Honam Mathematical J. 26(2004), No. 4, pp. 463-469

RECURRENCE RELATIONS FOR QUOTIENT
MOMENTS OF THE EXPONENTIAL DISTRIBUTION
BY RECORD VALUES

MIN-YOUNG LEE AND SE-KYUNG CHANG

Abstract. In this paper we establish some recurrence relations
satisfied by quotient moments of upper record values from the ex-
ponential distribution. Let {X.,n > 1} be a sequence of inde-
pendent and identically distributed random variables with a com-
mon continuous distribution function F'(z) and probability density
function(pdf) f(z). Let Y, = maz{X1,X2,--- ,Xn} for n > 1.
We say X; is an upper record value of {X.,n > 1}, if ¥; >
Y;_1,7 > 1. The indices at which the upper record values occur are
given by the record times {u(n)},n > 1, where u(n) = min{j|j >
uln - 1),X; > Xym-1,n > 2} and u(l) = 1. Suppose X €

XT XT m X': m
Exp(1). Then E wm) } _ lE __lLL)_lE ( )> and

+1 "3
1 DA s Xy ) 8 i;‘(")
r+ s r
Xi(n) (T + 2) thz(n—l) (T + 2) XlsL(n~1)

1. Introduction

Let {X,,n > 1} be a sequence of independent and identically dis-
tributed random variables with a common continuous distribution func-

tion F(z) and probability density function f(zx). Suppose Y;, = max{ X1,
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Xo,---,Xp} for n > 1. We say X is an upper record value of this se-
quence if Y; > Y;_1,7 > 1. We define the record times u(n) by u(1) =1

and
u(n) = min{jlj >u(n -1), X; > Xypn_1y, n>2}.

The record times of the sequence {X,,n > 1} are random variables
and are the same as those for the sequence {F(X,),n > 1}. We know
that the distribution of w(n) does not depend on F(z). Hence, the
distribution of u(n) can be determined by considering the uniform dis-
tribution F(z) = . We will call the random variable X € Ezp(1) if the
corresponding cumulative distribution function F(z) of X is of the form

1—e™® x>0
F(z) =

0 , otherwise

Characterizations of the exponential distribution have been exten-
sively studied in the literature. Similar results have been established by
Balakrishnan, Ahsanullah and Chan [4, 5] for Gumbel and generalized
extreme value distribution. And Balakrishnan and Ahsanullah [2, 3]
characterized for the exponential and generalized Pareto distributions.
They mainly studied some recurrence relations satisfied by the single
and product moments of record values.

In this paper, we will give some recurrence relations satisfied by the
quotient moments of upper record values from the exponential distribu-

tion.

2. Main Results

Theorem 2.1. For 1 <m<n-2, r=0,1,2,--- ands=1,2,---,

s+1 s s '
Xu(n) § XU("—U 8 XU(")




Recurrence Relations for Quotient Moments 465
Proof. As in Chandler [6], the joint pdf of X,(,,) and Xy, is given by

m—1 _ n-m-1
Frn(y) = Rr(m()a?) r(z) [R(y)r(ffxr)i)

fly), —c <z <y<oo,

where

R(z) = —In[l — F(z)], 0 < 1 - F(z) < 1 and r(z) = R'(z) =
f(z)

1- F(x)
First of all, the joint pdf of X,y and X, is

fm,n(xay)
1

" T(m)T(n—m) R (@)[R(y) = R@)]" 7 f(y), 0 <z <y<oo,

since the exponential distribution, f(z) = 1 — F(z) and hence r(z) =

flz)

1- F(z)
Letusconsiderfori<m<n-2, r=0,1,2,--- ands=1,2,---,
X r
) 7
E = — fma(x, y)dydx

(Xi(tll) > O<z<y<oo yS_H ( ) v

- T )
L'(m)T'(n —m) O<z<y<oo

z’ m— n—m—
petl H(@)[R(y) = R(@)]" ™ f(y)dydz

. 1 ooxr m~1$
‘r<m>r<n—m>/o R ()

(/:o gsliﬂR@) - R(x)]"_m_lf(y)dy> dzx

_ 1 ooxr m—1 T
- F(m)f‘(n—m)/o R (=)

</:o y51+1 [R(y) — R(x)]""™ 1[1 - F(y)]dy> dr.

