Honam Mathematical J. 26(2004), No. 4, pp. 589-608

AN APPLICATION OF CATEGORY THEORY TO THE
NONLINEAR WAVE EQUATION WITH JUMPING
NONLINEARITY

TACK SUN JUNG AND Q-HEUNG CHOI

Abstract. We investigate the multiplicity of the periodic solutions
of the nonlinear wave equation with jumping nonlinearity. By cate-
gory theory we prove that the jumping problem has at least 2k + 1

solutions for the positive source term.

1. INTRODUCTION

We investigate the multiplicity of the periodic solutions of the non-

linear wave equation with Dirichlet boundary condition
Ut — Uy + but — au” = sef in (——723, g) x R, (1.1)

T
u(:l:-z—, t) =0,
u(z, t) = u(—z,t) = u(z, —t) = u(—x,t + m),

where vt = max{u,0}, v~ = —min{u,0}, s # 0, s € R and e] is the
eigenfunction corresponding to the positive eigenvalue i = 1 of the
eigenvalue problem wuy; — uy, = pu with Dirichlet boundary condition.
We look for 7- periodic solutions of (1.1). Choi and Jung proved in [3]
that if -5 <a < —1,3 < b < 7 and s > 0, then (1.1) has at least four

solutions. In this paper we improved the results of [2] and [3] when the
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jumping nonlinearity conditions are —p; < a < —pg ;.. —piy <
- - + + +

b< —piigqgandb— —pl or—pl, o <b<—pl .oy <a<

—,u?', b— —u;:k, where p; and u,:r, k > 1, are the negative and posi-

tive eigenvalues of the problem wuy — uy, = Au with Dirichlet boundary

condition. We prove the following result:

Theorem 1.1. Let p, be a negative eigenvalue such that p, < p;.
Then there exists a number 6 > 0 such that for any a and b with
P — 0 < =b < i < py < —a<p;,i 21, and s > 0, then
problem (1.1) has at least 2k + 1 solutions.

2. VARIATIONAL APPROACH

The eigenvalue problem (1.2) has infinitely many eigenvalues Ay =
(2n+1)2—-4m? (m,n =0,1,2,...) and corresponding normalized eigen-

functions ¢mn(z,t) given by

2
Pon = —\[— cos(2n + 1)z for n > 0,
i

2
Omn = —cos2mt - cos(2n + )z form > 0,n > 0.
s

Let @ be the square [-7, 5] x [-F, 5] and H' the Hilbert space defined
by H = {u € L*(Q)| u is even in = and t}. Then the set of functions
{¢mn} is an orthonormal basis in H'. Let us denote an element u,
in H, as u = Y hyndmn and we define a subspace H of H as H =
{u € H'| 3 |Amnlh2,, < oc}. This is a complete normed space with a
norm |jul| = [ |>\m,,,|h2n,n]%. Since the set {A\pn| m,n = 0,1,2,...} is
unbounded from above and from below and has no finite accumulation
point, it is convenient for the following to rearrange the eigenvalues
Amn by increasing magnitude: From now on we denote by (y; );>1 the

sequence of the negative eigenvalues of (1.2), by (,u;“) the sequence of



An Application of Category Theory to The Nonlinear Wave Equation 591
the positive ones, so that

Spy < <py Spp <0<pf <pd <o <pf <

—_ [

We note that each eigenvalue has a finite multiplicity and that ;7 — —oo
and p} — +o00 as i — oo. Let {e;,ef,i > 1} be an orthonormal system
of eigenfunctions associated with the eigenvalues {u;, ui’L,i > 1} Hp

is any eigenvalue, we set

H*(u) = closure of span {eigenfunctions with eigenvalue > p},

H™(p) = closure of span {eigenfunctions with eigenvalue < u},

and set Ht = HT(0), H- = H~(0). We define the projections P~
H — H™, Pt . H — H'. We define two linear operators R: H — H™,
S:H— H by

-~
—

zg\/__u_ R(u):iz:;\l/E

fu=32a e +3 2 atel. Ttisclear that S and R are compact and
self adjoint on H. In this paper we study the nonlinear wave equation,
s€R,

Upp — Ugy + bu™ —au™ = sefr in H. (2.1)

Let us define the functional on H, corresponding to (2.1), s € R,

Tap(w) = P ull? =S 1Pl 4 3 NR+ Syt [P+ 2 (R+-8)]P— e .

