Commun. Korean Math. Soc. 19 (2004), No. 1, pp. 63-74

ITERATIVE APPROXIMATION OF FIXED
POINTS FOR ¢-HEMICONTRACTIVE
OPERATORS IN BANACH SPACES

ZEQING L1u, ZHEFU AN, YANJUAN LI AND SHIN MIN KANG

ABSTRACT. Suppose that X is a real Banach space, K is a nonem-
pty closed convex subset of X and T : K — K is a uniformly contin-
uous ¢-hemicontractive operator or a Lipschitz ¢-hemicontractive
operator. In this paper we prove that under certain conditions the
three-step iteration methods with errors converge strongly to the
unique fixed point of T'. Our results extend the corresponding re-
sults of Chang [1], Chang et al. [2], Chidume [3]-[7], Chidume and
Osilike [9], Deng [10], Liu and Kang [13], [14], Osilike [15], [16] and
Tan and Xu [17].

1. Introduction

For a real Banach space, we denote by J the normalized duality map-
ping from X into 2%~ given by

J@)={f € X : (z,f) == = IfI’}, ze€X,

where X* denotes the dual space of X and (-, -) denotes the generalized
duality pairing between X and X*. In the sequel, I denotes the identity
operator on X. An operator 7' with domain D(T) and range R(T) in X
is called strongly pseudocontractive if there exists a constant ¢ > 1 such
that for any given z,y € D(T) there exists j(z —y) € J(x —y) satisfying

(1.1) (Tz~Ty,j(z —y)) <t o —yl*
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T is called ¢-strongly pseudocontractive if there exists a strictly increas-
ing function ¢ : [0,00) — [0, 00) with ¢(0) = 0 such that for any given
z,y € D(T) there exists j(z — y) € J(z — y) satisfying

(1.2) (Tz - Ty, j(z —y)) < llz = yl* - é(lz — yl)ll= -yl

T is called ¢-hemicontractive if F(T) = {x € D(T): Tz = =} # 0 and
if there exists a strictly increasing function ¢ : [0,00) — [0,00) with
#(0) = 0 such that for any given z € D(T) and ¢ € F(T) there exists
jlx —q) € J(z — q) satisfying

(1.3) (Tz —g¢,j(z — q)) < e~ ql|* - ¢(llz — all)llz - qll-

In [8], Chidume and Osilike proved that the class of ¢-strongly pseu-
docontractive operators with a nonempty fixed point set is a proper
subset of the class of ¢-hemicontractive operators. In [3], Chidume ob-
tained that if K is a nonempty closed convex bounded subset of X and
T : K — K is a Lipschitz strongly pseudocontractive operator, then
the Mann iteration sequence converges strongly to the fixed point of T
In [10], Deng generalized the result to the Ishikawa iteration sequence.
Tan and Xu [18] extended the results of Chidume [3] and Deng [10]
to real g-uniformly smooth Banach spaces, where 1 < g < 2. Osilike
[15] improved the results of Chidume [3], Deng [10], Tan and Xu [18]
to both real g-uniformly smooth Banach spaces, where ¢ > 1 and ¢-
hemicontractive operator. Recently, Osilike [16] generalized the above
results to a real Banach space, and Liu and Kang [13], [14] extended
Osilike’s results to the Ishikawa iteration sequence with errors in a real
Banach space.

In this paper our purpose is to show that the three-step iteration
sequences with errors converge strongly to the unique fixed point of T
if T: K — K is a Lipschitz ¢-hemicontractive operator or T': K — K
is a uniformly continuous ¢-hemicontractive operator, where X is a real
Banach space and K is a nonempty closed convex subset of X. Our
results extend, improve and unify the results in Chang {1}, Chang et al.
[2], Chidume [3]-[7], Chidume and Osilike [9], Deng [10}, Liu and Kang
[13], [14], Osilike [15], [16], Tan and Xu [17].

The following lemmas are of importance in the proofs of our results.

