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A HAHN-BANACH EXTENSION THEOREM FOR
ENTIRE FUNCTIONS OF NUCLEAR TYPE

MASARU NISHIHARA

ABSTRACT. Let E and F be locally convex spaces over C. We as-
sume that F is a nuclear space and F is a Banach space. Let f be
a holomorphic mapping from F into F. Then we show that f is of
uniformly bounded type if and only if, for an arbitrary locally con-
vex space G containing F as a closed subspace, f can be extended
to a holomorphic mapping from G into F.

1. Introduction

Let E, F and G be locally convex spaces over C. We assume that
E is a closed subspace of G. Then we consider the problem to ask
whether a holomorphic mapping from E into F' can be extended to a
holomorphic mapping from G into F'. This problem has been mainly
investigated in case E is a Banach space or a nuclear space. When
we consider this problem, we should remark that we need the bounded
condition of a given hololomorphic function because it is well-known
that a holomorphic function f on ¢y has a holomorphic extension to
ls if and only if f is of bounded type. Aron and Berner [1] proved
various extension Theorems with the bounded condition of holomorphic
functions between Banach spaces. Boland [2] showed that for every
closed subspace E of an arbitrary DF N-space G every entire function
on E can be extended to an entire function on G. Meise and Vogt [7]
generalized the result of Boland to a nuclear space as follows:

THEOREM 1.1. Let f be a holomorphic function on a nuclear locally
convex space E. Then the following statements are equivalent:

(a) for an arbitrary locally convex space G of Hilbert type contain-
ing E as a closed subspace f can be extended to a holomorphic
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function on G where a locally convex space of Hilbert type means
that it has a fundamental system of seminorms consisting of semi-
inner-products,

(b) for an arbitrary locally convex space G of Hilbert type contain-
ing E as a closed subspace f can be extended to a holomorphic
function of uniformly bounded type on G,

(c) f is of uniformly bounded type.

The equivalence between (b) and (c) is true for holomorphic mappings
from E into F' where E is a nuclear subspace of a locally convex space
of Hilbert type G and F is any locally convex space.

Nishihara [9] showed that the condition that G is Hilbert type can
be removed in the above Meise-Vogt Theorem by using the fact that
the projective tensor product topology is equal to the injective tensor
product topology in a nuclear space and the fact that the injective tensor
product topology inherits the induced topology. The aim of this paper
is to extend the results of Meise and Vogt [7] and Nishihara [9] to the
case of a holomorphic mapping with range of values in a Banach space
as follows:

THEOREM 1.2 (Main Theorem). Let E and F' be locally convex spaces
over C. We assume that E is a nuclear space and F is a Banach space.
Let f be a holomorphic mapping from F into F. Then the following
statements are equivalent:

(a) for an arbitrary locally convex space G containing F as a closed
subspace, f can be extended to a holomorphic mapping from G
into F,

(b) for an arbitrary locally convex space G containing E as a closed
subspace, f can be extended to a holomorphic mapping of uni-
formly bounded type from G into F,

(c) for an arbitrary locally convex space G of Hilbert type contain-
ing E as a closed subspace f can be extended to a holomorphic
mapping from G into F,

(d) for an arbitrary locally convex space G of Hilbert type contain-
ing E as a closed subspace f can be extended to a holomorphic
mapping of uniformly bounded type from G into F,

(e) f is of uniformly bounded type,

(f) f is of nuclear uniformly bounded type.

We shall first show that a holomorphic mapping f from a locally
convex space E into a Banach space F’ can be extended if f is of nuclear
uniformly bounded type, that is, of uniformly bounded type with respect
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to the nuclear norm. Next we shall show that a holomorphic mapping
with range of values in a Banach space on a nuclear locally convex space
is of nuclear type and of nuclear uniformly bounded type if and only if
f is of uniformly bounded type. By using these results we shall prove
the Main Theorem.

2. Notations and preliminaries

In this section we collect some notation, definitions and basic prop-
erties of locally convex spaces. Throughout this paper we assume that
all locally convex spaces are complex and Hausdorff. Let E and F be
locally convex spaces. We denote by cs(E) the set of all continuous
seminorms on E. We denote by P("E; F') the space of all continuous
n-homogeneous polynomials from F into F. When E = C, we use the
notation P("E) in place of P("F; C). Let f be a mapping from a set
S into a locally convex space F. For o € cs(F') we set

| flla,s = sup{a (f(z)) ; for every =z € S}.

