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QUADRATIC RESIDUE CODES OVER Z16

Sung Jin Kim

Abstract. We define Z16 quadratic residue codes in term of their
idempotent generators and show that these codes also have many
good properties which are analogous in many respects to properties
of quadratic residue codes over a field.

1. Introduction

Let Z16 denote the integers modulo 16. A set of n-tuples over Z16 is
called a code over Z16 or a Z16-code if it is a Z16 module.

A particularly interesting family of Z16-cyclic codes are quadratic
residue codes. Quadratic residue codes were first defined by Andrew
Gleason. The minimum weights of many modest quadratic residue codes
are quite high for the code’s lengths, making this class of codes promis-
ing. We define Z16 quadratic residue codes in term of their idempotent
generators and show that these codes also have many good properties
which are analogous in many respects to properties of quadratic residue
codes over a field.

2. Idempotent Generators of Cyclic Codes

An idempotent in Zpm/(xn−1), where p is a prime number, is defined
to be a polynomial e(x) such that e(x)2 ≡ e(x) (mod xn − 1).

Theorem 2.1. Let C be a Zpm cyclic code of odd length n. If C = (f),
where fg = xn − 1 for some g such that f and g are coprime, then C has
an idempotent generator in Zpm [x]/ (xn − 1). Moreover, the idempotent
generator of a cyclic code is unique.
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Theorem 2.2. If a Zpm [x] cyclic code C has the idempotent generator
e(x), then C⊥ has the idempotent generator 1− e(x−1).

Theorem 2.3. Let C1 and C2 be cyclic codes with Z16-idempotent
generators e1 and e2; then C1 ∩ C2 has the Z16-idempotent e1e2 and
C1 + C2 has Z16-idempotent generator e1 + e2 − e1e2.

3. Idempotent Generators of QR Codes

Let e1 = Σi∈Qxi and e2 = Σi∈Nxi, where Q is the set of quadratic
residues and N is the set of non-residues for a prime p ≡ ±1(mod 8).
When p ≡ −1(mod 8), e1 and e2 are idempotents of binary [p, (p+1)/2]
QR codes. When p ≡ 1(mod 8), they are idempotents of binary [p, (p−
1)/2] QR codes.

Lemma 3.1. Let x and y be both in Q or both in N , and let α 6= 0
in Zp. Then the number of pairs x, y such that x + y = α is (p + 1)/8 if
p ≡ −1(mod 8) and (p− 1)/8 if p ≡ 1(mod 8).

Let the map µa a be defined as

µa : i → ai (mod p)

for any nonzero a ∈ GF (p). It is not hard to show that µa(fg) =
µa(f)µa(g) for f and g polynomials in Rp = Z16[x]/(xp − 1).

We know that in the binary case, the all one vector 1+e1+e2, denoted
by h, is an idempotent in Z2[x]/(xp − 1). In Z16[x]/(xp − 1),

h2 = (1 + e1 + e2)h = h + p−1
2

h + p−1
2

h = h + (p− 1)h = ph

Therefore, when p ≡ 1(mod 8), h and 9h is an idempotent in Z16[x]/(xp−
1) and (h) = (9h); when p ≡ −1(mod 8), 15h denoted by h̃ and 7h are
an idempotent in Z16[x]/(xp − 1). and (15h) = (7h)

In order to prove the next theorem, we first discuss the following
results.

First assume that p ≡ −1(mod 8) (i.e.,p + 1 = 8r).

1. e2
1 = (Σi∈Qxi)2 = Σi∈Qx2i + Σi6=j,i,j∈Qxi+j. Since 2 ∈ Q (so i ∈

Q ⇒ 2i ∈ Q), the first part of the above sum is e1. Since −1 /∈ Q,
we have −a /∈ Q whenever a ∈ Q. By Lemma 3.1, the second part
of the sum is 2[(r − 1)e1 + re2] = 2re1 + 2re2 − 2e1. So

e2
1 = e1 + 2re1 + 2re2 − 2e1 = 2re1 + 2re2 − e1.
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2. e2
2 = (Σi∈Nxi)2 = Σi∈Nx2i + Σi 6=j,i,j∈Nxi+j. Since 2 ∈ Q (so i ∈

N ⇒ 2i ∈ N), the first part of above sum is e2. Since −1 /∈ Q, we
have −a /∈ N whenever a ∈ N . By Lemma 3.1, the second part of
the sum is 2[re1 + (r − 1)e2] = 2re1 + 2re2 − 2e2. So

e2
2 = e2 + 2re1 + 2re2 − 2e2 = 2re1 + 2re2 − e2.

