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- MINIMUM PERMANENTS OF DOUBLY
STOCHASTIC MATRICES WITH &k
DIAGONAL p x p BLOCK SUBMATRICES

EUN-YOUNG LEE

ABSTRACT. For positive integers k and p > 3, let

0 0 J2,kp
0 0
Jp
D= J, O
Jip,2 0]
Jo

where J, is the p X p matrix whose entries are all 1. Then, we
determine the minimum permanents and minimizing matrices over
(1) the face of (D) and (2) the face of Q(D*), where

J: O ]

NP

1. Introduction

Let ©,, denote the set of all n-square doubly stochastic matrices. This
set is known to be a convex polytope of dimension n? — 2n + 1 in the
Euclidean n2-space. For an n x n matrix A = [a;;], the permanent of
A, perA, is defined by

perd = Z 15(1)320(2) * * " Cno(n)
€S,
where S, stands for the symmetric group on the set {1,2,...,n}. For
an n X n (0,1)-matrix D, let Q(D)={X € Q,| X < D}, where X < D
means that every entry of X is less than or equal to the corresponding
entry of D. Then, Q(D) forms a face of Q, and every face of Q, is
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defined in this fashion [2]. Let p(D) denote the minimum permanent
over (D). A matrix A € Q(D) is called a minimizing matriz over
(D), if perA = p(D). The set of all minimizing matrices over (D) is
denoted by Min(D).

Since the vertices of the polytope Q(D) are the permutation matrices
P such that P < D, the barycenter of Q(D) is the matrix

1
Bp = perD Z P,

P<D

where the summation runs over all permutation matrices P < D and
QD) is called barycentric if Bp € Min(D) [1]. For an n x n matrix A
and for o, 8 C {1,2,...,n}, let Ala|G] denote the |a| x |3| submatrix
of A lying in the rows o and columns 3, and let A(®|3) denote the
(n — |a]) x (n — |B]) submatrix of A lying in the rows complementary
to o and columns complementary to 3, where |y| denote the number
of elements in the set v C {1,2,...,n}. Let I, denote the identity
matrix of order n and Ji,, , denote the m x n matrix of 1’s. The matrix
Jnn is denoted by J, for brevity and each column of J, is denoted by
en. Let E; ; denote the n-square matrix of zeros and ones with exactly

one nonzero entry at the (4, j)-position. For ¢ = 1,2,...,k and positive
integers n; such that Ele n; = n, let A; is the n; x n; matrix and let
[ A T
A, 0
A=
0
| Ay |

is called block diagonal. Notationally, such matrix is often indicated as
A=A P - P Ag or, more briefly, @le A;; this is called the direct
sum of the matrices A;.

Let forn > 3

_ 02 Jz,n _ J2 J2,n
U2’n N [ Jn,2 I, ] ’ ‘/Z,n N [ Jn,2 I, ] '

Seok-Zun Song [5] proved that

-1 _ 9\yn—2
min{perd| A € Q(Uz,)} = 2(n 71531 2

(n=3)
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and the minimum is achieved uniquely at
Oy ihn
nna Pt
He also proved that
min{perd| A € Q(Us,,)} = min{perd| A € Q(Va,,)}.
Fori=1,2,...,k and positive integers n; such that Zle n+1=mn,
let Uy, denote the n x n (0, 1)-matrix defined by
0]
Uinl1,2,...,0(1] = Upn[11,2,...,n]" = [ . ]
n—1
and
k
Urn(111) = @ Jin..
i=1
Seok-Su Do and S. H. Hwang [3] proved that
k il
min{perA| A € QU =all ——
{p ‘ ( l,n)} g (a T ni)n2
and the minimum is achieved uniquely at
[ o a+n1 a1 ! 01+n2 atnz 1 2 cv+'n;C atnyJ1 Tk
(21 J 1 ni J
a—}&nl ni, a+n; Y s
g Inz)l g Ine
: 0
L afnk Jnlml a+nk Jnk
where a be the unique positive solution ¢q(z) = Zf Vo —nt2=0.

Also, they proved the next result as follows: let C' = U; » + F1 ;. For
n > 3, the permanent function attains its minimum matrix over Q(C)
uniquely the above matrix. In this paper, we prove the following results:
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For a positive integer k and p > 3, let

0 O
0 0 Jokp
Jp
D= Jp O
Jkp,2 0
L Jp i

Then we determine the minimizing matrix and the minimum permanent
over;

(1) the face (D) of the polytope of doubly stochastic matrices,

(2) the face 2(D*) of the polytope of doubly stochastic matrices,

where
. Jo O
popi[% 9]

2. Preliminaries

In this section, we introduce the well-known definitions and useful
lemmas. An n x n matrix is called partly decomposable if it contains
an s x (n — s) zero submatrix. A square matrix which is not partly
decomposable is called fully indecomposable.