Using integrating by parts treating for integration and [R(y) —

ys+1
R(z)]"™ 11 — F(y)] for differentiation on the second integration, we
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+<_n_%—1> / ) %m@) ~ R(@)]"™ 7 (y)dy

2 [ IR - R@I )y

S y

Then we have

XT 1
X1 sI'(m)'(n—m—1) 0<z<y<oo

" Z R 1(ﬂf)[ () = R(@)]" "™ f (y)dydz

8 F TL - //O<z<y<oo

Rm 1( )[R(y) = R(@)]" ™" f(y)dydz

// fmn l(l' y)dyd.’L‘

0<z<y<oo

—-—// —sfmn(ﬂ?,y)dydff
§ O<z<y<oo Y

B (X'Z(m)) _ 1 E( Xiim) ) 1 E <X1:(m)>
s+1 s s :
Xu(n) § Xu(n—l) Xu(n)

This completes the proof.

Hence

Corollary 2.2. Form>1, r=0,1,2,--- ands=1,2,---,

XZ(m) 1 X’(’L(WL)
L Xs+l - E(XIC(_ITS‘;L ) T F X’s :
u(m+1) 5 5 “Tu(m+1)
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Proof. Upon substituting n = m + 1 in Theorem 2.1 and simplifying,

then we have
X, 1 _ 1 X iim
u{m+1) u(m+1)

Theorem 2.3. For l<m<n—-2andr,s=0,1,2,---,

r+1 r+2 r+2
5 Xu(m)) _ 1 E< Xuim) ) g <X_@_1>> |
XZ(n) (r+2) Xi(n_l) (r+2) Xj(n_l)
Proof. In the same manner as Theorem 2.1, let us consider for 1 <
mSn—Qandr,s:O,l,Q

Xiiom)
E (Xusm ) = // fmn(:n y)dzdy
u(n) 0<z<y<oo
B n_ //0<a:<y<oo

+

T R™ (@) [R(y) - R(z)™ f(y)ddy

N ﬁ;l)_p(ln__‘m—)/ooo g}l—sf(y)
(/Oy 2™ R™(2)[R(y) — R(I)]"_m"ld:c> dy.

Using integrating by parts treating z"+! for integration and R™~!(z)

[R(y) — R(x)]* ™! for differentiation on the second integration, we get

/0 Y R (@) [R(y) - R(@) ™ da

Y

1 r m-— r)|—m-
- {mr 2 R Y(z)[R(y) - R(z)] 1}

(n—m-—1)
(r+2)
(m—1)

“mL 2™ ?R™ (1) [R(y) — R(x)]" ™™ da.

0

/y Ir+2Rm_l(I){R(y) . R(I)]Tl_NL‘2d$
0
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Then we have

B XT(+1) 1 // xr+2 B ( )
—_—T = x
Xlli(’n) (r+2) T(m)I'n-m-1) O<z<y<co Y°

x[R(y) — R(z)]"""7*f(y)dzdy

1 xr+2 _
_ (r+2)T'(m-1C(n—m) //0<z<y<oo ?R (z)
x[R(y) — R(z)]" ™ f(y)dady

1 :L.r+2
= 7‘-&—_2// —y's—fm,n—l(x,y)dydx
O<z<y<oo

fm 1,n— 1(1Ij y)dlidy

O<z<y<oo

Hence

E XZ&) 1 E X;TTS) o1 o XZZLnQL 1)
Xoin) (r+2) Xoino1) (r+2) X1 '

This completes the proof.

Corollary 2.4. Form >1, r=0,1,2,--- ands=1,2,---,
r+1 r+2
E Xu(m) — 1 ( X" s—+—2) _ E X“(m 1) .
XZ(nH—l) (7" + 2) ul ( + 2) XZ(m)

Proof. Upon substituting n = m + 1 in Theorem 2.3 and simplifying,

then we have

r+1 r+2
() - g o - g ().
Xi(mﬂ) (r+2) u(m) (r+2) X;(m)
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