(2.2)

Then I, p(u) is well defined, continuous and Fréchet differentiable in H.

Moreover I, , € CH1(H, R) and the solutions of (2.1) coincide with the

critical points of I, p(u), that is, VI, (1) = 0 if and ounly if (R + S)u is
a weak solution of (1.1).

First we assume that s >0, p; ) < =b<p <) < —a<p,

and —b — pu. ., k,+ > 1. We will find the solutions of the form v = @+ z,

itk
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so that z is a critical point for the functional J,p(w) = Iy p(a + w) —
I,p(a), where
1 1, b b, . _ a, . -
Jap(2) = S|Pl =S| P2lP+5 |1 A2|* — 5 llla+ Az~ |+ 5 ll[a+Az] 7|2,
2 2 2 2 2
where we set Az = (R + S)z. We know that
Vdap(z) = Ptz — P 2+ bA%2 + bA[a + A2]” — aAfa + Az]™,

and 0 is the trivial solution of J,; with J, 4(0) = 0.
3. CRITICAL POINT THEORY ON THE MANIFOLD

Let H be a Hilbert space and M be the closure of an open subset
of H such that M can be endowed with the structure of C? manifold
with boundary. Let f : W — R be a C!! functional, where W is an
open set containing M. For applying the usual topological methods of
critical points theory we need a suitable notion of critical point for f on
M. We recall the following notions: lower gradient of f on M, (P.S.)}

condition and the limit relative category (see [4]).
Definition 3.1. If u € M, the lower gradient of f on M at u is defined
by

Vf(u) if u e int(M), (3.1)
Vi) + [< Vf(u),v(u) > v(u) ifuedM,

grady, f(u) =

where we denote by v(u) the unit normal vector to 9M at the point u,

pointing outwards.
We say that u is a lower critical point for f on M, if grad; f(u) = 0.
Definition 3.2. Let ¢ € R. We say that f satisfies the (P.S.). con-

dition on M if for any sequence (un), in Al such that f(u,) — ¢ and

grady; f{u,) — O there exists a subsequence (un, )x which converges to
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a point u in M such that grads; f(u) = 0.
Let Y be a closed subspace of M.

Definition 3.3. Let B be a closed subset of M with Y C B. We define
the relative category catasy (B) of B in (M,Y), as the least integer h such
that there exist h -+ 1 closed subsets Uy, U, ..., Uy with the following
properties:

BcUyuUy U...UUy;

Uy, ...,Uy are contractible in M,

Y C Uy and there exists a continuous map F : U x [0,1] — M such
that

F(z,0) = =z Vz € Uy,
F(z,t) € Y Vr e Y,Vt € [0,1],
F(z,1) € Y Vz € Up.

If such an h does not exist, we say that catpyy (B) = +o0.

Now we recall a theorem which gives an estimate of the number of
critical points of a functional, in terms of the relative category of its
sublevels (see [5]).

Theorem 3.1. Let Y be a closed subset of M. For any integer i we set
¢; = inf{sup f(B)| B is closed, Y C B, catpry(B) > i}.

Assume that (P.S.), holds for ¢ = ¢; and that sup f(Y) < ¢ < +oo.
Then ¢; is a lower critical level for f, that is, there exists u in M such
that f(u) = ¢; and grad,; f(u) = 0. Moreover, if

C; =Cij41 = ... = Cipk—1 = C,
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then
catpr({u € M| f(u) = ¢, grady f(u) =0}) > k.

We need in the following a version of previous theorem suited to treat
strongly indefinite functionals (see [1, 4]). In this case the notion of the
(P.S.)} condition and limit relative category turn out to be a very useful
tool.

Let (H,), be a sequence of closed finite dimensional subspace of H,
defined by

H,, = closure of span <e;,...,el‘,ef,...,e:>.

Definition 3.4. Let ¢ € R. We say that f satisfy the (P.S.)} condition
with respect to (Hp)n, if for any sequence (ky)n, with k, — +o0, and
for any sequence (up)n, with u, € Hy,, f(un) — ¢, Vfi,(us) — 0,
fx, = flu,, , there exists a subsequence of (un)n which converges in H

to a critical point of f.

