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QUANTUM DYNAMICAL SEMIGROUP
AND ITS ASYMPTOTIC BEHAVIORS

VENI CHOI

ABSTRACT. In this study we consider quantum dynamical semi-
group with a normal faithful invariant state. A quantum dynam-
ical semigroup o = {a:}¢>0 is a class of linear normal identity-
preserving mappings on a von Neumann algebra M with semi-
group property and some positivity condition. We investigate the
asymptotic behaviors of the semigroup such as ergodicity or mixing
properties in terms of their eigenvalues under the assumption that
the semigroup satisfies positivity. This extends the result of [13]
which is obtained under the assumption that the semigroup satisfy
2-positivity.

1. Introduction and preliminaries

Let M be a von Neumann algebra over a separable Hilbert space
H. We define a quantum dynamical semigroup o = {a:}t>0 as a o-
weakly continuous one parameter semigroup of normal positive unital
mappings on M. Then a positive unital mapping o satisfies |a;|| =
1 and o;(A*) = o(A)* for A € M. We note that o-weak continuity
means that for each p € M, and A € M, the function ¢t — p(a;(A4)) is
continuous. This is equivalent to poa; — p ast — 0+ for each p € M,.
Here M, is the predual of M.

Semigroups of this type have been studied under various positivity
requirement such as complete positivity. In this paper, we investigate
the asymptotic properties of the semigroup under weaker positivity con-
dition than complete positivity.
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Let C be the algebra of all complex numbers and M,, be the algebra
of all n x n matrices over C, and I,, the identity map on M,. M @ M,
denotes the algebra of all n x n matrices over M.

A mapping oy : M — M is said to be n- positive if oy o I, is positive,
ie, for all Aj,As, - ,An,B1,Bs,--- ,B, € M,

n
> Biou(A7A;)B; > 0.
i,j=1
If the above inequality holds for all n = 1,2,---, oy is said to be com-
pletely positive.
The semigroup a = {oy}+>0 is said to satisfy Schwarz inequality if

ar(A*A) > ay(A)*a(A) for all t > 0.

2-positivity implies Schwarz inequality and Schwarz inequality implies
positivity(positive preserving).

We assume that the semigroup admits a faithful, normal, a-invariant
state w on M. Invariance means

Wwoo =w for all ¢ > 0.

The triplet (M, o, w) is called a quantum dynamical system or quantum
Markov system.

We can consider the following construction. By GNS representation
we may assume w is a vector state from a cyclic and separating vector
o, that is,

w(A) = (§o, Abo)
and so H = [M¢p]. For any subset of £ of H, [£] denotes the closed
linear subspace of H generated by £. If we assume that a dynamical
system (M, a,w) satisfies Schwarz inequality, then we can construct a
strongly continuous contraction semigroup T = {T;};>0 on H = [M&]
such that
T: A&y = ot (A)ép forAe Mandt>0.

Since

IT: Ao ]l* = [loa(A)gol?
= (£, t(A) e (A)o) = w(au(A) oy (A))
w(ae(A™A)) = w(A™A) =|| A& |
for A € M, T; is a contraction on M¢&y and so can be extended on

H. In the fourth inequality, we used the fact that oy satisfies Schwarz
inequality.

A
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Now we introduce the notion of Jordan product. This makes us it to
replace Schwarz inequality condition by simple positivity. A linear space
A C B(H) is called a JW*-algebra if it is o-weakly closed, contains the
identity operator and is closed w.r.t. the Jordan product o;

AoB=AB+ BA for A,B ¢ A.
A linear map ¢ : M — M is called a Jordan morphism if

(A7) = ¢(A)
¢p(AoB) = ¢(A)od(B)

for A, B € M.
We consider the following construction.
Define an inner product on M by

(A,B)g=w(A*oB) for A,Be M.

Let || - |lo be the induced norm and H be the Hilbert space completion
of M w.r.t. this norm. Define the operator U; on M by

UA = Oft(A) for A e M.
Then we have
IUA|l5 = w(ee(A)* 0 ay(A)) < w(ow(A* 0 A)) = w(A* 0 A) = || All5.