LEMMA 1.1. [13] Suppose that ¢ : [0,00) — [0,00) is a strictly in-
creasing function with ¢(0) = 0. If {r,}°%,, {sn}32¢, {kn}3, and
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{tn}>2, are sequence of nonnegative numbers satisfying the following
conditions:

(1.4) ikn<oo, itn<oo, io:sn:oo;
n=0 n=0 n=0

d’(rn—l—l)

1.5 Tn (14 kp)rp — SpTn
(1.5) n = ) 1+ ¢(rns1) + Tntr

+tn7 nZO,

then lim,,_, ., r, = 0.

LEMMA 1.2. [12] Let {an}22,, {8}y and {vn}22, be three non-
negative real sequences satisfying the inequality

Ont1 < (1 —wp)a, + Bpwn +v, forn >0,

where {w, }22.o C [0,1], 300 jwy = 00, limy o0 Br =0 and 3o Yn <
o0o. Then lim,, o o, = 0.

2. Main results

THEOREM 2.1. Let X be a real Banach space, K be a nonempty
closed convex subset of X and T : K — K be a Lipschitz ¢-hemicontra-
ctive operator with the Lipschitz constant L > 1. For any xg, ug, Vo, Wy €
K, the three-step iteration sequence with errors {x,}22 ,defined by

Zn = anzy, + 60Tz, + chwy,
(2.1) Yn = @ p + 0, T2, + ChyUn,
Tptt = @nTn + 0 TYn + Crttn, n >0,

where {u, }°° o, {vn}32, and {w, }22, are arbitrary bounded sequences

in K, {an}, {bn}, {cn}, {arn}, {0}, {c,.}, {arn}, {bn} and {c;} are real
sequences in [0, 1] satisfying the following conditions:

(2.2) Qn +by+cn=al, +b,+c,=al+b,+c.=1, n>0;

o0 oo oo o0
(2.3) ch < 00, Z b,b, < o0, anC; < o0, Zbi < 00;
n=0 n=0 n=0 n=0

(2.4) i bp = 0.

Then the sequence {z,}52 , converges strongly to the unique fixed point
of T.
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PRrOOF. Since T is a ¢-hemicontractive operator, F'(T) is a nonempty
set. We claim that F(T) is a singleton. Otherwise, for any different
p,q € F(T') we conclude that

llp = qlI> = (Tp~q,5(p ~ 9))
<llp =gl = &(llp — gl llp — gl
< “p - q“27
which is a contradiction and hence F/(T') is a singleton. Let F(T') = {q}.
Since T is a ¢-hemicontractive operator, we know that for z ¢ K

(I-T)x—(I-T)gjx—q) = ¢(lz—ql)llz—ql
> Az, Q)ll= — qll%,

where A(z,9) = maariiz—r € [0,1). Lemma 1.1 of Kato [11]

ensures that for any z € K and r > 0
25) lle—ql<llz—q+r[(I -T - A(z,q))z — (I - T — Az, 9))d|.-

Put d, = b, + ¢y, d), = b, + ¢, and d!! = b + ¢/ for n > 0. According
to (2.1) we have that

Tpn = Tn41 + dnxn - dnTyn + Cn(Tyn - un)
= (1 + dn)xn+1 + dn(I =T _VA(xn—Ha Q))xn-f-l

(2.6) (1= A(Zn11,0)dntn + (2 = A@ns1,0))d2 (2 — Ty)
+dn(Tznt1 — Tyn) + cn[l + (2 — A(Znta, 9))dy]
X (TYn, — up)

and

27) ¢=QQ+dn)g+dn(l =T — A(Znt1,9))q — (1 = A(@n+1,9))dng
for n > 0. It follows from (2.5)-(2.7) that
|zn — qll

dn
> (1 + dn)”l‘nﬂ —q+ [(I -T- A($n+17 Q))17n+1
1+d,

(I =T - A(@n+1, 0)ll = dn(l — A(znt1,9) 7 — gl
- (2 - A(xn+1’ Q))di”xn - Tyn” - dn”Txn+1 - Tyn”
— [l + (2 = A(Zn+1, 0)dn]||Tyn — unl