If « is clearly understood from the context, then we just write | f||s.
For every o € cs(E) we set

By(r)={z € E; a(z) <r}.

Let B be a bounded convex balanced subset of a locally convex space
E. Let Ep be a complex vector subspace of E defined by

Eg=|JrB
r>0
where we denote by A A the set {\z; z € A} for a subset A of a vector
space and a scalar A\. Let up be the Minkovski functional of B in Fpg.
Then the complex vector space Ep is a normed space with the norm
pup. Let E and F be locally convex spaces and let H(E; F') be the
vector space of all holomorphic mappings from F into F. A mapping
f € H(E; F) is said to be of uniformly bounded type if there exist
a convex balanced neighborhood V of 0 in E and a convex balanced
bounded subset B of F' such that f(E) C Fp and ||f|luz,-v < +00
for every positive number . We denote by H,,(E; F) the space of all
holomorphic mappings from E into F' which are of uniformly bounded

type.

LeMmmA 2.1. Let F' be a Banach space and let f be a holomorphic
mappings from FE into F'. Then the following statements are equivalent.
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(a) f € Hub(E; F)
o0
(b) Let f(z) = Z pn(z) be the Taylor expansion of f at 0. Then there

n=0
exists a balanced convex open neighborhood V of 0 in E such that

0
(21) S lIpallyr™ < oo
n=0

for every r > 0.

(c) lim sup 3/ l[Pnllv = 0.
n—

Proof. The equivalence between (b) and (c) is just the Cauchy-
Hadamard’s root test.

We show that (a) implies (b). Since f € Hy(E), there exists a
balanced convex open neighborhood V of 0 in E such that

Ifll-v < 400 for every 7 > 0.

We set M(r) = ||f||2rv for every r > 0. Then by Cauchy Inequalities

we have ||ps||rv < 5= M(r). Therefore we have

S lpalley < 2M(r) < +oo.

n=0

Thus
oo o0
> lpallvr™ = lipallev < 2M(r) < +o0

n=0 n=0
and we have proved that (a) implies (b).
It follows from the following inequality that (b) implies (a)

“f”rV < Z ”anTV = Z HanVT" < 400
n=0 n=0

for every r > 0. This completes the proof. O

3. Holomorphic mappings of nuclear type

Let F and F be locally convex spaces. An n-homogeneous polynomial
mapping p € P("E; F) is called a nuclear n-homogeneous polynomial
from F to F if for each a € cs(F) there exist an equicontinuous se-
quence (¢;)32; in B, (A;) € I* and (y;);, a-bounded sequence in F' (the
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completion of F' ) such that

z) =Y NP (z)y;
i=1

for all £ € E. We denote by Py("E'; F) the space of all nuclear n-
homogeneous polynomial mappings from F into F. If A is a subset of
E and a € cs(F), then we set

TN, 4,a(P) = ||pllN, 4,0 = inf Zl/\ ¢slfac(yi) ; ZA P}y,

j=1

for p € Py("E; F). In this section after this we assume that the
space F' is a Banach space, and we use the notation 7y, 4 in place
of TN A, q- Let f be a holomorphic mapping from F into F. We de-

note by f = Z d”f

n=0
f € H(E; F) is said to be of nuclear type if d"f(0) € Py("E; F) for all
n. The set of all holomorphic mappings of nuclear type from E into F' is
denoted by Hy(E; F). For an f € Hy(E; F) and an balanced convex
subset A of E we set

vall va (d"f )).

Let V be a convex balanced subset of a locally convex space E. We set
HY(V; F)={f € HV; F); d"f(0) € Py("E; F)
for all n and 7n, v (f) < oo}

the Taylor series expansion of f at 0 in E. An

If V = (V,)52 is an increasing countable balanced open cover of E, let
Hyy(E; F)={f€ H(E; F); fIV, € H¥Y(V; F) for all n}.

We have
Hy(E; F) 2| JHNny(E; F)

where V ranges over all increasing countable convex balanced open covers
of E. For every convex balanced open neighborhood U, let
V(U)={nU;n>1}.

