = A(A?%), = (A2),A,

A, = A(A®)T A;

(3) Let A e C™™", then one has

Al = AP, = PL(APL), = (PLA), Py,

where L is a subspace of C™ satisfying AL ® L+ = C";

A = ALY, = Ps(APs), = (PsA),Ps,
where L is a subspace of C™, S = R(PrA) and A is an L-p.s.d matriz, i.e.
A is a Hermitian matriz with the properties: Py APy, is nonnegative definite,



. - . e . 607
How to Characterize Equalities for the Generalized Inverse TS of a Matrix 60

Lemma 1.4 ([3]). Let A € C™*", B € C™*F and C € C'™*" be given, and suppose
that
R(AQ) = R(A), R[(PA)"] = R(A"),

r(AQ, B) = r(A, B), 7’< %A ) r< é‘, >

Lemma 1.5 ([6]). Let A€ C™ ", B e C™**  C e O™ and D € C'™* be given.
Then we have

then

(1.4) (D~ CATB) = »r ( A Ay ) — (A,

Furthermore, let

then (1.4) becomes
(1.5)
ATAAT 0 ATB
T(D - ClAIBl - CQA;BQ) =T 0 A;AQA; A;BQ - T‘(Al) - ?"(AQ).
CiAT LAy D

In particular, if

R(B1) € R(A1), R(CY) € R(A}), R(Bz) € R(A2), R(C3) € R(A),

then
A 0 B

(1.6)  r(D—C1AIB —CAIBy) =7 | 0 Ay By | —r(A1) —r(Ay).
¢, Cy D

Lemma 1.6 ([5], [6]). Let A € C™*" be given, and let P € C™*™ and Q) € C™*"
be two idempotent matrices. Then

r(PA— AQ) = r J;A ) +1(AQ, P) — r(P) — 1(Q),

r-Q=r( b ) 1 /(Q.P) —r(P) —r(Q).

2. The rank equalities related to generalized inverse Ag? )S of a matrix
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. . . . . 2
In this section, some rank equalities related to generalized inverses Agw)s of a
matrix are given.

Theorem 2.1. Let A € C™*™ be given. Suppose that G € C™*™ such that
R(G)=T and N(G) = S. If A has a {2}— inverse Ag)s

APy = G(AG), = (GA),C,
then

AG

(2.1) r(AAT — AP A) = ( an

) +r(AG,GA) — 2r(AG).
In particular,

(22)  AAP, = ATLA <= R(AG) = R(GA), R[(AG)"] = R[(GA)"].

Proof. Note that AA% )S and Ag )SA are idempotent matrices. By Lemma 1.6, we
first obtain

(2.3)
) @ o [ AATY 2 4@ (2) (2)
r(AAys — ApsA) =1 APy +r(AAy s, ApsA) —r(AAys) — r(ArgA).
T,S

Note that
AAR) = AG(AG), = (AG),AG, ATSA=(GA),GA=GAGA),,

r[AG(AG)4] = r(AG), r[(AG),AG])* =1r(AG)",
then applying Lemma 1.4,

AAP AG -
T( A@LA ) (G ) radie A = raa.a

r(AAF)) = r(AG),
r(Ag?’)SA) =r[(GA),GA] =r(GA) = r(GA)2 =r(GAG) = r(AG).
Thus (2.3) reduces to (2.1). Note that

" ( ca ) — 1(AG) <= R(AG)* = R(GA)",

r(AG,GA) = r(AG) <= R(AG) = R(GA),
thus (2.1) reduces to (2.2). O

Corollary 2.2. Let A € C™*™ M, N be Hermitian positive definite matrices of
order m. Then
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(1) r(AAT — ATA) = 2r(A, A*) — 2r(A);
AAt = ATA & r(A, A%) = r(A) & A is EP;
(2) r(AA}, v — Al yA) = 1(A*, MA) +1r(A*, NA) — 2r(A);
AAY, = Al A & R(MA) = R(NA) = R(A*) & both MA and NA are

EP;
3) r(AAGD —ACD Ay =, ( AP APy, PLA) — 2r(APL);
(3) (A4, w A =r P A +r(APp, PLA) — 2r(APL);
AALY = ALV A e R(APL) = R(PLA), R(APL)" = R(PLA)";
@) r(AAD) AP 4y = [ AP L apg PoA) — 2r(APs);
LACESSTE ) (L) "\ PsA r(ALfs, s r(APs);
AAGD = AV A & R(APs) = R(PsA), R(APs)® = R(PsA)*.