Lemma 3.1. The functional J,; : H — R satisfies the (P.S.)} condi-

[

tion with respect to (Hp)n, for any c € R.

Let M, = M N H,, for any n, be the closure of an open subset of
H,,, which has the structure of a C? manifold with boundary in H,,. We
assume that for any n there exists a retraction r, : M — M,. For given
B c H, we will write B, = BN H,.

Definition 3.5. Let ¢ € R. We say that f satisfies the (P.S.)} con-
dition with respect to (My),, on the manifold with boundary M, if
for any sequence (k,), in N and any sequence (u,), in M such that
kyp — 00, uy € Mg, , Yn, f(un) — ¢, gmdmknf(u,,) — 0, there exists

a subsequence of (u,), which converges to a point uw € M such that
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grady; f(u) = 0.

Definition 3.6. Let (X,Y’) be a topological pair and X,, be a sequence
of subsets of X. For any subset B of X we define the limit relative
category of B in (X,Y’), with respect to (X,),, by

catzxyy)(B) = lim sup cat(x,, v,)(Bn).

n—oo

Let Y be a fixed subset of M. We set

B; = {B c M| catz‘M Y)(B) > i}, ¢ = infBGBi sup,ep f(z).
We have the following multiplicity theorems, which was proved in [5].

Theorem 3.2. Let 7 € N. Assume that
(1) ¢ < 400,

(2) supyey f(z) < i
(3) The (P.S.);, condition with respect to (Mp), holds.

Then there exists a lower critical point = such that f(z) = ¢;. If
Ci = Ci4l1 = ... = Citk—1 = ¢,

then
catp({x € M|f(z) = ¢, grady f(z) =0}) > k.

We recall the following multiplicity result in [5], which will be used

in the proofs of our main theorems.

Theorem 3.3. Let H be a Hilbert space and let H = X; ® X, & X3,
where X1, X2, X3 are three closed subspaces of H with X, of finite
dimension. Moreover let (H,), be a sequence of closed subspaces of H

with finite dimension and such that for all n,

X2 C Hy, Px, o Py, = Py, o Px,(= Px,nm, ). i =1,2,3.
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where, for a given subspace X of H, Px is the orthogonal projection
from H onto X. Set

C = {z e X|[|Px,z|l 2 1}

and let f: W — R be a C!! function defined on a neighborhood W of
C. Let 1 < p< R, Ry > 0, we define

A12 = {Il +$2| xry € Xl,:EQ c XQ, ”1'1” < R1,1 < ”IQH < R},

12 = {z1 42| 21 € X1,72 € Xo, 11| < Ry, [|22]l = 1}
U{z1 + 29| 21 € X1, 22 € X9, ||z1]| € Ry, ||lz2|| = R}
U{z1 + 29| 21 € X1,22 € Xo,||71]| = R1,1 < ||@2]| < R},
Sz = {z € Xo® X3| |Iz|| = p}.

Let
a = inf f(S23), B = sup f(A12).
Assume that
sup f(X12) < inf f(S23).

Assume that the (P.S.)} condition holds for f on C, with respect to the
sequence (Cp)n, Cn = C N Hy, Ve € [a, f]. Assume that f|x,ax, has
no critical points with a < f(u) < . Moreover we assume 3 < +o0.
Then there exist two lower critical points wq, ug for f on Int C such
that inf f(So3) < f(w;) <sup f(A12),i=1,2.

4. VARIATIONAL INEQUALITIES ON THE MANI-
FOLD

Let’s take integers, i,k > 1 such that p ., < ... < py < py <
py < 0. First of all, we set

X{C = H_(ll;+k+1)f Xé = Span{ei—-;_k}a Xé = H+(:u‘iA+k—1)'
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In this case we will show that if —b — p 0, pig < —b < pl, <
pi < —a < p; < pup, then we have a linking type inequality relative
to the decomposition H = X f & Xé‘ © Xé“ , 80 we get the existence of
nontrivial two critical points for J, 5 in the subspace Xé. We need the
following lemmas: Lemma 4.1, 4.2, 4.3, 4.4, 4.5 which can be proved by

the same methods as in the results in [6].

