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ON MCSHANE-STIELTJES INTEGRALS OF
INTERVAL-VALUED FUNCTIONS AND
FUZZY-NUMBER-VALUED FUNCTIONS

CHUN-KEE PARK

ABSTRACT. In this paper we introduce the concept of the McShane-
Stieltjes integrals of interval-valued functions and fuzzy-number-
valued functions and investigate some of their properties.

1. Introduction

The Henstock integral of real-valued functions is the special case of
the McShane integral of real-valued functions [2]. Congxin Wu and
Zengtai Gong (8] introduced the concept of the Henstock integrals of
interval-valued functions and fuzzy-number-valued functions and ob-
tained some of their properties. J. H. Yoon [9] introduced the concept
of the McShane-Stieltjes integral of real-valued functions which is a gen-
eralization of the McShane integral and obtained its properties.

In this paper we introduce the concept of the McShane-Stieltjes in-
tegrals of interval-valued functions and fuzzy-number-valued functions
which are generalizations of the Henstock integrals of interval-valued
functions and fuzzy-number-valued functions [8] and investigate some of
their properties.

2. Preliminaries

DEFINITION 2.1 {3]. A McShane partition of {a, b] is a finite collection
P = {(les,di],t;) : 1 < @ < n} such that {[¢;,d;] : 1 < i < n}isa
non-overlapping family of subintervals of [a,b] covering [a,b] and t; €
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[a,b] for each ¢+ < n. A gauge on [a,b] is a function § : [a,b] — (0, 00).
A McShane partition P = {([c;,d;],t;) : 1 <3 < n} is subordinate to a
gauge 6 if [¢;,d;] C (t; — 6(t:),t: + 6(t;)) for every i < n. If f : [a,b] —
R and if P = {([¢;, di], ;) : 1 < i < n}is a McShane partition of [a, b],
we will denote f(P) for 3., f(t:)(d; —c;). A function f : [a,b] —» R is
McShane integrable on [a, b], with McShane integral L € R, if for each
e > 0 there exists a gauge 4 : [a,b] — (0,00) such that |f(P) — L| < ¢
whenever P = {([ci,d;],t;) : 1 < i < n} is a McShane partition of [a, b]
subordinate to . We write (M) f;f(x)dx =L and f € M]a,b].

Let a : [a,b] — R be an increasing function. If f : [a,b] — R and if P
= {([ei, di], t;) : 1 < i < n}is a McShane partition of [a, b], we will denote

fo(P) for Z Ft:) [eds) — ales)] -

DEFINITION 2.2 [9]. Let « : [a,b] — R be an increasing function. A
function f : [a,b] — R is McShane-Stieltjes integrable with respect to «
on (a,b], with McShane-Stieltjes integral L € R, if for each £ > 0 there
exists a gauge d : [a,b] — (0,00) such that |fo(P) — L| < £ whenever
P = {([cirdil, i) : 1 < i < n}is a McShane partition of {a, b] subordinate
to 6. We write (MS) f; fda =L and f € MS,|a,b]. The function f is
McShane-Stieltjes integrable with respect to a on a set E C {a,b] if fx
is McShane-Stieltjes integrable with respect to o on [a, b].

Let « : [a,b] — R be an increasing function. A function f : [a,b] - R
is McShane-Stieltjes integrable with respect to « on [a,b] if and only
if for each € > 0 there exists a gauge 6 : [a,b] — (0,00) such that
|[fa(P1) — fa(P2)| < € whenever P; and P, are McShane partitions of
[a, b] subordinate to ¢.

THEOREM 2.3 [7]. Let «: [a,b] — R be a strictly increasing function
such that a € C*([a,b]) and let f : [a,b] — R be a bounded function.
Then f is McShane-Stieltjes integrable with respect to « on [a,b] if and
only if & f is McShane integrable on [a, b].