3. Since 15h = 15(1 + e1 + e2) is an idempotent in Z16[x]/(xp − 1),
then (15h)2 = 15h, i.e.,

15+15e1+15e2 = (15+15e1+15e2)
2 = 1+e2

1+e2
2+2e1+2e2+2e1e2

⇒ 2e1e2 = 14 + 15e2
1 + 15e2

2 + 13e1 + 13e2.

Next assume that p ≡ 1(mod 8) (i.e.,p− 1 = 8r).

1. e2
1 = (Σi∈Qxi)2 = Σi∈Qx2i + Σi6=j,i,j∈Qxi+j. Since 2 ∈ Q (so i ∈

Q ⇒ 2i ∈ Q), the first part of the above sum is e1. Since −1 ∈ Q,
we have −a ∈ Q whenever a ∈ Q. By Lemma 3.1, the second part
of the sum is 2[(r − 1)e1 + re2] + 4r = 2re1 + 2re2 − 2e1 + 4r. So

e2
1 = e1 + 2re1 + 2re2 − 2e1 + 4r = 2re1 + 2re2 − e1 + 4r.

2. e2
2 = (Σi∈Nxi)2 = Σi∈Nx2i + Σi 6=j,i,j∈Nxi+j. Since 2 ∈ Q (so i ∈

N ⇒ 2i ∈ N), the first part of above sum is e2. Since −1 ∈ Q, we
have −a ∈ N whenever a ∈ N . By Lemma 3.1, the second part of
the sum is 2[re1 + (r − 1)e2] + 4r = 2re1 + 2re2 − 2e2 + 4r. So

e2
2 = e2 + 2re1 + 2re2 − 2e2 + 4r = 2re1 + 2re2 − e2 + 4r.

3. Since h = 1 + e1 + e2 is an idempotent in Z16[x]/(xp − 1), then
h2 = h, i.e.,

1 + e1 + e2 = (1 + e1 + e2)
2 = 1 + e2

1 + e2
2 + 2e1 + 2e2 + 2e1e2

⇒ 2e1e2 = −e2
1 − e2

2 − e1 − e2 = 15e2
1 + 15e2

2 + 15e1 + 15e2.

Theorem 3.2. Let p be a prime ≡ ±1 (mod 8). Let fij, gij as in the
table below for 1 ≤ i 6= j ≤ 2. Then f12, f21, g12, g21 are idempotents
over Z16[x]/(xp − 1).
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1. Case p + 1 = 8r.

r (mod 8) fij gij

0 15ei 1 + ei

1 12 + 10ei + 13ej 5 + 3ei + 6ej

2 8 + 3ei + 12ej 9 + 4ei + 13ej

3 4 + ei + 6ej 13 + 10ei + 15ej

4 7ei + 8ej 1 + 8ei + 9ej

5 12 + 2ei + 5ej 5 + 11ei + 14ej

6 8 + 4ei + 11ej 9 + 5ei + 12ej

7 4 + 9ei + 14ej 13 + 2ei + 7ej

2. Case p− 1 = 8r.

r (mod 8) fij gij

0 1 + ei 15ei

1 13 + 2ei + 7ej 4 + 9ei + 14ej

2 9 + 5ei + 12ej 8 + 4ei + 11ej

3 5 + 11ei + 14ej 12 + 2ei + 5ej

4 1 + 8ei + 9ej 7ei + 8ej

5 13 + 10ei + 15ej 4 + ei + 6ej

6 9 + 4ei + 13ej 8 + 3ei + 12ej

7 5 + 3ei + 6ej 12 + 10ei + 13ej

Proof. 1. Suppose p + 1 = 8r, r = 8k + 1. Then

(12+10e1 + 13e2)
2

= 4e2
1 + 9e2

2 + 8e2 + 4e1e2

= 4e2
1 + 9e2

2 + 8e2 + 2(14 + 15e2
1 + 15e2

2 + 13e1 + 13e2)