Lemma 4.1. For any g with p ., < p < ,, k > 1, there exists a
constant I' > 0 such that for all @ and b with pp < —b < B - S Hipq <
—a < p; , if u is a critical point for Ja,le{“eaX:f with 0 < J,p(u) < T,
then v = 0.

Let X be a linear subspace of H and E be a subset of H such that
ENnX =0and R>0. Let

Ar(E, X)={w+ocelw € X,0 > 0,e € E,||w+ ce|| < R},

Lr(E,X) ={wtoe|lw e X,0 > 0,e € E, ||lwtoe|| = R}U{w € X| |jw|| < R}.

Lemma 4.2. There exist 6y > 0, Ry > 0, pr > 0, and p > 0 with
0 <pr < Rgsuchthat if ;) — 6 < =b<p, <...<p,; <—-a<

p; < ), then
sup Jap(v) < inf  Jyp(w),
vETR, (Sk(p).X5) wexjexy
wll=pg

where Sk(p) = {v € X§| ||lv]| = 5}

Let us define a functional ¥ : H\(X§ @ X¥) — H by

Pxru 1

) = =B P (1 —
= saxp U

= P ru.
Pl WP
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We have
1 PX§“ PX§u

R vowe LS S e K oo Ly

Let
C = {u € H| ||Pysull = 1).

Then C is the smooth manifold with boundary. Let us define the func-
tion ja,b :C — H by
Jap = Japo .

Then ja,b eC llocl We note that if @ is the critical point of ja,b and lies
in the interior of C, then u = ¥(a) is the critical point of J, 5. We also
note that

lgradeTap(@)] > I Pxrexs VIas(¥(@)l, Vi€ acC.

Lemma 4.3. ja.b satisfies the (P.S.)> condition with respect to (Cy)n,
C, = CnN H, for any <y such that

inf  Jup(@) <y < sup Jou(0),
WeS23(px) TEAR,

where

Sas(pr) = {u € X5 & X&| Jull = pi},

Sos(pr) = U1 (Sas(pr)) = {ua + us|  ua € X5 uz € XE, ||uall < pr,

luall = 14 /9§ — llus|?}.

ARk = \pv1<ARk(Sk(ﬁ)7 X{c))

1 . .
= {u=u+ole)+ ge\ uy € X¥oee X5 |lell = p,0 > 0. Jjul| < Ry}

Proposition 4.1. Let 1. k > 1 be such that p ) < py < pgy-

Let 0, pr. p. Ri be as in Lemma 4.2. Then for any a and b with
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ik~ S —b<u,, <. ... <u,, < —a<u" < u;, the functional
'U’H—k itk :Lz-f—l Hy 231

Jap has two critical points v](-k), J = 1,2 such that

0< inf  Jop(v) < Ja,b(vj(-k)) < sup Jap(w).
veﬁ("‘”) WEAR, (Sk(P)H (1, 41 1))
vil=pp

Secondly, we set
Xf_l = H~(:Uz‘_+k)7 Xéc_l = span{€;+k_1}, X§_1 = H+('ui_+k—2)'

In this case we define a functional ¥ : H\(Xf 1o X¥1 = H and
the manifold C on H with respect to the decomposition H = X f‘l d
X§_1 @ Xé“_l. We also define j;,b :C — H by ja’b = Jap o V. Then
ja’b € C’llo’c1 and arguing as in the proof of Lemma 4.3 we can prove that
for —b — Pivgr =0 < B 1 ja,b satisfies the (P.S.)* condition with

C
respect to (Cp)n, Cp = C' N Hy, for any ¢ such that

_inf s(w) <e<  sup Jap (),
WES23(pr—1) 5€5Rk_1

&

where SQg(pk_l) = {’LL S X§_1 8% X?]f*ll ||uH = pk—l} and §23(pk_1) =
\IJ_I(SQ?)(pk—I))v ARk~1 = \p—l(ARkvl(Sk—l(pk—l)vX{c‘l))'

Lemma 4.4. Assume that Bipr < —b < pi 1 < —a and u be a criti-
: k-1 k-1
cal point for Ja7b|X{<._1@X§_1 : X177 @ X357 — R. Then J, ,(u) = 0.