We set
Hyuw(E; F)= UHN,V(U)(E; F)
U
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where U ranges over all convex balanced open neighborhood of 0 in
E. An f € H(F; F) is said to be of nuclear uniformly bounded type if
f € Hyvw(E; F). An f € Hy(E; F) is of nuclear uniformly bounded
type if and only if there exists a convex balanced open subset V 0f E

such that
An
limsup | 7N, v (d f(0)> = 0.

We have the following relation:
HN,ub(E; F) C HN(E; F) and HN,ub(E§ F) C Hub(E; F)

LEMMA 3.1. Let E be a closed subspace of a locally convex space
G and F be a Banach space. If p € Py ("E; F) and nnw(p) < o0
then for any neighborhood V of 0 in G such that VN E C W there is
p € Py ("G; F) such that

7N, v(P) = TN, vnE(P)
and
ple =0p.

Proof. Let V an arbitrary balanced convex open neighborhood of 0
in G such that VN E C W and let o be the Minkovski functional of V.
By hypothesis there exists (¢;); C E' satisfying ||¢;|lvng = 1 for every
3> (Aj); € I! and a bounded sequence (y;); in F such that

o
p=Y \éju;
j=1
Then we have
l;(@)|| < a(z) for every z € E.
By the Hahn-Banach Theorem there exists (&j)j C G’ such that
¢ile = ¢5

and i
l¢j(x)|| < a(z) for every xz € G.

Thus we have |||y = 1. If we set
©0 -~
p= Z Aj ¢?yj7
j=1

then p € P("G; F), plg = p and 7y, v(P) = 7N, vne(p). This completes
the proof. O
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THEOREM 3.1. Let E, F and G be locally convex space. We assume
that E is a closed subspace of G and F' is a Banach space. Let f be
a holomorphic mapping from E into F which is of nuclear uniformly
bounded type. Then there exists a holomorphic mapping f of nuclear
uniformly bounded type from G into F which is of nuclear uniformly
bounded type such that f|g = f.

Proof. There exists a sequence (p,) of continuous n-homogeneous
nuclear polynomials from E into F' and a convex balanced open neigh-

o0
borhood V of 0 in G such that f(z) = an(a:) for every z € E and
n=0
limsup, oo V7N, vaE(Pr) = 0. By Lemma 3.1, there exists p, €
Pn("G; F) for every n such that pp|g = pn and 7, vne(Pn) = TN, v (Pn)
for every n. Thus we have

limsup {/7n, v (Pn) = 0.

n—oo

Therefore if we define a holomorphic mapping f: G — Fby f =
Y omeoPn, then f € Hy p(G; F) and flg = f. This completes the
proof. 0

A locally convex space E is said to be nuclear if for each v € cs(E)
there exist @ € es(E) with a > v, (\;) € I}, (¢;); C E' bounded in
(Eq)'and (y;); bounded in E, such that

=3 o)y
=1

for every x € E where the series converges in E,. The following Propo-
sition can be proved by following the proof in Proposition 2.12 of Di-
neen [4].

PROPOSITION 3.1. Let E be a nuclear locally convex space. For every
v € cs(E) there exist a € cs(E) and a positive constant C(v,a) such
that

Pl v, By £ Clv, )" |Ipll B, 1)
for every p € P("E; F).

Proof. Since F is nuclear, there exist a € cs(E) with a > 7, (\;) € U1,
(¢;); C £’ bounded in (Ey) and (y;); bounded in E, such that

z=3 A ¢(2)ys
j=1
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for every z € E where the series converges in E,. Let p € P("E; F)
with ||p[|p, 1) < oo. There exists a unique continuous symmetric n-

linear mapping p from the product space E™ into F' such that p(z) =
p(z,...,z) for every z € E. We remark that