= 12 + 10e1 + 2e2 + 2e2
1 + 7e2

2

= 12 + 10e1 + 2e2 + 2(2re1 + 2re2 − e1) + 7(2re1 + 2re2 − e2)

= 12 + 8e1 + 11e2 + 2re1 + 2re2

= 12 + 8e1 + 11e2 + 2(8k + 1)e1 + 2(8k + 1)e2

= 12 + 10e1 + 13e2
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and

(5+3e1 + 6e2)
2

= 9 + 14e1 + 12e2 + 9e2
1 + 4e2

2 + 4e1e2

= 9 + 14e1 + 12e2 + 9e2
1 + 4e2

2 + 2(14 + 15e2
1 + 15e2

2 + 13e1 + 13e2)

= 5 + 8e1 + 6e2 + 7e2
1 + 2e2

2

= 5 + 8e1 + 6e2 + 7(2re1 + 2re2 − e1) + 2(2re1 + 2re2 − e2)

= 5 + e1 + 4e2 + 2re1 + 2re2

= 5 + e1 + 4e2 + 2(8k + 1)e1 + 2(8k + 1)e2

= 5 + 3e1 + 6e2.

The proof of other cases are similar.
2. Suppose p− 1 = 8r, r = 8k + 1. Then

(4 + 9e1 + 14e2)
2

= 8e1 + e2
1 + 4e2

2 + 12e1e2

= 8e1 + e2
1 + 4e2

2 + 6(15e2
1 + 15e2

2 + 15e1 + 15e2)

= 2e1 + 10e2 + 11e2
1 + 14e2

2

= 2e1 + 10e2 + 11(2re1 + 2re2 − e1 + 4r) + 14(2re1 + 2re2 − e2 + 4r)

= 4r + 7e1 + 12e2 + 2re1 + 2re2

= 4(8k + 1) + 7e1 + 12e2 + 2(8k + 1)e1 + 2(8k + 1)e2

= 4 + 9e1 + 14e2

and

(13 + 2e1 + 7e2)
2

= 9 + 4e2
1 + e2

2 + 4e1 + 6e2 + 12e1e2

= 9 + 4e2
1 + e2

2 + 4e1 + 6e2 + 6(15e2
1 + 15e2

2 + 15e1 + 15e2)

= 9 + 14e1 + 14e2
1 + 11e2

2

= 9 + 14e1 + 14(2re1 + 2re2 − e1 + 4r) + 11(2re1 + 2re2 − e2 + 4r)

= 9 + 4r + 5e2 + 2re1 + 2re2

= 9 + 4(8k + 1) + 5e2 + 2(8k + 1)e1 + 2(8k + 1)e2

= 13 + 2e1 + 7e2.

The proof of other cases are similar.
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Definition 3.3. A Z16-cyclic code is Z16-quadratic residue (QR) code
if it is generated by one of the idempotent in above theorem. Hence µa

is in the group of any Z16-QR code for any a ∈ Q

4. Properties of QR Codes

Theorem 4.1. Let p be a prime with p + 1 = 8r. Following the
notations in the Theorem 3.2, let Q1 = (f12), Q2 = (f21), Q′

1 = (g12),
Q′

2 = (g21).
Then the following holds for Z16-QR codes Q1, Q2, Q

′
1, and Q′

2.

1. Q1 and Q2 are equivalent and Q′
1 and Q′

2 are equivalent;

2. Q1 ∩ Q2 = (h̃) and Q1 + Q2 = Rp = Z16[x]/(xp − 1), where h̃ =
15h = 15(1 + e1 + e2);

3. |Q1| = 16(p+1)/2 = |Q2|;
4. Q1 = Q′

1 + (h̃), Q2 = Q′
2 + (h̃);

5. |Q′
1| = 16(p−1)/2 = |Q′

2|;
6. Q′

1 and Q′
2 are self-orthogonal and Q⊥

1 = Q′
1 and Q⊥

2 = Q′
2.