Assume that Pipr < —b < p 1 < —aand let u be a critical point
k-1 k—1 -

of Ja‘ble-lﬁ;){;_l : X777 ® X537 — R. Then, if K < —b < —a, we

have u = 0, otherwise, if Ky p = —b, u lies in the eigenspace associated

with the eigenvalue Moy and @+ Su > 0.

Lemma 4.5. Let o and 3 be such that 0 < o < B. Then there ex-

ith—1 <
— . < —a < u; < uy, the functional .J k-1, k-1 has no critical
Fiti Hi =y G-bfxl tpxh-l

ists ' > 0 such that for any a and b with Pivp — 0" < —b < p
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points u € X{c"l & X:'f_l with a < Jgp(u) < 8.
Lemma 4.6. There exists a real number d,_1 > 0, Rg_1, pr-1, ¢ > 0

with 0 < pg—1 < Rp—y such that if p; ) =0k 1 < —b<py ) S oy <
—a < p; < pi, then we have

sup me(’v) < inf Jayb(w),
vELR, , (Sk-1.k(P). X}) WEHT (u g )
Hwii=pk_1

where Se_14(p) = {v € X5~ ® Xj] |lv]| = p}.

Proof. We choose p’ such that, if e € Sx_1(p'), then Se < 0 in . First
we will prove that there exist pp_; and 01 such that if p;, — 01 <

—b < piy oy S < —a<py S

sup Jap(v) < inf Jap(w).
e wext ok
Hwll=pg 1

Let we HY(u ) = X§_l @ Xé‘"l. Then we can choose p > 0 such
that if ||w|| < p, then @ + Sw > 0, where Sw € [e,,_1,---, €] ]. Choose
prk—1 > 0 with py—; < p. Then we have, for u € H¥(p;,_ ;) with
ull < A,

1 b
Jap(u) > §min{1,b, e

el Hul* > 0.
Now we will show that for any a and b with p;\, < =b < p;\, | <
Pipr < —@ < g S pyp, SUP e ke Jap(u) < 0. Let u € H™ () =
Xf‘l. Then Ptu = Ru = 0. Thus we have

b
il

Next, we will show that there exist Ry_; > 0, §x_; > 0 and p > 0 such

—1)|IPu))? <0.

1
Ja,b(u) < 5(

that for any a and b with p; , — Ok-1 < =b < gy Sy < —a<
By S s

sup Jap(w) <0,
wEZRk_I(Sk—l.k(p)-Xlk)
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where Si_1 x(p) = {v € X5 @ X§| |lv|| = p}.

We choose p such that, if v+ 2z € Sg_1 x(p), then Sv+ Sz < 01in Q.
Now, we can find (bn)n and (an)n with —bp — p 0 i, < —by <
Pivror Sty < —a < py < pg, Jlunfl = +oo, up = wp + op(vy) +
on(2zn) with w, € H~ (ui+k+1), on >0, vp + 2, € Sp—14(p), vn € Xé“ L
2n € Xéca llvn + 2n]l = p and

1 1 b
Japbn(Un) = —§Hwn”2 - 505152 + En”Swn + onSvp, + UnSZ'nHQ

“ M@ + Swn + 0nSvy + 07Sza] |2

Wecanassumetbn:ﬁgﬂ—\w, ﬁnzﬁ’fnﬁﬁ, z”n:nz;mﬁéand
On = ﬂ%f:ﬂ — & > 0. Dividing by ||u,||? and passing to the limit, by the

definition of p, we have

. Ja b. (U’Tl) 1 ~112 b &2 A2
lim sup /25— < S0l (—— - 1)+ —=||Z]|( —1)
AP < gl e )+

v —-1)<o0.

|| |12 (“Mk y ) <

Thus we proved the lemma.
We have the following.

Proposition 4.2. Let 6x_1, pr_1, Rr_1 with pr_1 < Ri_1 be as in
Lemma 4.6. Then for any a and b with p; , — 01 < —b < Hipp—1 <
pirg < —a < p; < py, there exist two critical points vzgk‘l), t=1,2,
for J, p with

0< inf  Japv) < Jap(0l*Y)
veH Y (n L, )
lvll=pk_1
< sup Jap(w),i=1,2,

weAR, _,(Sk-1k(p).XF)

where Si_1 (P )—{UEXk Ya X5 ]l = 5}
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Next we take integers i, k such that p; . > p 0y > pig_o >
ip_3- We set

X§72 = H (4 o) X5 7° = spanfe; s}, X5 7% = HY (1 p_y)-

As the previous case we define the functional ¥ and the manifold C on
H with respect to the decomposition H = X} * @ X573 @ X573 We
also define J : C — H by J=JoW. Then J € C-! and ja,b satisfies

loc

the (P.S.): condition with respect to (Cp)p, Cp = C N Hy, for any c. We

have the following lemma.