Second inequality holds since every element in M is normal element
w.r.t. the Jordan product o ([1] Proposition 3.2.4). Thus U, is a con-
traction on M and so can be extended to the hole space H. Denote
it also by U;. Since (Uy(A),B)g = w(a(A)* o B) for A,B € M and
the map t — ay(A) is o-weakly continuous, U = {U;}:>0 is a weakly
continuous contraction semigroup on Hy.

2. Eigenvalues and eigenspaces

In 1982, Watanabe [13] investigate the asymptotic behaviors of semi-
groups « and T in terms of their eigenvalues under the assumption that
it satisfies Schwarz inequality. We obtain the corresponding analogue
under simple positivity introducing Jordan product.

We introduce the notions of eigenvalues and eigenvectors of semi-
groups U = {U; }+>0 and a = {o; }+>0, respectively.

For nonzero n in H, if there exists a complex number x(¢) such that

Ui(n) = x(t)n forallt >0
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then x(t) = e*** for some z € C* = {z + dyly > 0} since U; is a
contraction.
For each z € C™T, let

H, = {n € H|Us(n) = "'n for all ¢t > 0}.

Then it is a closed linear subspace of H. If H, # 0, then z is called
an eigenvalue of T' and each n € H,, an eigenvector of T' corresponding
to z and H,, an eigenspace corresponding to z. We concentrate on real
eigenvalues. Let E(U) be the set of all real eigenvalues of U and let
P, : H — H, be the orthogonal projection of H onto H,.

On the other hand, for each 2 € C*,

M, = {A e Mlas(A) = A for all t > 0}

is a o-weakly closed linear subspace of M and in particular, Mg is JW*
subalgebra of M. This follows from Schwarz-type inequality of o w.r.t.
Jordan product and the faithfulness of w. If M, # 0, then z is called
an eigenvalue of a and each A € M,, an eigenvector of o corresponding
to z and M, an eigenspace corresponding to z. Note that the set E(a)
of all real eigenvalues of « is the symmetric set.

Let N be the o-weak closure of the linear span of all My, A € E(a).
Then N is a JW*-algebra. We call it the eigenalgebra of a. Let K be
the closed linear space of H generated by {Hx : A € E(T)}, ie.,

N = U)\EE(a)M/\U_Weaka K = [UrxeemHalo
where [L]g means the completion of £ w.r.t. (:,)o.

If we let 6 and L be the infinitesimal generators of a and T, respec-
tively, then the eigenvalues defined above coincide with the usual ones
of the (unbounded) operators § and L. However the present definition
is more convenient for our discussions. Note that eigenvalues may be
defined for any dynamical semigroup.

As in the case of Hilbert space, we can construct the projection of

Monto My (A € E(w)).

ProposiTION 2.1 ([7]). Let (M, a,w) be a quantum dynamical sys-
tem. Then, for A € E(«), there exists a normal norm one projection €y
of M onto M which has the following properties:

(1) For A e M, GA(A) = P\A.

(2) exoas =azoey =eMey (t>0).
(3) woex=0 (A#0).

(4) exoe, =0 (A#p).
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(5) ex(A)* = c_A(4") (AeM).

We give two results that show the relation of eigenvalues and eigen-
spaces of o and U. One is proved in [8] and the other is our result.

PROPOSITION 2.2. Let (M, a,w) be a quantum dynamical system.
Then we have
(1) E(a) = E(U)
(2) [Mai]o = Hax.

THEOREM 2.3. Let (M, a,w) be a quantum dynamical system. Then

we have
Wl = [K].

Proof. Since N' C K is clear, choose h € K and h L [No. It is suffices
to show that (h, A)g =0 for all A € M. Since A € H, A is decomposed
as A = A+ A”, where A’ € K and A” ¢ Kt. If welet P: H — K
be a projection, then A’ = PA. Since there exists A € R such that
|[PA— PyAlo < € for any € > 0 and PyA = €)(4) € M) C N, we get
A" = PA € N. Thus (h, A )y = 0 and so (h, A)o = (h, Ao + (h, A")o =
0. ]

We have a result that says ;s act as Jordan morphisms on M,, under
the simple positivity.