LEMMA 1. [4] Let D = [d;;] be an n x n fully indecomposable (0, 1)-
matrix and let A = [a;;] € Min(D). Then A is fully indecomposable and
for i,j with d;; = 1, it holds that perA(i|j) > perA where the inequality
is an equality if a;; > 0.

LEMMA 2. [4] Let D = [di,ds,...,ds] be ann x n (0,1)-matrix and
let A=[aj,a,...,a,] € Min(D). Ifd;, = --- = dj,, then the matrix
obtained from A by replacing each of a;,, ..., a;, by (aj, +---+a;,)/k
also belongs to Min(D).

LEMMA 3. For p >3 and t > 1, let f(t) = t* — B3¢ + 1. Then, the
value of function f(t) is nonnegative.

Proof. Clearly, f(t) is differentiable and continuous on ¢ > 1. Since
ﬁtlﬁ < 1, f(t) is increasing function on ¢ € [1,00). Then, f(1) =1 —

gf—} +1= g%‘;’ > 0. Hence, the function f(t) is always nonnegative. []
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3. Results

For positive integer k and p > 3, let U be the (kp + 2) x (kp + 2)
matrix defined by

[0 0 pisz,kp ]
0 0
cJp
k—2
U= cdp 0 where ¢ = P_z—
. : Pk
ﬁjkpj O
L cJp |

THEOREM 4. For k > 1 and p > 3, the minimum permanent over the
—p— k — k—2 o s . .
face (D) is (2kp pr;,)c(_pf) kE},ﬁi”” and the minimum value is achieved
uniquely at U,

Proof. Let X € (D) be a minimizing matrix and let

k k
A= LoD )Xo ).
i=1 =1

Then,
F 0 0 ang,p ang,p i
0 0
a1, b1,
A= by, O
0]
Lang,p bk-Jp B

for some real numbers a;, b; and by Lemma 2, A is also a minimizing
matrix over (D).

Without loss of generality, we may assume that a1 > ag > -+ > ag
and let z; = %f for i =1,2,...,k. Since D is fully indecomposable, by
Lemma 1, a; # 0 and b; #0 for all i = 1,2,...,k. Let B = A(1,2|1,2).
Then

k
perB = H plbt.
i=1
Fori=1,2,...;kletTpo={1,2and T; ={l € Z| : —Dp+3 <<
ip + 2}. Then, it is clear that if p, g are integers in the same T}, then

perA(1|p) = perA(l|g).
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For j =4,p+3,2p+3,...,p(k — 1) + 3, the matrix A(1, 2|3, j) is equal
to the one obtained from B by replacing the first two columns with

a1J ,2
AlL,2)1,2,...,n)" = A[1,2,...,n|1,2] =
akJ ,2
Since we notice that A(1,2|3, ) is partly decomposable for j = 4, p +
3,...p(k —1)+ 3, we have
perA(1|3)
= [(p - 1)(111)61‘14(1, 2|3’ 4) + pa?perA(]-) 2|3’p + 3)
+ pasperA(1,2(3,2p + 3) + - - - + pagperA(1, 2|3, p(k — 1) + 3)]perB
= [(p = Dar[(p)*ath 205 - - - ] + pag|(p!)F 201008, "' - - - 1)
+ pas[(p) 201058} TS - ] + -
+pak[(p!)k2a1akb’1’_lb72’ e b’,:_l]}perB.

Since perB = [T, p!?,

perA(1,2]3,4) _ (p)*aft? %L 8 _ af

= - -,
perB i pY by

1)

and for j =p+3,2p+3,3p+3,...,p(k—1)+3

@) perA(1, 2|3, 5) _ (P!)kZGlajbﬁ’—lbg?_lHi;éjbf _ 20:10:]'.
perB 1, piv? b1b;

By (1) and (2), we can write that

perA(1]3)

a2

2a1a 2a;1a
= [P~ Dea(y) +par( o

bibs b1y
= [(p— 1)alz% + 2pasz122 + - - - + 2pagzi zk|perB.
By similar method,
per A(Llp(k — 1) +3)
= [2paiz12k + 2paszazk + + - + 2pax_12k—12k + (p — 1)agzg]perB.