Lemma 4.7. Let o/ and 8 be such that 0 < o’ < @ and ¢ be as in
Lemma 4.5. Then there exists §” > 0 such that for any a and b with

i — 0 S =b<pn, <<y < —e<py gy
or
Mg 1 — 8" <-b< Pigp—2 < Sy < —a<py Sy,
the functional Ja’b|X;c_2€BX§_2 has no critical points u € Xf—z &) X§—2

with o < J,p(u) <G’

Lemma 4.8. Let o’ and 8" be such that 0 < o’ < 8” and & and §” be
as in Lemma 4.5 and Lemma 4.7, respectively. Then there exist 6©) > 0
such that for any a and b with
,Lli_+k—(5’§——bg,u;+k§... Sy < —a<p; <pp
or
ikt — 3 < —b< Pipp1 S-Sy < —a<pg <pp

or

_ (3 — . _ _
}Li+k72—()()S—I)SlLi+k7:5§...§ui+l<—(L<;Li <y
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the functional JaybIXk~3®Xk—3 has no critical points u € X{"_?’ &) Xglf_g
1 3
with o” < J,5(u) < 8",

Proof. By the same method as the proof of Lemma 4.5, there exists
6®) > 0 such that for any a and b with Risk—g — 0B < —p< Hitp_s <

con Sy < —a < pp < opg, the functional Ja,b|X{c—3 xk-3 has no

&
critical points u € X{“_“Q' e X§_3 with o < Jyp(u) < B”. We claim
that for §” as in Lemma 4.7 and any a and b with Pigpq — 0" <—b<
Pigpor S oo Spgyy < —a<py <pup, Ja,ble—s@xéc—a has no critical

points u € Xf_?’ a3 Xéc_?’ with " < J, p(u) < 8”. Now we have

Toolxt=oxs = Jaslpxt-2uoet-o xb-exs

Tavlxt-2o x50 xr e xt2y

Since X:’f_?’ C X§_2 and, by Lemma 4.7, for p;, , — 3¢ < ~b <
Biphon < My < —a < py <y, Jayb[X{c—Z@Xéc—Q has no critical points
= X{C—Q@Xét—Q with o < Ja,b(u) < ,8//’ it follows that Ja,ble”eax;*
has no critical points u € X{“Q ® X?'f_?’ with o” < J,p(u) < B”. Next

. . k=3\ yk—2 k—2 k-1
we consider Jawbl(xf”\xf‘z)@)(;*' Since X7 \X7° = XJ7° c X571,
X;7* ¢ X', and by Lemma 4.5, for p,, — & < ~b < p;,, | <
v Sy < —a < pg <opg, Ja‘le{c—l@X:I:—l has no critical points u €
Xf_l@X;f—l with o < J,p(u) < 3", it follows that Ja'b|xf‘3\xf‘2@){§‘3
has no critical points in (X7 *\XF2) @ X573 Thus for Pippy — 0" <
b <y S Sy < —a < pg <o, Ja,ble~3@X§—3 has no
critical points w € XF 3 @ X573 with o < J,p(u) < 8”. We also claim
that for ¢ as in Lemma 4.5 and any a and b with v — § < b <