THEOREM 2.4. For A€ M, and for allt > 0, ay(A* 0 A) = ay(A*) 0
at(A) holds.

Proof. Note that every element in M is normal w.r.t. Jordan product.
Then

a(A 0 A) > a(A)* oay(A)
(€5 A)* o it A
Ao A.
On the other hand, because of a-invariance of w, w(o(A*0A)— A0 A) =
’ By the faithfulness of w,
ai(A*0A) = A0 A
= (e A) oA
= a(A)* oa(A).
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Now we can extend the algebra on which ay’s act as Jordan morphism.
In the proof we adopted a slight modification of those which is given in

[8].
PROPOSITION 2.5. Let
B={Aec M|ow(A* 0 A) = ax(A*) o ay(A) for all t > 0}.
Then
(1) B is a JW*-subalgebra of M.
(2) A € B implies o (A) € B for eacht > 0.
(3) atl|p is an injective Jordan morphism.
Proof. (1) Let ¢ be a normal positive unital mapping on M and
By, ={AeM: (A" 0 A) = ¢(A%) 0 $(A)}.
Since B is the intersection of By's with ¢ = a; w.r.t. all ¢ > 0, it suffices

to show that By is a JW*-algebra of M.
For A, B € By,

$[(A+ B)" o (A+ B)] = ¢(A") 0 $(4) + ¢(4" 0 B)
+ ¢(B* 0 A) + ¢(B") 0 ¢(B),

¢[(A+ B)"] o ¢(A+ B) = ¢(A) 0 $(A) + $(A%) 0 ¢(B)
+ ¢(B) o ¢(A) + ¢(B") o $(B).
From Schwarz-type inequality for Jordan product o, we obtain
B(A7 0 B) + §(B* 0 A) > §(A4") 0 $(B) + 9(B*) 0 4(A).

Also, replacing A by —A in the above inequality, we get the reverse
inequality and so we have

$(A* 0 B) + $(B* 0 A) = ¢(A") 0 $(B) + ¢(B") 0 $(A).
Again, from this inequality, (1) and (2),
¢l(A+ B)" o (A+ B)]| =9¢[(A+ B)"]o¢(A+ B)
which implies A + B € B.
Since, for every A = A* € By,
$(A%) = [¢(A)] and ¢(4) = [p(A))%,
we get, for any A € M,
$(A% 0 A%) = 2[p(A)]" = [$(A)]? 0 [$(A))* = p(A%) 0 p(4%).

This means A? € By. Since Ao B = (A+ B)? — A — B%, B, is closed
w.r.t. Jordan product.

(1)

(2)



Quantum dynamical semigroup and its asymptotic behaviors 195

By Schwarz-type inequality w.r.t. Jordan product o,
D[A, Bl = ¢(A" 0 B) — ¢(A") o ¢(B)

defines a positive sesquilinear form on Bs. From the proof of ([9]) we
have that the fact D[4, A] = 0 for some A € By implies D[A, B] = 0 for
all B € By, i.e.,

(3) $(AoB) = ¢(A) o $(B) for A, BeB,.
Since
By = {AeM:¢(AoB)=¢(A)od(B) foreach B c M}
= Npep, {4 € M:¢(AoB)=¢(A) o ¢(B)}

= Npe,By.B

and By, p is closed in o-weak topology, By is o-weakly closed.
(2) Let t > 0 be fixed and A € B. For each s > 0,

as(ar(A) o ar(4)) = as(a(A"0A)) = aei(A7 0 A)
= si(A") 0 asi(A) = as(a(A)") 0 as(ar(A)).
(3) If ay(A) =0 for A € B,
ay(A* 0 A) = ay(A¥) oy (A4) = 0.
So,
w(A* o A) =w(at(A* 0 A)) =0.
The faithfulness of w yields A = 0. O

3. Ergodicity and mixing conditions

We say a dynamical system (M, a,w) is ergodic if Mg = C1 and a
contraction semigroup U on H is ergodic if its fixed point space Hy is
one dimensional.