Proof. First we prove the case r = 8k + 1. Let x be an element in
N ; then the map µx interchanges e1 and e2, i.e.,µxe1 = e2, µxe2 = e1.
Hence µx(12+10e1 +13e2) = (12+10e2 +13e1) and µx(5+3e1+6e2) =

(5 + 3e − 2 + 6e − 1). This proves 1. Since (h̃) = (15h) = (7h) and
7h = 7 + 7e1 + 7e2 = 15 + (12 + 10e1 + 13e2) + (12 + 13e1 + 10e2),

(12 + 10e1 + 13e2)7h

= (12 + 10e1 + 13e2)[15 + (12 + 10e1 + 13e2) + (12 + 13e1 + 10e2)]

= 15(12 + 10e1 + 13e2) + (12 + 10e1 + 13e2)
2

+ (12 + 10e1 + 13e2)(12 + 13e1 + 10e2)

= (12 + 10e1 + 13e2)(12 + 13e1 + 10e2).

On the other hand, (12 + 10e1 + 13e2)7h = 12(7h) + 10 · p−1
2

(7h) +

13 · p−1
2

(7h) = (12 + 7 · p−1
2

)(7h) = 7h because 12 + 7 · (p − 1)/2 =
12 + 7 · (8r − 1− 1)/2 = 12r + 5 = 12(8k + 1) + 5 = 17 ≡ 1 (mod 16).
Hence (12 + 10e1 + 13e2)(12 + 13e1 + 10e2) = 7h.

By Theorem 2.3, Q1 ∩ Q2 has idempotent generator 7h. Therefore
|Q1∩Q2| = |(7h)| = |(15h)| = |(h̃)| = 16. Also by Theorem 2.3, Q1 +Q2

has idempotent generator (12+10e1 +13e2)+ (12+13e1 +10e2)− (12+
10e1 + 13e2)(12 + 13e1 + 10e2) = 8 + 7e1 + 7e2 − (7 + 7e1 + 7e2) = 1.
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Hence Q1 + Q2 = Rp , and |Q1 + Q2| = 16p. Because |Q1 + Q2| = |Q1| ·
|Q2|/|Q1 ∩ Q2|, |Q1| = |Q2| = 16(p+1)/2. This proves 2 and 3. Observe
that (5+3e1+6e2)7h = 3h+5e1h+10e2h = 3h+5 ·(p−1)/2 ·h+10 ·(p−
1)/2·h = 0, because 3+15·(p−1)/2 = 3+15·(8r−1−1)/2 = 12r−12 =

12(8k + 1)− 12 = 0 (mod 16). This implies Q′
1 ∩ (7h) = Q′

1 ∩ (h̃) = {0}.
By Theorem 2.3, Q′

1 +(h̃) has the idempotent generator (5+3e1 +6e2)+
7h− (5+3e1 +6e2)7h = 5+3e1 +6e2 +7+7e1 +7e2 = 12+10e1 +13e2.

Hence Q′
1 + (7h) = Q′

1 + (h̃) = (12 + 10e1 + 13e2) = Q1. Similarly,

Q′
2 + (h̃) = Q2, and 16(p+1)/2 = |Q1| = |Q′

1 + (h̃)| = |Q′
1| · |(h̃)| = 16|Q′

1|.
Hence Q′

1 = 16(p−1)/2. This proves 4 and 5. Finally, by Theorem 2.2. and
the fact that −1 is not a square, i.e., −1 ∈ N , Q⊥

1 has the idempotent
generator 1− [5 + 3e1(x

−1) + 6e2(x
−1)] = 12 + 13e1(x

−1) + 10e2(x
−1) =

12 + 10e1 + 13e2. Hence Q⊥
1 = Q′

1 and Q′
1 ⊆ Q1 = Q′⊥

1 , so that Q′
1

is self-orthogonal. Similarly, we can show that Q⊥
2 = Q′

2 and Q′
2 is

self-orthogonal. The proofs of other cases are similar.

Theorem 4.2. Let p be a prime with p − 1 = 8r. Following the
notations in the Theorem 3.2, let Q1 = (f12), Q2 = (f21), Q′

1 = (g12),
Q′

2 = (g21). Then the following holds for Z16-QR codes Q1, Q2, Q
′
1, and

Q′
2.