Theorem 2.3. Let A € C™*"™ be given and k be an integer with k > 2. Suppose
that G € C™™ such that R(G) = T and N(G) = S. If A has a {2}~ inverse AT

AT = G(AG), = (GA),G,
then

AG

2 2
2 ol - At = (S

) +r(A*G, GA) — 2r(AG).

In particular,

(25)  ARAD), = AP AF = R(A*G) C R(GA), R[(GA*)*] C R[(AG)*].

Proof. Writing AkA(TQ’)S - A%)SA’“ = —[(141(T2’)SA)A"3*1 - Akfl(AA(TQ’)S)] and applying
Lemma 1.6 to it, we obtain

(2.6)
kg2 A2 gk AP, AF k42 4(2) @) )
r(A¥Ap g — Ay gAY) =1 AA(Q) +r(AYArs, Ap g A) —1(AALg) — (A s A).
T3
Note that

r[(GA),GAAR Y = r(GAARY), r[AFTAG(AG),] = r(A*TAG).

By applying Lemma 1.4, we have

AP gk G Ak , ,
r( ATASQ?,Q >:T< AG ) r(AR AR, AP A) = (ARG, GA),
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Thus (2.6) reduces to (2.4). The result in (2.5) follows immediately from (2.4). O
Corollary 2.4. Let A € C™*™ M, N be Hermitian positive definite matrices of
order m. Then
kAT Ak A¥ E g+
(1) r(A"AT — ATA®) =7 e + (AR A*) —2r(A);
AFAT = ATAF & R(AF) C R(A¥), R[(AF)*] C R(A);

k
(2) T(AkA;r\/[,N - A}L\/[,NAk) =r ( AéM ) + T(AkaN_lA*) - 2T(A)7

AkAEM,N = AMNA’C & R(AF) C R(N~'4*), R[(A%)*] C R(MA);

PpA*

(3) r(ARAL) — AL D AR) =1 ( AP ) +r(ARPy, PLA) — 2r(APL);
ARAGY = AV AR o R(ARPL) C R(PLA), R[(PLA®)*) C R[(APL)];

PsAF

(4) r(A*AG) — AL AF) = ¢ ( APs ) +r(A*Pg, PsA) — 2r(APs);
ARAGH = A{H A* < R(A*Ps) C R(PsA), R|(PsA*)*] C R[(APs)"].

Theorem 2.5. Let A € C™*™ be given, Suppose that G € C™*™ such that
R(G) =T and N(G) = S. If A has a {2}— inverse Ag)s

AP = G(AG), = (GA),G,

then
AG(A*A— AA*)GA 0 AGA*
(1) r(A* AP~ ATA") =1 0 0  AG | —2r(AG);
A*GA GA 0

(2) If R(A*GA) C R(GA), R[(AGA*)*] C R[(AG)"], then

r(A*ATs — ATGAY) = r[AG(A* A — AA")GA];

(3) A*AQ) = AT A" & R(A*GA) C R(GA), R[(AGA*)*] C R[(AG)*], AGA*AGA =
AGAA*GA.

Proof. From Lemma 1.2 and Lemma 1.3, we have

A AP — AP A = A*GAG[(AG)®)TAG — GAG((AG)*)TAGA*.
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By applying formula (1.6) in Lemma 1.5 and block Gaussian elimination, we have

(AG)3 0 AG
r(A* AT — ADAY) =7 A% o (ég(); AC(:)A* — 2r[(AG)?]

0 0 AG
=r | —AGA*(AG)? (AG)® AGA* | —2r(AG)
—A*GAG  GAG 0

AG(A*A — AA)GAG 0 AGA*
=7 0 0 AG | —2r(4G)
A*GAG GAG 0 )
AG(A*A— AA)GA 0  AGA*
=7 0 0  AG | —2r(AG).
A*GA GA 0 )

The last equality is based on Lemma 1.4, and the results in (2) and (3) follow
immediately from (1). O

Corollary 2.6. Let A € C™*™ M, N be Hermitian positive definite matrices of
order m. Then
(1) r(A*AT — ATA*) = r(AA*A? — A2A*A);
A AT = ATA* & AA*A? = A2A*A & A is star-dagger;
(2) r(A AL, — Al yA*) = r[ANTL(A*A — AA*)MAJ;
A AL, = Al yA* & ANTTA*AMA = AN“VAA*MA;