3. McShane-Stieltjes integral of interval-valued functions

In this section, we introduce the concept of the McShane-Stieltjes
integral of interval-valued functions and investigate some of their prop-
erties.
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DEFINITION 3.1 [8]. Let Ig = {I = [I~,I"] : I is the closed bounded
interval on the real line R}. For 4, B,C € Ig, we define A < Bif A~ <
B~ and At < Bt A+B=CifC~ = A +B~ and C*t = AT+ B*, and
A-B={ab:a€ Abe B}, where (4-B)” =min{A~-B~,A”-BT, A*.
B~,At-B*}and (A-B)* =max{A~-B~,A~-BT At.B~ At.Bt}.
Define d(A, B) = max{|A~ — B~|,|AT — B*|} as the distance between
A and B.

DEFINITION 3.2. An interval-valued function F : [a,b] — Ir is Mc-
Shane integrable on [a, b], with McShane integral Iy € Ig, if for each € >
0 there exists a gauge 6 : [a,b] — (0, 00) such that d(3°7 | F(t:)(di — ),
Iy) < € whenever P = {([¢;,d;],t;) : 1 < i < n} is a McShane par-
tition of [a,b] subordinate to 6. We write (IM) f: F(z)dz = Iy and
F € IMla,b]. The interval-valued function F is McShane integrable on
a set E C [a,b] if Fx, is McShane integrable on {a, b].

DEFINITION 3.3. Let a : [¢,b] — R be an increasing function. An
interval-valued function F : [a,b] — Ir is McShane-Stieltjes integrable
with respect to a on [a,b], with McShane-Stieltjes integral Iy € IR,
if for each € > 0 there exists a gauge 6 : [a,b] — (0,00) such that
d (3, F(t)[a(d;) — ale;)), I) < e whenever P = {([c;,dy], t:) : 1 <
i < m} is a McShane partition of [a,b] subordinate to 4. We write
(IMS) | : Fda = Iy and F € IMS,la,b]. The interval-valued function
F is McShane-Stieltjes integrable with respect to a on a set E C [a, b
if F'x, is McShane-Stieltjes integrable with respect to « on [a, b].

THEOREM 3.4. Let « : [a,b] — R be an increasing function. Then
an interval-valued function F € IMS,[a,b] if and only if F~,Ft €
MS,[a,b] and

(IMS) / " Fdo = [(MS) / ’ P do, (MS) / bF+da].

Proof. Let F € IMS,[a,b]. Then there exists an interval Iy =
[I5,I§] with the property that for each € > 0 there exists a gauge
§ : la,b] — (0,00) such that d(} ;_; F(t:)[e(d;) — a(c)], fo) < € when-
ever P = {([c;,di],ti) : 1 < i < n} is a McShane partition of [a, b]
subordinate to 4. Since a(d;) — a(e;) > 0 for 1 < ¢ < n, we have

d (Z F(ti)]a(ds) — a(Ci)]aIO>
i=1
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= max{ (Z F(t)|a(d;) ~ a(ci)]) -1y
n +
(z F(t:)[o(ds) ~ a(Ci)]) -1 }

= max { ZF_ (t)lald) — ale)) — I |,

=1
Hence |Y°7 , F~(t:)]e(d;) — e(e;)] — Ig| <eand |37 FF(t)[a(ds) —
a(c;)] — If| < € whenever P = {([c;,di],t:) : 1 < i < n} is a Mc-
Shane partition of [a,b] subordinate to 6. Thus F~,F* € MS,[a,?b]
and (IMS) [? Fdo = Iy = [Iy, If] = [(MS) J° F~da,(MS) [° F+da].
Conversely, let F~,Ft € MS,[a,b]. Then there exists M; € R
with the property that given € > 0 there exists a gauge 6, : [a,b] —
(0,00) such that |37 | F~(¢;)[a(d;) — ac;)] — My| < € whenever P =
{([ei, di, t:) : 1 <4 < n} is a McShane partition of [a, b] subordinate to
01. Similarly, there exists My € R with the property that given ¢ > 0
there exists a gauge 63 : [a,b] — (0,00) such that | >, F*(t;)[a(d;) —
a(c;)] — Ma| < € whenever P = {([c;,d;],t;) : 1 < i < n}is a McShane
partition of [a,b] subordinate to d;. Since F~(z) < F*(z) for all z €
[a,b], My < M. Let 6(z) = min{d1(z),d2(z)} for = € [a,b] and Iy =