1. Q1 and Q2 are equivalent and Q′
1 and Q′

2 are equivalent;
2. Q1 ∩Q2 = (h) and Q1 + Q2 = Rp = Z16[x]/(xp − 1).
3. |Q1| = 16(p+1)/2 = |Q2|;
4. Q1 = Q′

1 + (h), Q2 = Q′
2 + (h);

5. |Q′
1| = 16(p−1)/2 = |Q′

2|;
6. Q⊥

1 = Q′
1 and Q⊥

2 = Q′
2.

Proof. First we prove the case r = 8k + 1. Let x be an element in
N ; then the map µx interchanges e1 and e2, i.e.,µxe1 = e2, µxe2 = e1.
Hence µx(13 + 7e1 + 2e2) = (13 + 7e2 + 2e1) and µx(4 + 14e1 + 9e2) =
(4 + 14e − 2 + 9e − 1). This proves 1. Since (h) = (9h) and 9h =
9 + 9e1 + 9e2 = 15 + (13 + 7e1 + 2e2) + (13 + 2e1 + 7e2),

(13 + 7e1 + 2e2)9h

= (13 + 7e1 + 2e2)[15 + (13 + 7e1 + 2e2) + (13 + 2e1 + 7e2)]

= 15(13 + 7e1 + 2e2) + (13 + 7e1 + 2e2)
2

+ (13 + 7e1 + 2e2)(13 + 2e1 + 7e2)

= (13 + 7e1 + 2e2)(13 + 2e1 + 7e2).
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On the other hand, (13+7e1+2e2)9h = 13(9h)+7· p−1
2

(9h)+2· p−1
2

(9h) =

(13+9 · p−1
2

)9h = 9h because 13+9 · (p−1)/2 = 13+9 · (8r+1−1)/2 =
4r+13 = 4(8k+1)+13 = 17 ≡ 1 (mod 16). Hence (13+7e1 +2e2)(13+
2e1 + 7e2) = 9h By Theorem 2.3, Q1 ∩Q2 has idempotent generator 9h.
Therefore |Q1∩Q2| = |(9h)| = |(h)| = 16. Also by Theorem 2.3, Q1+Q2

has idempotent generator (13+7e1 +2e2)+(13+2e1 +7e2)− (13+7e1 +
2e2)(13+2e1+7e2) = 10+9e1+9e2−(9+9e1+9e2) = 1. Hence Q1+Q2 =
Rp , and |Q1+Q2| = 16p. Because |Q1+Q2| = |Q1|·|Q2|/|Q1∩Q2|, |Q1| =
|Q2| = 16(p+1)/2. This proves 2 and 3. Observe that (4+14e1 +9e2)9h =
4h + 14e1h + e2h = 4h + 14 · (p − 1)/2 · h + (p − 1)/2 · h = 0, because
4+15·(p−1)/2 = 4+15·(8r+1−1)/2 = 12r+4 = 12(8k+1)+4 = 0 (mod
16). This implies Q′

1∩(9h) = Q′
1∩(h) = {0}. By Theorem 2.3, Q′

1+(9h)
has the idempotent generator (4+14e1 +9e2)+9h−(4+14e1 +9e2)9h =
4+14e1+9e2+9+9e1+9e2 = 13+7e1+2e2. Hence Q′

1+(9h) = Q′
1+(h) =

(13 + 7e1 + 2e2) = Q1. Similarly, Q′
2 + (h) = Q2, and 16(p+1)/2 = |Q1| =

|Q′
1 + (h)| = |Q′

1| · |(h)| = 16|Q′
1|. Hence Q′

1 = 16(p−1)/2. Similarly,
Q′

2 = 16(p−1)/2 This proves 4 and 5. Finally, by Theorem 2.2. and the
fact that −1 is a square, i.e., −1 ∈ Q, Q⊥

1 has the idempotent generator
1− [13+7e1(x

−1)+2e2(x
−1)] = 4+9e1(x

−1)+14e2(x
−1) = 4+14e1 +9e2

which is the idempotent generator of Q′
2; this proves that Q⊥

1 = Q′
2.

Similarly, we can show that Q⊥
2 = Q′

1. The proofs of other cases are
similar.
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