) po

)lperB
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By Lemma 1, we see that
0 = perA(1|3) — perA(l|p(k — 1)+ 3)
= [(e1 — 2)[(p — Darz1 + 2pagzs + - -

+ 2pag_12k-1 + (p — Dagzk] — (p + 1)z12k (a1 — ax)|perB
E—1

= [(s1—2z)l(p— Varzs +2p Y _ aizi + (p— 1arzi]
=2
—(p +1)z12k(ay — ax)]perB.
Since z1 — 2 = ;';b—}li(al — ag) and by Lemma 3, we can obtain that
0 = perA(1|3) — perA(l|p(k — 1)+ 3)
k-1

(a1 — a)
[ pbiby (P = Darzr + p;"ﬂz + (p — 1)ar2k]
—(p+1)z121(a1 — ax)|perB
1 k—1
= (o - )P - D + 2p;aizi + (p — 1)agzi)
—(p + 1)z 2x|perB
(p— 1) (p—1) ,
= a1 —a + 1)z1zg + z
(a1 — ag)| br —(p+1) bk

blbk Z a;z;)perB

> (a1 - ak)[(p ~1)2f — (p+ Daz+ (p— 1)z
k—1

2
+—— 3" aszlperB
b1 by P aizi]per

k—1

212 p+1, 2 2
= — -1 ——— (=) + 1]+ — ;z;|per B
(@1 = an)ltp = DA = 5 CH + 1+ 53 ouslper
> 0,
which is a contradiction. Since A ia doubly stochastic matrix, a; =
# and b; = %%2 for all 7+ = 1,2,...,k. Hence, we have perA =
(2kp—p—1)(p)* (pk~2)P*~?

STk T R . So far we have proved that for any minimizing
matrix X over Q(D),
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It remains to show the uniqueness of the minimizing matrix over Q(D).
Suppose that X = [z;;] € (D) is a minimizing matrix such that X #
U = [uzj] By (3), X[T0|Tz] = U[T()sz] and X[Tle()] = U[TZ|T0] for
i=1,2,...,k So, there is an i > 1 such that X[T;*|T;*] # U[Ti*|T:*],
where T;* = Ty U T;. Without loss of generality, we may assume that
i=1

Case (1) X[TOITI] 7é U[T0|T1] or X[TllT()] 7é U[TllTO]

We may assume that X[Tp|T1] # U[To|T1] by taking transposition if
necessary, and also that z;3 > wuj3 since Z§=3 Tij = Z§=3 u;; by (3).
Let C=[ci] = (12D Jp @ @ Jp)X([3® Jp-1 ® - ® Jp). Then, by
Lemma 2, C is also a minimizing matrix over (D), ¢;; = uy; for all

(1,7) e * x T1* and

13 b b
0, b ¢ c
u v v

udp2 : :
| u U .. U-

where u = u33. Since C[Tl*l Tl*](Iz D Jp) = U[T1*| Tl*] and x13 > u13,
we see that ¢ > w13 and b < uy3. Now,

0 = perC(1|3) — perC(2|3) = (p — 1)(c — b)perC(1,2|3,4) > 0,

a contradiction.

Case (2) X[TolTl] = U[TolTl], X[T1|T0] = U[T1|T()] but X[T1|T1] 75
UTh|Ty].

In this case, we may assume that z33 > ugs. Let H = [hy] :=(I3 &
Jpo1® - @ Ip)X(I3® Jp—1 D -+ ® Jp). Then, H is also a minimizing
matrix and h;; = u,; for all (4,7) ¢ T1* x T1* and

[ uJdap i
)
33 T e T
H[Tl*’ Tl*] = r t e
udp2 :
r t t

where © = u;3.
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Since x33 > ug3, we see that r < ugz and ¢ > ugz from (3) again.
Thus, as before, we can show that 0 = perH(3|3) — perH(4|3) = (p —

1)(t — r)perH(3,4/3,4) > 0, a contradiction. O
. Jo O
We recall that D* = D + 0 O ] .

From now on, we talk to the minimum permanent and the minimizing
matrix over (D*).
Before we start the proof of some theorems and lemmas, let

ZJ2,2 ang,p ang,p
byJ, O
A=
0]
L ang’p kap ]

for some real numbers a;, b;, z and k > 4.

LEMMA 5. Let z;, = ‘;—z Then all z; are the same value for all i =
1,2,...,k.

Proof. Let X be a minimizing matrix over Q(D*). By Lemma 2, A*
is also a minimizing matrix over Q(D*). We may assume that a; > ag >
-+» > ap and let z; = %l foralli =1,2,..., k. Then, for the contrary, we
assume that aq > ag. '

perA*(1|3)
= [2zperA*(1,2|1,3) + (p — 1)aiperA™(1,2|3,4)
+ pazperA™(1,2(3,p + 3) + pasperA™(1,2(3,2p + 3) + - -
+ pagperA*(1,2]3,p(k — 1) + 3)]perB
= [22[(p)*arbr?  og? - bP] + (p — Daa[(p)Faftd2bgP - b + -
+ pax[(p!)*arart? b5 - - b8 |per B.
Since perB = Hlep!bf,
perd*(1,2)3,4) _ (p)*aftd %60 82 a2

4 = = 1
(4) perB Hle plb? b
and
5) perA*(1,2]1,3) _ @)fatf 6L b _ o

perl T b
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Also, for j=p+3,2p+3,3p+3,...,p(k—1)+3,

perd*(1,2[3,) _ (p) 201068 0 i ) _ 2010
perB lep!bf byb; .