ZA $i() js -1 Y X B5(2) y5)
j=1
= Z My = M Oy () - B (@)D (Y- - > Yk )-

1<k, kn <m
We denote by IN the set of all positive integers. We can estimate

(g, Il = I5(vkys - - Yk, )| and E(kl,...,kn)eN" Xk, - Ak, Ok, (2)
t ¢kn (m)ﬁ(ykp e ,ykn)“ as fOHOWS:

o n" n
s )] < Zlplla,co (swprton))
(k17k2,~~~,kn)€Nn n. k

< ean“Bw(l) (SI;D’Y(yk))
n
_ <eszpw(yk>) Iollz,

Z My + Mo Ok (2) -« + Bk (%) (Ykas - Ykl

(K1, kn)eINT
< S Pk Akl (SHP ||¢k||3a(1)>
kl: vkn)eNn kEN

(6 sup y( yk)) 2l 5, (1)
= O e (Suﬁr “¢k||Ba(1))

j=1 ke

n
esup w(yk)) Iplls.q for every = € Ba(l).
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Thus Z Mgyt Ak, Ok, (@) - O (2)P(Yky s - - - Yk, ) 18 absolute-
(k1 ikn)ENT
ly convergent and

p(z) = ﬁ(z Aj 5 () Yjs - - - ,Z Aj 9(2) y5)-

By the polarization formula for the polynomial { — (" (¢ € C) it
holds that

n

2,”1”! > eren | Y €0k (x)

(€1,0-y€n)E{—1,1}7 j=1

Pk (@) - - D, () =

Therefore we have

Z )‘kl e )‘knqskl (.’L‘) e ¢kn (w)ﬁ(ykJ’ ) ykn)

(k1y.kin)eIN™
= S MM
(k1 kn)e N

n

<2nln' Z 61'-‘€n(26j¢k3‘(m)) )ﬁ(ykﬂ'“?ykn)

(€1,men)E{~1,1}" j=1

= Z Z 2%)\,61...)\,%61...6”

(K1yeerkn) €N (€1,06n)E{~1,1}"
n
1 n
N = 26k @) | Bk Un)-
n.jzl

For every k = (k;)j.; € N™ and € = (¢;)7_; € {—1, 1}" we set

1
5k:,e = Q_n)\kl A €1 En,

"1
Vpe= D T—6b;
) = vn!

Zk’e = (yk1a~ . 7ykn)-
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Then we have

> M M bn, (2) o B, ()P Wk -5 V)
(k1,...kn)eNT

- S Gheth (@)
(k,e)e N"x{-1,1}»

for every x € FE. Moreover it is valid that

> ke = S el

(k,©) e N"x{-1,1}» (k,€)e N" x{-1,1}»
= Z [Akl T )\kn|
keN™"

oo n
= Z |/\j| < 00,
j=1

n n
J=1 Ba(1)

1 n
< o (Zl ||¢j||Ba(1))
j=

n
n
o <Slép ||¢k”Ba(1)>

e" <Sip ”¢k“3a(1)) :

| =

W;Q,GHBQ(U

3

IN

IA

Thus we have

mn

0 " 7
pllv,o < (Zl)‘j> (eszp ”¢kl|Ba(1)> (CSU_P”Y(ZU)> ol B, @)
J

j=1

Here if we set

C=Ca,y) =€ (Z IM) (sgp “¢k||Ba(1)> (St}M(%)) ,

=1
then
Iplln, By < C"lIpllB,(1) for every p € P("E; F).



A Hahn-Banach extension theorem 141

This completes the proof. O
We obtain the following Theorem from Proposition 3.1.

THEOREM 3.2. Let E be a nuclear locally convex space and let F' be
a Banach space.Then f € H(E; F') is of uniformly bounded type if and
only if f is of nuclear uniformly bounded type.

Proof. We assume that f is of uniformly bounded type. Then there
exists v € ¢s(E) such that

lim sup \"/ ]]d f'(O) I =0.
n—00 By

By Proposition 3.1 there exist a € cs(E) and a positive constant C(7y, &)
such that

o dnf(0 odnfo
I f'( ) I SCra) i/l f,( )ll for every n.
7. N, Ba(l) n: B'y(l)
This implies
limsup { ||C_i_fg | -0
n—oQ nl N, Ba(l)

This implies that f is of nuclear uniformly bounded type. The converse
can be proved from the inequality

IplB.1y < lIPllN, B (1)
for every n € N, a € ¢cs(E) and p € P("E; F). a

LEMMA 3.2. Let E be a locally convex space and let F' be a Banach
space. Let I be an indexing set. Then for every f € H(E!; F) there
exist a finite subset J of I and f; € H(E’ ; F) such that f = f; 06y
where 85 means the canonical projection of E! onto E”.