2> (1+do)llznt1 — qll = dn(1 — A(@nt1,9)llzn — 4|l
—(2- A(xn+1aQ))dil|$n = Tyn|l = dullTZni1 — Tynll
—cn[1 4 (2 = A(@nt1,0) ]I Tyn — unll,
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which implies that

|Zn+1 — gl
1+ (1- A(zn+1,9))dn
L IL TP
(2.8) + (2 - A(Znt1, Q))di”xn = Tyull + dnl|Tzn41 — Tynll

+ Cn[l + (2 - A(xn+1, Q))dn]“Tyn - un”
< (1 - Al@ps1,q)dn + d2)||zn — ql| + 2d2 ||z — Tyl
+ dn”Tmn-H - T?/n“ +cn(1+ an)“Tyn - Un”

67

for n > 0. Set B = sup{l|lu, — ql|, ||lvn — qll, |wn — ¢l : n > 0}. By virtue

of (2.1) we get that

20 — 4l
< (1 =dp)llzn — gl + dy Lljzn — g
(2-9) + c/ri(“wn - QH -+ Luxn - 9H>

< (L—dy +dy L+ Lep)||n — gll + cpllwn — qll
< 2L|jxn — qll + B
for n > 0. In view of (2.1) and (2.9) we obtain that
iy — qll
< (1 —d)lzn —qll + d, Lz — gl
(2.10)  +cnlllva —all + Lilzn — ql)
< [(1—dp) + 2L2(d,, + cp)lllzn — qll + L(d,, + €p)c, B+ ¢, B
< [1+2L%(d), + &)]llen — gl + L(dy, + ¢,,)c B+ ¢, B
for n > 0. According to (2.1), (2.9) and (2.10) we conclude that

| — Tynl|
< 2w = gll + | Tyn — 4|
@I < e — gl + Lliyn —al
<L+ L+2L%(d, + Elen — gl + [L3(d, + c,)c + Le,)B
and

lzn — Yl
(2.12) < dpllzn — Tzl + L)1 T2n — vy
< [y, +2L%(d;, + )]z — gl + [L(d), + c}, ) + ¢, ) B
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for n > 0. It follows from (2.1) and (2.9)-(2.12) that

ITZpt1 — Tynll
< L(1 = do)l|lzn — ynll + Ldu||Tyn — yull + Len | Tyn — ual]
< Lliwn — ynll + (L2dn + L¥cn + Ldn)lyn — qll + Len B
< [Ld, +2L3(d), + c) + Ld,, + L*(d, + ¢»)

+2L3d, (d), + c,) + 2L*(dy, + cp)(d, + )]l|lzn — gl

+ [L3(d, + &) + L (dy, + cu)(d), + c,,)c)

+ L%(dy,, + ¢n)el, + LPda(d), + c,)c! + Ld,c,

+ Lec, + Lc,)B

(2.13)

for n > 0. Substituting (2.11) and (2.13) into (2.8), we obtain that

lzn+1 — gl

< L= A(@n41,9)dnlll@n — gll + 3 + 2Ld3,
+4L3d2(d) + c,) + Ld,d,, + 2L3d,(d}, + c,,) + Ld?
+ L2dp(dy + ¢p) + 2L, (dy + ¢ )(d, + )
+ Len (14 2dy) + 2L3 ¢, (1 + 2d,)(d), + E)llzn — 4|
+[2L2d2cl(d), + c),) + 2Ld2c), + L2d,c(d), + c},)
+ L3dncii(dn + co)(d), + c)y) + L2dncy(dn + ¢2)
+ L2d2c!(d), + c),) + Ld2c), + Ld,.c,, + Ld,c,
+ L%cpc(1+ 2d,)(d), + c),) + Lenc), (1 + 2d,)
+ ¢, (14 2d,,)|B

< 1+ Mi(ds + dndy, + co)llzn — gll = AZns1,9)dnllzn — g
+ MyB(d? + ¢, dy, + ¢ + dpd))

(2.14)

for n > 0 and some positive constants M; and M>. Put

Tpn = “mn“q“7 Sn =dn, kn ‘_—Ml(d%‘kd/ndn‘l‘cn),
t, = MyB(d2 + c,d, + cn + dpd),) for n > 0.