(6)

By (4), (5) and (6), we obtain that
perA*(1]3)

ai ay .2 2a1a9 2aiay

[2221 + (p — l)alzf + 2pagz129 + - - - + 2pagz1 2| perB.

)+ -+ + pa(

)|perB

By similar method,

perA*(1|p(k — 1) + 3)
= [222zr +2parz1zk + - -+ 2pag—_12K—12k + (P — l)akz%]perB.

By Lemma 1, we see that

0 = perd*(1|3) — perA*(lp(k — 1) +3)
[(z1 — 2z)[22 + (p — 1)a121 + 2pagzz + - - - + 2pax_12k-1

+(p — Dakzx) — (p+ 1)(a1 — ag)z12x|perB
k-1

= [(z1 —2)[22 + (p— 1)ayz1 + ZpZ a;zi + (p — 1)agzg)
=2
—(p+1)z12¢(a1 — ag)|perB.

Since z1 — z, = pb—b);(al — ag) and by Lemma 3, we can obtain that

0 = perA®(1]3) — perA*(l|p(k — 1) +3)

k—1
a1 —a
= W s+ 2wt (- Dol
pbiby P
—(p+ 1)z12K(a1 — ag)|perB
k—1
= (a1 —ai)| 22+ (p—1Daiz1 + ZpZ a;iz; + (p — 1)ag2k]
pb1by pors

—(p + 1)z12;|perB
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(p—1)
pby

2z (p—1) ,
= — — 1
(a1 ak)[pblbk + - 21 (p -+ )lek +

9 k-1
+— a;z;|\perB
blbk ; 1]p

%

+(p—1)zi—(p+ Daz + (p—1)2

2z
> (0’1 - ak)[pblbk

9 k-1
+b1bk ; a;z;|per

z Z1vo Pt1 oz
= (a—-a +p-D)2A(=)2-—=(F)+1
(@1 =)l + (= DA - () 4
g k-1
5" aizlperB
+b1bk 2. a;z;|per
> 0,

which is a contradiction from a; > aj. Therefore a; = a; and hence,
a; are the same value for 4 = 1,2,... k. Therefore, we obtain the
result. O

For the main theorem, we need the following Lemma:
LEMMA 6. For all i, § < 1.

Proof. By Lemma 5, we have all %: are the same value. So we may

put # = z and assume that z > % Now, since A* is row stochastic
T

matrix, we obtain

k
1=2z+ Zpai.
=1

By hypothesis, we have

k k

1=2z+2pai=22+p2ai

i=1 =1
(7) bk
> 22+ 5 Z b;.

i=1
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Since the A* is column stochastic matrix, we can change the equation

(7)
1> 22+ Bi 1_2“’)
2 j—
N
(8) =22+ ~[Z (1 —2a;)]

1
=2 +§[k—2;az]

Then, from the first and the last line in the equation (8), we have

k
1
2z < 1—§[k—2z;ai]
1=
k 4—k

1-241=2"F <0
< 5 + 7 < U,
a contradiction. Therefore - < 3foralli=1,2,.. k.

]

THEOREM 7. For positive integers p > 3 and k, we have Min(D*) =

Min(D).

Proof. Let X be a minimizing matrix over Q(D*). By Lemma 2, A*

is also a minimizing matrix over Q(D*). Then,

perA*(1]1)

= [zperA*(1,2|1,2) + paiperA*(1,2|3,4) + pazperA*(1,2|3,p + 3)

+ pasperA*(1,2(3,2p + 3) +
+ pagperA*(1,2|3,p(k — 1) + 3)|perB
(el B+ pon (o)W - BE) + paal (o) R
+ pag[(p)*rbERE " - 0] + - - + pax[(p!)*BLY5 - - - B} |per B
= [z2+pai1z1 + -+ pagzi|perB.

By the proof of Lemma 5, we get

perd*(1]3) = [2z21 + (p — 1)a12? + 2pagz1 22 + - - - + 2payz 2 perB.

0]
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If A*{1,2|1,2] # O, then Lemma 1 show that perA*(1]1) = perA*(1]3) =
perA*. But then

0 = perA*(1|3) — perA*(1|1)

(9) :
= [2(221 — 1) + a1 ((p — 1)1 —p) + (221 — 1) Y _ paszilperB.
i=2
However, Lemma, 6 yield that the right hand side of (9) is negative, which
is a contradiction. Hence, we have A*[1,2|1,2] = O, that is Min(D*) =
Min(D). O
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