Pipp < -0 S iy < —a < pp < opgy Ja XF=3gxk3 has no critical

points u € Xf*B D X_é“‘g with o” < J,p(u) < 8”. We have

J0~ble‘3»:bx§f3 = Ja-bl{xf—‘u(x{“'?\,\r{“1)}&»(;‘—3

Ja-bl{xf*‘&;X;"*-"}u{(xf‘“\xf*1)a7~x.§*3}-
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Since Xé“"g C X;f_l and by Lemma 4.5, for p; , — O <—b< g <
oo S p < —a < p; < pp (6 is as in Lemma 4.5), Ja7b|X{c‘l®X§—l
has no critical points u € X{C_l &) X:’f_l with o’ < Jyp(u) < 87, it
follows that Ja’ble—l®X§:-3 has no critical points u € X{c-l S Xéc_s
with a” < Jgp(u) < B”. Next we consider Ja’bl(xf‘e’\xf‘l)@xg‘s' Since
X{“"B\X{c_l = Xéc_l LJXé“_2 C X:ﬂf, X§_3 C X%, and by Lemma 4.1,
for piipsr < =0 < piy Sy < e < pg S pps Japlxpexs has
no critical points u € X¥ @ Xk with o' < Jap(u) < 8", it follows that
Javbl(Xf_s\Xf_l)GBXg_z has no critical points u € (X¥=3\x¥F-1) @ X473
with o < Jgp(u) < B”. Thus for p, — 6" < =b<p e <ooopy <
—a < p; <py, Ja)b|X{°_3@X§'3 has no critical points u € Xf_3 P X§_3
with @’ < J, p(u) < 8”. Thus we prove the lemma.

In general we take integers k, [ with 0 <1 < k such that p; ;. ;. >
Biphoy > Hiyk_g1 > - We set

k—1 - k-1 - k— _
Xi7 =H (b)) X2 = Span{ei+k—l}7 X3 = H+('ui+k—l—~1)'

We define the functional ¥ : H\(X¥ '@ X*¥~!y - H and the manifold
C on H with respect to the decomposition H = Xf"l & Xé“_l @ X:'f_l.
We also define ja,b :C — H by ja,b = Jyp o ¥. Then ja,b e C-! and

loc

for —=b — p iy, =b < p iy, Jap satisfies the (P.S.)7 condition with
respect to (Cp)pn, Cn = CN Hy, for any ¢ We have the following lemma.

Lemma 4.9. Let o and 3" be such that 0 < o < 3" and ¥, 6" and
63 be as in Lemma 4.5, Lemma 4.7 and Lemma 4.8, respectively. Then

there exists 80 > 0 such that for any a and b with

ui-+k_6,§_bgﬂi‘+k§-"“i_+1 <_a<,u“i_ S“;a

or

_ < - - - -
Fogg 141 — oW < —b< Pivkot S oo Sy < =@ <y SRy
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the functional Jayblxk-l@xk—l has no critical points u € Xfﬁl P Xé“_l
1 3
with o < J,p(u) < 8.
Lemma 4.10. There exist dx_; > 0, pg_; > 0, 5 > 0 and Ri_; > 0 with

0 < pr—1 < Ry such that for any a and b with

Pivk =0k S=b<p i, <.op g <—a<p <pul,

or
Pivp_1— Op-2 < —b< Bivk1 <o Sy < —a<p; <pp,
or
Pipkotor = Okt S =b<piy <o Sppyy < —a <y < g,
sup Jap(v) < inf Jap(w),
vEXR, _ (Sk—tk—141,. k(P),XF) we””“;ﬁmi);:é:_l@xgvl

where Sy 1 k_i11,.4(0) = {z € X¥ o Xk o @ Xk ||2|| = ).
Proof. The proof has the same processure as the proof of Lemma 4.6.

Proposition 4.3. Let é; be asin Lemma 4.2. Then there exist Ok 151,
0k—1 such that for any a and b with

Pive =0k S —=b <y, <. .p, <—a<p <py,or

Pippoy =02 < =b<p iy <o <p <—a<p <ppy

or
Pipk—ipr = Okt S =b <piy <o < py < —a < pp < pp, there

exist two critical points vi(k_l), 1=1,2,in Xé‘”l for J,p with
0< inf Jap(w) < Ja‘b(vl(k_l)) < sup Jap(v).