It follows from (2.3), (2.4), (2.14) and Lemma 1.1 that r, — 0 asn — oo.
This completes the proof. O
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THEOREM 2.2. Suppose that X is a real Banach space, K is a non-
empty convex subset of X and T : K — K is a uniformly continuous
¢-hemicontractive operator. For any xo,uo, vo, W € K, let {,}>2, be
defined by (2.1), where {un}22,, {vn}2>, and {w,}>2, are arbitrary
bounded sequences in K, {an}, {ba}, {c}, {4}, {8}, {ca}, {alt}, {8}
and {c};} are real sequences in [0, 1] satisfying (2.2) and the following
conditions

(2.15) bp+cn €(0,1), n>0;
. T /o1 /! — 1 Cu = U;
(2.16) nh_)rrgo b = nl_l_)l?f)l() b, = nlglgo Cp = nlirr;o b e 0;
o0
(2.17) D> bn = oo
n=0

If R(T') is bounded, then the sequence {z,}2, converges strongly to
the unique fixed point of T'.

PROOF. As in the proof of Theorem 2.1, we conclude that F(T) is a
singleton. Put F'(T') = {q}. Thus for z € K,
({(I-T)x—(I-T)g,j(z—q)) = ¢(llz — qlllz — qll
> Az, g)llz — g,

(llz—qll)
1+¢([lz—gl)+llz—q

where A(z,q) =
of Kato [11] that

7 €[0,1). It follows from Lemma 1.1

le—qll <llz—g+r[(I-T - Alz,¢))z - (I - T - A(=z,q))dlll

forz € K and r > 0. Set d, = b + ¢, dj, = b, + ¢}, and d], = b], + Il
for n > 0 and

D = sup{||Tzn — qll, [Tyn — qll, 1Tz — qll,

2.18
(218) ln — gl o — gl leom — g : n. > 0},

Since R(T') and {un}, {vn} and {w,} are bounded, it follows that D <
0o. According to (2.1) and (2.18), we deduce that

(2.19) sup{[lzn —qll, lyn — qll : n > 0} < D.
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In view of (2.1) we infer that
(1-dn)zn

= Tp+1 — dnTyn - cn(un - Tyn)

= [1 - (1 - A(I‘n+1, Q))dn]xn+1 + dn(I - T — A(xn—H, Q))$n+1
+ dn(TTrt1 — TYn) — caltn — Tyn)

(2.20)

and
(221) A—dp)g=[1- (1= A(Zn41,9)dnlg +dn(I =T — A(zn11,9))q
for n > 0. It follows from (2.2), (2.5), (2.20) and (2.21) that
(1 —dn)llzn — qll
dn

> [1-(1~A@n+1,9)dn]l|lZni1 — g+ 1= (=A@, )dn
X (I =T = Al@n1,9)zn41 — (I =T — Alwntr, 0))dlll
= dn||TTn11 — Tynll — callun — Tyall
2 1= Q1= Alzn+1,9)dn]l|Tn1 = gll — dul[TTat1 — Tynll — 2Dcn,

which implies that

“mn+1 - QH
< Ldn ln — g
S 1= (= A@nss,q)dn " 1
dy,
2.22 + Tz, —T
( ) 1 — (1 _ (A$n+1,Q))dn “ n+1 ynll
2Dc,
+

1- Q1 - Alzn+1,9))dn
< (1= A(znv1,Qdn)llTn — qll + Mdn||Tznt1 — Tynll + Mey,

for n > 0, where M is some constant. According to (2.1), (2.2), (2.15)
and (2.16), we get that

lZn+1 — ynll
< Nzntr = zall + llyn — 24|
< ballTyn — 2all + callun — 2l + 6,720 — 20| + cpllon — 4]
< 2D(d), + d,)
— 0
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as n — 0o. The uniform continuity of T ensures that
(2.23) [Tzni1 —Tynl| = 0 asn — oo.