Proof. There exists a balanced convex neighborhood W such that
Ifllw < oo. By the definition of the product topology there exist a
finite set J and a convex balanced neighborhood V such that V x B\ ¢
W. By Liouville Theorem and the identity Theorem f is constant with
respect to the direction E/\Y. Thus we can define f; € H (EY; F) by

frlx)=fo (5;1(37) for every z € E7.

Then fj satisfies all required conditions. This completes the proof. O
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THEOREM 3.3 (Meise-Vogt [7]). Let E, F and G be locally convex
spaces over C. We assume that F is a nuclear space and F' is a Banach
space. Let f be a holomorphic mapping from E into F.Then if for an
arbitrary locally convex space of Hilbert type G containing E as a closed
subspace f can be extended to a holomorphic mapping from G into F,
then f is of uniformly bounded type.

Proof. Meise-Vogt [7] proved that the nuclear space E can be realized
as a subspace of L’ where I is some indexing set and L is a DF S-space
of Hilbert type. By the assumption, there exists ¢ € H(L!; F) such
that g|g = f. By Lemma 3.2, there exist a finite subset J of I and g €
H(L’; F) such that g = gyo6; where §; means the canonical projection
of L' onto L’. Since L7 is a DFS-space, H(L’ ; F) = Hy(L’; F).
Thus there exists a convex balanced open neighborhood U of 0 in L/
such that ||gs|lrv < oo for every r > 0. Since ||g||5;1(rU) = gsllrv < o0

for every r > 0, llfllr(ajl(u)mE) = “f”g;‘(rU)mE = ”g”(s;l(ru)mE < 0.
This implies that f is of uniformly bounded type. This completes the
proof. O

We can complete the proof of Main Theorem by Theorems 3.1, 3.2
and 3.3.

Proof of Main Theorem. (b)=-(a), (a)=>(c), (b)=(d) and (d)=(c) are
trivial. The equivalence (f) <= (e) follows from Theorem 3.2. It follows
from Theorem 3.1 that (f) implies (b). It follows from Theorem 3.3 that
(c) implies (e). Thus all statements are equivalent each other. This
completes the proof. O

COROLLARY 3.1. Let E and F be locally convex spaces over C. We
assume that E is a nuclear space and F' is a Banach space. Let f be
a holomorphic mapping from E into F'. Then the following statements
are equivalent:

(a) for an arbitrary locally convex space G containing F as a closed
subspace, the restriction mapping H(G; F') — H(E; F') is surjec-
tive,

(b) H(E; F) = Hy(E; F).

ACKNOWLEDGEMENTS. The author would like to thank to the referee
for correcting mistakes in the original version of this paper and his kind
suggestions.



A Hahn-Banach extension theorem 143

References

[1] R. M. Aron and P. D. Berner, A Hahn-Banach extension Theorem for analytic

mappings, Bull. Soc. Math. France 106 (1978), 3-24.

Ph. Boland, Holomorphic functions on nuclear spaces, Trans. Amer. Math. Soc.
106 (1975), 275-281.

S. Dineen, Complex Analysis in Locally Convex Spaces, North-Holland Math.
Stud. 57 (1981).

, Complex Analysis on Infinite Dimensional Spaces, Springer Monogr.
Math., 1999.

G. Kothe, Topological Vector Spaces I, Grundlehren Math. Wiss., Springer Verlag,
1969.

, Topological Vector Spaces II, Grundlehren Math. Wiss., Springer Verlag,

1979.

R. Meise and D. Vogt, Extension of entire functions on nuclear locally convex
spaces, Proc. Amer. Math. Soc. 92 (1984}, no. 4, 495-500.

J. Mujica, Complex Analysis in Banach Spaces, North-Holland Math. Stud., 120
(1986).

M. Nishihara, The extension of holomorphic functions on a nuclear space, Finite
or Infinite Dimensinal Complex Analysis, Ed. J. Kajiwara, Zhong Li and K. H.
Shon, Lecture Notes in Pure and Applied Math., 214 (2000), 389-394, Marcel
Dekker. INC.

Department of computer science and engineering
Fukuoka Institute of Technology

Fukuoka 811-0295, Japan

E-mail: mr-nisi@fit.ac.jp