AF(AA* — A*A)AF 0 AkAx
(3) r(A*AD — AP A*) =1¢ 0 0 Ak —2r(AF);
A* Ak Ak 0

A*AD — AP A* & R(A* AF) C R(AR), RIA(AR)] C R[(A%)7],
ARHLAY AR = AR A* AR where k = Tnd(A);

A(AA* — A*A)A 0 AAx
(4) r(A*Ay — AgA*) =7 0 0 A —2r(A);
A*A A 0

A*A, = A A" & A2A*A = AA* A% and E is EP.
x A(=1) (=1) g%
(5) r(A A(L) *A(L) A)

APL(AA* — A*A)PLA 0  APLA*
= r 0 0 APL — QT(APL),'
A*Pp A PLA 0
A*AY = ALV A* @ R(A*PLA) C R(PLA), R[(APLA*)*] C R[(APL)"),

and APLA*APLA = APLAA*PLA,
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(6) r(A*Af}) — Afj)AY)
APg(AA* — A*A)PsA 0  APgA*
r 0 0 APS - 2T(AP5);
A*PgA PsA 0
A*A) = A A" & R(A*PsA) C R(PsA), R[(APsA*)*] C R[(APs)*],
and ApsA*ApsA = ApsAA*PsA

3. The rank equalities to power of the generalized inverse A(T2)S of a
matrix

In this section, we present some rank equalities of matrix expressions involving
. . 2 .
power of the generalized inverses qu)s of a matrix.

Theorem 3.1. Let A € C™*™ be given, Suppose that G € C™*™ such that
R(G)=T and N(G) = S. If A has a {2}— inverse A;?)S

AP = G(AG), = (GA),G,

then
(1) r[In £ ATS] = r[A(G? £ GAG)A] — r(AG) + m;

2) rllm — (A8%)%] = r[A(G? + GAG)A] + [A(G? — GAG)A] — 2r(AG) + m.
Proof. By Lemma 1.2, Lemma 1.4 and formula (1.4) in Lemma 1.5, we easily obtain
r(In — AYY) = r(In — GAG((AG)*)TAG)

((AG?*)*(AG)*((AG)*)*  ((AG)*)*AG
= ( GAG((AG))* I > — r(4G)*

(U9 49 g

AGAGA AG
( GA 7 ) —r(AG)

_ 2
—r( AGAGAO AG-A ?)—T(AG)

= r[A(G? — GAG)A] — r(AG) + m.

Similarly, we can establish the other equality of (1). Next applying a well-known
rank formula r(I — A?) = (I + A) +r(I — A) —m to I, — (Ag?’)S)Q, we obtain (2).
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O
Corollary 3.2. Let A € C™*™ with Ind(4) = k, M,N be Hermitian positive

definite matrices of order m. Then
(1) r(Im = AT) =7r(A2 £ AA*A) —r(A) +m;
(L, — (AN)2) = r(A% + AA*A) +1r(A% — AA*A) — 2r(A) +m;
(2) r(Inm = AMN) =r(ANTIMA+ AN"TA*MA) — r(A) + m;
(I ( N)2) =1(ANT'MA+AN'A*MA)+r(AN " 'MA—AN"'A*MA)—
r(A) + m
(3) r([miAD) —r(AkiAk‘H) r(AF) +m = (I + A);
(I, — (AP)?) = r(I — A?), where k = Ind(A);
4) r(Im £ Ay) =r(I £ A);
(
(
(

N 3

<

Im = (Ag)?) = r(I — A%);

I & A{)) = 1[A((PL)? £ PLAPL)A] — r(APL) + m;

7 (I, A( 1>) r[A((Pp)?+PLAPL)Al+7[A((Pp)?— PLAPL) Al —2r(APp) +
(6) r(Im % A(})) = r[A((Ps)? & PsAPs)A] — r(APs) + m;

(I, A(”) r[A((Ps)?+Ps APs) Al+r[A((Ps)?~Ps APs) A]=2r(APs)+m

()

<

(
(
Proof. (1), (2), (5), (6) follow from Theorem 3.1. (4) follows from (3). For (3),

we use a well-known results r(p(A4)q(A4)) = r(p(A4)) + r(g(A)) — m, where p(A4) and
q(A) are polynomial of A. O

Theorem 3.3. Let A € C™*™ be given, Suppose that G € C™*™ such that
R(G)=T and N(G) = S. If A has a {2}— inverse Ag?)s
Ay = GAG), = (GA),C.