Set inf{A(x,+41,¢) : n > 0} = r. We assert that r = 0. If not, then
r > 0. In view of (2.22), we have that

(2.24) |lzpt1 —qll £ (1 = rdy)||lzn — ¢l + Mdu||Tzn1 — Tyn| + Mey,

for all n > 0. Let an = ||z — qll, wn = 7dy, Bn = Mr~Y||Tzpi1 —
Tynl| + Mr~lc,d;! and v, = 0 for n > 0. By (2.16), (2.17), (2.23),
(2.24) and Lemma 1.2 we conclude that ||z, — ¢|| — 0 as n — oo, which
means that » = 0, which is a contradiction. Therefore r = 0 and there
exists a subsequence {||zn,41 — qll}i2; of {lzn+1 — qll}7%, satisfying

(2.25) |Tn,+1 —¢qll = 0 asi— oo.

Employing (2.16), (2.23) and (2.25) we conclude that given € > 0, there
exists a positive integer m satisfying

(2.26) [Zn,+1—qll <e

and

¢n _ . f1 $(e)e }
297)  M|Tznsr — Tyl + M < Se, P
@27)  MITans =Tl + MG <min { e, B

for n > N. Now we show that
(2.28) lZn,+i —qll <e forj>1.

Clearly (2.26) means that (2.28) holds for j = 1. Assume that (2.28)
holds for j = k. If ||z, +k+1 — ¢]| > €, we obtain that by (2.22) and
(2.27)

1Zn k1 — 4l
< I‘xnm+k - q” + Mdnm-i—k”Txnm-i—k—{—l - Tynm—i-k” + Mcnm+k

2.29 ind 1, @)k }
(2.29) §e+mm{2€,1+¢(%€)+%€ A, +k

3
< 56.
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Note that ¢(||zn,, +x+1 — qll) > ¢(€). It follows from (2.29) that

¢(¢)
2.30 Az ,q) 22—
By virtue of (2.22), (2.27) and (2.30), we obtain the following estimates:

|Zn,+k+1 — gl
()
<ti- 3 3
1+ ¢(3¢) + 5¢

(e)
< (1 - dem-kk)f
(

+ min {—5,

dnm+k) |Zn,.+% — i

<Le.

That is,
£ < ||zn1k+1 —all <€,

which is a contradiction. Hence ||z, +x+1—¢|| < €. By induction, (2.28)
holds for j > 1. It follows from (2.28) that x, — ¢ as n — oo. This
completes the proof. a

REMARK 2.1. Theorems 2.1 and 2.2 extend and improve Theorem
3.3 of Chang [1], Theorem 3.2 of Chang et al. 2], Theorem of Chidume
[3], Theorem 2 of Chidume [4], Theorem 2 of Chidume [5], Theorem 4 of
Chidume (6], Theorem 13 of Chidume [7], Theorems 2 and 4 of Chidume
and Osilike [9], Theorems 2 and 4 of Deng [10], Theorem 3.3 of Liu and
Kang [13], Theorem 3.1 of Liu and Kang [14], Theorem 2 of Osilike [15],
Theorem 2 of Osilike [16], Theorems 3.2 and 4.2 of Tan and Xu [17] in
the following ways:

(a) that X be either real uniformly smooth Banach space in [1], [2],
[5], [6] or real g-uniformly smooth Banach space in [10], [15], {17], or real
smooth Banach space in [7], is replaced by the more general real Banach
space;

(b) that T be strongly psedo-contractive operator in [1]-[7], [9], [10]
is replaced by the more general class of ¢-hemicontractive operators;

(c) the Mann iteration sequence in [3], [4], [9], [17], the Ishikawa
iteration sequence in [1], [2], [5]-[7], [9], [10], [15]-[17] and the Ishikawa
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iteration sequence with errors in [13], [14] are replaced by the more
general three-step iteration sequence with errors.
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