+ - P
weH (g ) veA R (Sk-tk-141. k(p).XF)
ltetl=pp g



606 Tack Sun Jung and Q-Heung Choi

Proof. Let 8, &' and 6V be as in Lemma 4.2 and Lemma 4.9 re-
spectively. By the same processure of the proof of Proposition 4.1,
there exist 8gx_1,..., 0k with dxy < & ..., 0y < 60 such that
for any a and b with the regions in the assumption of Lemma 4.10,

there exist two critical points v(k_l), 1=1,2,in Xg_l for J, 4 such that

i

. (k=1)
0< 1nfw6H+(;zT'+k D=xk-lgxk-t Ja,b(w) < Ja.b(vi )
Thk
Iwli=px—,
: k—1+1 k—1+2 k
< SUDpe AR, (Sk-tk—tsr.. x(P).XE) Jap(v). Since X5 , X5 oo X5 C

(k=)

X{C_l, by Lemma 4.9, the critical points v;” 7, 1 = 1, 2, exist only in the

subspace X4 L.
PROOF OF THEOREM 1.1. Let

0= min{(Sk, 6k~1, 5’}.

By Proposition 4.1, 4.2 and 4.3, for fixed k and any a and b such that
Pivk — 0 < —-b< Pive < - Sy < —a < pp < opg, there exist at
least two nontrivial solutions vlm, 1=1,2, in X% for each j, 1 < 7 <k,

for J, 4, which satisfy the followings:

. k
0< inf  Jgp(w) < Ja,b(vg )) < sup Jap(v),
wEHT () v€AR, (Sk(p),XT)
wli=pg
. (k—1)
0< inf Jap(w) < Jgp(v; ) < sup Jap(v),
wEHF (g y) veAR, (Sk-1.x(p),XF)
Hwil=pg 1
. (k—2)
0< inf Jap(w) < Jap(v; 7)< sup Jap(v),
wEH (g o) vEAR, o (Sko2.k-1k(p). XT)
lwll=pg ~2
. (k1)
0< inf Jap(w) < Japlv, ) < sup Jap(v).
“'67’:(“1’%7!) vEAR, (Skorkir1. k(p).XT])
fwli=pp

We recall that we can suppose Ry ) > ... > R 1 > Rp. 2 <1 <k-1,s0
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XK ¢ YRy (Sk—tk-1+1,. £(P), XF). Thus we have

0< inf  Jyp(w) < Ja.b(vl(k)) < sup Jap(v)
wexkoxk vEAR, (Sk(p).XF)
Nwli=pp
< sup Ja.s(v)

vELR, | (Sk—1.4(p).XF)

: k—
< inf Jap(w) < Jap(vY) < sup Jap(v) < ...
wexf lexk! VEAR, ) (Sk-1.k(0).XF)
lwlli=pk )
< sup Jap(v) < sup Jab(v)
VEARL 4 (Sk-t41 k142, k(P),XF) vEX R (Sk—tk-1+1,.. k(P XF)
1+1
< kil}f o Jap(w) < Ja,b(vi(k“l)) < sup Jap(v).
’“6“"2“_ BXg V€A R (Sk-tk-141,  k(F),XT})
wil=pg g

Thus J, 5(u) has at least 2k nontrivial critical points, which proves the

theorem.

References

[1] T. Bartsch and M. Klapp, Critical point theory for indefinite functionals with
symmetries, J. Funct. Anal., 107-136 (1996). .

[2] Q. H. Choi and T. Jung, An application of a variational reduction method to a
nonlinear wave equation, J. Differential Equations, 117, 390-410 (1995).

[3] Q. H. Choi and T. Jung, Multiple periodic solutions of a semilinear wave equa-
tron at double external resonances, Communications in Applied Analysis 3, 73-84
(1999).

[4] G. Fournier, D. Lupo, M. Ramos, and M. Willem, Limit relative category
and critical point theory, Dynam. Report, 3, 1-23 (1993).

{5] A. Marino and C. Saccon, Nabla theorems and multiple solutions for some
noncooperative elliptic systems, Sezione Di Annalisi Mathematica E Probabilita.
Dipartimento di Mathematica, universita di Pisa. 2000.

[6] A. M. Micheletti and C. Saccon. Multiple nontrivial solutions for a floating
beam equation via critical point theory, J. Differential Equations, 170. 157-179
(2001).



608 Tack Sun Jung and Q-Heung Choi

Tack Sun Jung

Department of Mathematics,
Kunsan National University,
Kunsan 573-701, Korea

E-mail :tsjung@kunsan.ac.kr

Q-Heung Choi

Department of Mathematics Education,
Inha University,

Incheon 402-751, Korea

E-mail :qheung@inha.ac.kr