[M;, M]. Then we have

bl

3 Ft)lalds) - afed] - I

d (Z F(t)a(d) - a(Ci)JJO)
=1

= max{

n +
(Z F(t:)[a(d:) — a(cz')]) - M

= max{

(Z F(t:)[a(d;) - a(c,-)]) — M,

) )

D F(t)]e(ds) — afc)] — My

=1

?

H
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}

n

D Fr(t)[ald:) — ale)] - My

i=1

<e
whenever P = {([c;,d;],¢;) : 1 <14 < n} is a McShane partition of [a, b]
subordinate to 8. Hence F € IMS,[a, b]. O

THEOREM 3.5. Let o : [a,b] — R be an increasing function. If F,G €
IMS,[a,b] andp, g € R, then pF+qG € IMS,[a,b] and (IMS) [ (pF+
¢G)da = p(IMS) [* Fda + g(IMS) [ Gda.

Proof. If F,G € IMS,a,b], then F~,F* G~,G* € MS,[a,b] by
Theorem 3.4. Hence pF~ 4+qG~,pF~ +qG*t,pFt +qG~,pF* +q¢G* €
MS,[a,b].

(i) If p > 0 and g > 0, then

b
(MS)/ (pF + qG) " da
* b
_ (MS) / (0F~ + G )da

= p(MS) /b F~do+ q(MS) /b G do

=p<(IMS)/deO£> +q((IMS)/bGda)

= (p(IMS’)/dea-f—q(IMS)/bGda)

(ii)) If p < 0 and ¢ < 0, then
b
(MS)/ (pF + qG)™ do
b
= (MS)/ (pFt +qG*)da

b b
=p(MS)/ F+da+q(MS)/ Gtda

a

b + b +
:p<(IMS)/ Fda> +q((IMS)/ Gda)
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= (p(IMS)/dea+q(IMS)/bGda>

(iii) If p> 0 and ¢ < 0 (or p < 0 and ¢ > 0), then

b
(MS)/ (pF + qG) " da
"
= (MS)/ (pF~ + ¢GT)do

b b
=p(MS)/ F‘da—i—q(MS)/ Gtda

+
=p<(IMS)/dea> +q<(IMS)/bGda)
= (p(IMS)/dea+q(IMS)/bGda>

Similarly, for four cases above we have

"
(MS) /b(pF+qG)+da= (p(IMS) /dea—i—q(IMS) /bGda) .

Hence by Theorem 3.4, pF + ¢G € IMS,[a,b] and (IMS) fab(pF +
¢G)da = p(IMS) [° Fda + ¢(IMS) [ Gda. 0

THEOREM 3.6. Let o : [a,b] — R be an increasing function and let
c€ (a,b). If F € IMS,la,c| and F € IMS,[c,b] , then F € IMS,[a,b]
and (IMS) [° Fda + (IMS) [’ Fda = (IMS) [} Fda.

Proof. If F € IMS,[a,c] and F € IMS,[ec,b] , then by Theorem
34 F~,F* € MS,la,c] and F~,F* € MS,[c,b]. Hence F~,F* ¢
MS,[a,b] and

(MS) /abF—daz (MS) /:F‘da+(MS) /ch“da

= <(IMS) / " Fda + (IMS) / b Fda>_
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Similarly, (M) [ Ftda = ((IMS) 2 Fdo+(IMS) [? Fde)". Hence by
Theorem 3.4 F € IMS,[a,b] and

(IMS) / " Fdo+ (IMS) / ' Fdo
— (IMS) / ' Fda.