then

(1) r[ADs £ (AT%)?] = r[A(G® £ GAG) A];

(2) AP = (AQ,)? & AG?A = (AG)*A
Proof. According to a well-known rank formula

r(A—A?) = (I — A) +r(A) —m,

we get
r[AR £ (AF)?) = (L £ ATY) + r(ATY) — m,
putting
r(ALs) = r[GAG((AG)*)T AG) = r(AG),
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and Theorem 3.1(1) to them yields the two equalities in (1). The result in (2)
follows from (1). O

Corollary 3.4. Let A € C™*™ | M, N be Hermitian positive definite matrices of
order m. Then

(1) 7(A! £ (A1)2) = r(A2 £ AA* A);
(AT)2 = Al & AA*A = A2;
(2) (Al v £ (A} )} =r(ANTIMA L ANT1A*MA);
(Al )2 =Al, v & ANTIMA = AN“LA*MA;
(3) r(AD & (AD)2) = r(AF & Ak+1);
(AP)2 = AP & Ak = AF where k = Ind(A);
(4) r(Ag £ (Ag)Q) =r(A+ A%);
(4> = Ay, & A% = A, ie. A is idempotent;

(5) r(Al)) £ (AL))?) = r[A((PL)? £ PLAPL) AJ;

(A )2 = Al A(PL)2A = (APL)2A;
1)2) = r[A((Ps)* + PsAPs)Al;

(6) (Af7) + (A2
1) A(Ps)?A = (APs)?A.

(AL =4

(
(
(
(

Theorem 3.5. Let A € C™*™ be given, Suppose that G € C™*™ such that
R(G)=T and N(G) = S. If A has a {2}~ inverse AL
AP = G(AG), = (GA),G,

then

(1) r[ATs — (AT%)?] = r[A(G? + GAG)A] + r[A(G* — GAG)A] — 1(AG);

(2) AT = (AT%)? & r[A(G? + GAG)A] + r[A(G? — GAG)A] = r(AG).
Proof. Applying a well-known rank equality

r(A—A%) =r(A+ A%) +r(A - A%) —r(A),
we obtain
r[ATS = (A76)°] = AT + (A70)%) + (AT — (A7) = r(AT).

Then putting Theorem 3.3(1) and T(Ag«z)s) = r(AG) in it yields (1). The result in
(2) follows from (1). O

Corollary 3.6. Let A € C™*™ M,N be Hermitian positive definite matrices of
order m. Then
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(1) r(AT = (AT)3) = r(A2 + AA* A) 4 r(A2 — AA*A) — r(A);
(AT)3 = AT & r(A2 + AA*A) + r(A2 — AA*A) = r(A);

2) r(Al y — (Al ¥)?) = r(ANTIMA + AN“'A*MA) + r(AN"'MA —
AN"LA*MA) — r(A);
(Al n)? = Al y & 1(ANTIMA+AN " A*MA)+r(AN "' MA-AN"TA*MA) =
r(A);

(3) 1(AP — (AP)3) = r(AF + ARTY) 4 p(AF — AFFL) — p(AF) = r(AF — AFF2);
(AP)3 = AP & AF+2 = AF where k = Ind(A);

(4) r(Ag — (Ag)g) =7r(A- Ag);
(A4 = A, & A% = A, ie. A is tripotent;

T(APL),
(A = ALY & r[A((PL)? + PLAPL)A] + r[A((PL)? — PLAPL)A] =
T(APL),'

(6) r(Al;)—~(ALL))?) = r[A((Ps)*+Ps APs) Al+r[A((Ps)>~Ps APs) A]—r(APs);

(A1) = AF) & r[A((Ps)2+PsAPs) Al+r[A((Ps)?~ PsAPs)A] = r(APs).

Proof. (1), (2), (5), (6) follow from Theorem 3.5 and Corollary 3.4. (4) follows from
(3). We only prove (3). Applying a well-known rank equality

r(p(A)g(A)) = r(p(A)) + r(g(A)) = m,
where p(A), ¢(A) are polynomial of A gives

r[AD — (AP)3] = (AR 4 ARTY) (AR — ARTY) _p(AF)
= (A% — A20FD) 4 m — r(AF)
= r(AF) 4 r(AF — AFP2) —m 4 m — r(AF) = r(AF — AFF2),

O

4. Concluding remarks

In this paper, some rank equalities related to the generalized inverse Ag )s of a
matrix have been established and some well-known results have been extended.
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