DEFINITION 3.1. A dynamical system (M, a,w) is said to be weak
mixing if

lim /O lw(as(A)B) — w(A)w(B)|ds = 0

t—o00

for all A, B € M.
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DEFINITION 3.2. A contraction semigroup U = {U;}+>¢ on a Hilbert
space H is said to be weak mixing if for any hy,hy € H

.1t
hm ;/ I(Ushla h2)0 — (P()hl, h2)0|d5 =0
0

t—o0

where P is the projection onto the fixed point space Hy of U.
It is known that the weak mixing implies ergodicity.

THEOREM 3.3. Let (M, a,w) be ergodic. Then woey = w if and only
ifeg(A) = w(A)1 for A e M.

Proof. Since « is ergodic, €y(A) = ¥(A)1 for some constant y(A) € C.

Then
w(A) = w(eg(A)) = 7(A)w(1) = ~v(A)
and so
eo(4) = w(A)1.
Conversely,
woe(Ad) =ww(d)l) =w(A).
O

Now we obtain the following result whose proof is motivated by those
of [8] and [13].

THEOREM 3.4. Let (M, a,w) be a quantum dynamical system and let
U = {U;}s>0 be the associated contraction semigroup. Consider three
assertions:
(1) M, a,w) is weak mixing.
(2) E(a) = {0} and My = C1.
(3) U is weak mixing.
Then we have (1)=(2)=(3). If ¢¢(A) = w(A)1, then (3)=(1) holds.

Proof. (1)=(2) Fix t > 0 arbitrary and take fixed element A of
at. Then weak mixing condition implies A € C1. ie., we have {4 €
Mla(A) = A} = C1 for each t > 0.

If 0 # A € E(a), there exists a nonzero A € M s.t. ap(4) =
eMA Vt > 0. Fort = &, au(A) = A and so A is a fixed point
of Oz Then A = kg1 for sonie kg € C. But this is impossible for
nonzero A since A # 0. Thus E(a) = {0}.

(2) = (3) Note that assertion (2) is equivalent to E(U) = {0} and the
corresponding eigenspace Hj is one dimensional. Let U = {0t}t20 be a
minimal unitary dilation of U = {U;};>¢ in a Hilbert space Hy. Then it
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is known that E(U) = E(U) and the corresponding eigenvectors are the
same ([9]).

So we have E(U) = 0 and the fixed point space of U in H is {chg|c €
C} for some 0 # hg € H with ||hgllo = 1. Then from the classical ergodic
theory for unitary operators we know

lim ~ |(U3h1, 5250 — (iL], hojo(ho, BQSOIds =0

where (-, -50 is the inner product in H and ﬁl, he € H. In particular, for
hla h2 € H’

o1t
lim E / !(Ushl, h2)0 — (h11 h’O)O(hO, h2)0‘d8 =0
0

t—oo

This is nothing but the form of weak mixing.
(3)=(1) Since eo(A) = PyA for A € M, we have

0 = lim - /I o—(Go(A) B) Ids

tooo t

= lim - /]w as(A) o B) — w(ep(A) o B)|ds

t—oc t

for A,B € M. Note that the set of functionals {w(- o B)|B € M} is
norm dense in M, by the faithfulness of w.
Then we have for every p € M,,

0 = Jim 5 [ lofas(4) - pleo(a))ids

t—oc t

= lim - /|p as(A)) —w(A)p(1)|ds.

t—oc t

In the second equality we used the fact that weak mixing implies ergod-
icity. Taking p(-) = w(-B) for arbitrary but fixed B € M, we get

lim %/O w(as(A)B) - w(A)w(B)| = 0.

t—oc

The proof is complete. O
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