O

THEOREM 3.7. Let a : [a,b] — R be an increasing function such
that a € C*([a,b]). If F = G nearly everywhere on [a,b] and F,G €

IMS,[a,b), then (IMS) [ Fda = (IMS) [ Gdo.

Proof. Let F = G nearly everywhere on [a,b] and F,G € IMS,[a, b].
Then F~,F+,G~,G*" € MS,[a,b] and F~ = G~,F* = G* nearly ev-
erywhere on [a, b]. By Theorem 2.2 [9], (M S) fab F~da = (MS) f: G da
and (MS) [* F¥da = (MS) [ G*+da. Hence

(IMS) / ' Fda = (IMS) / ' Gda

by Theorem 3.4. 0

THEOREM 3.8. Let a : [a,b] — R be an increasing function such
that a € C*([a,b]). If F < G nearly everywhere on [a,b] and F,G €

IMS,a,b), then (IMS) [* Fda < (IMS) [} Gda.

Proof. Let F < G nearly everywhere on [a,b] and F,G € IM S,a,b).
Then F~,Ft,G~,Gt € MS,[a,b] and F~ < G~,F* < G™ nearly ev-
erywhere on [a, b]. By Theorem 2.7 [9], (M S) fab F~da < (MS) f: G da
and (MS) f: Ftda < (MS) f: Gtda. Hence

(IMS) /

by Theorem 3.4. O

b b
Fda < (IMS) / Gdo
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DEFINITION 3.9. An interval-valued function F : [a,b] — Igr is
bounded if there exist Iy,I; € Ir such that Iy < F(z) < I for all
z € [a,b].

Note that an interval-valued function F : [a,b] — Ig is bounded if
and only if F~, F* :[a,b] — R are bounded.

THEOREM 3.10. Let a : [a,b] — R be a strictly increasing function
such that o € C([a,b]) and let F : [a,b] — Ir be a bounded interval-
valued function. Then F € IMS,[a,b] if and only if o/ F € IM|a,b).

Proof. From Theorem 3.4 we have F' € IMS,[a,b] if and only
if F~,F* € MS,[a,b]. Since F : [a,b] — I is bounded if and
only if F~, F* : [a,b] — R are bounded, from Theorem 2.3 we have
F~,Ft € MS,[a,b] if and only if o/ F~,&’F+* € M|a,b]. Since a is
strictly increasing on [a,b], @’ > 0 on [a,b]. Hence o/ F~ = (&'F)~ and
o' Ft = (&’F)* on [a,b]. From Theorem 2.1 [8] we have o' F € IM|a, b]
if and only if (¢/F)~,(¢/F)* € M][a,b]. Thus F € IMS,[a,b] if and
only if o' F € IM]a, b]. O

4. McShane-Sticltjes integral of fuzzy-number-valued func-
tions

In this section, we introduce the concept of the McShane-Stieltjes
integral of fuzzy-number-valued functions and investigate some of their
properties.

DEFINITION 4.1 [6]. Let A € F(R) be a fuzzy subset on R. If
Ay = [AS, AY] for any X € [0,1] and A; # ¢, where Ay = {z € R :
A(:r;) > A}, then A is called a fuzzy number. If A is convex, normal,
upper semicontinuous and has the compact support, then A is called a
compact fuzzy number. R denotes the set of all fuzzy numbers and RC
denotes the set of all compact fuzzy numbers.

DEFINITION 4.2 [6]. For A,B,C € R, we define A < B if Ay < B,
forany)\E(Ol]A+B leAA+B>‘—-C)\forany)\E(01]
A-B=Cif Ay-By = Cy for any X € (0,1]. For A,B € R®, D(A, B) =
Supc(o,1] 4(Ax, Ba) is called the distance of A and B.

LEMMA 4.3 [5]. If a function H : [0,1] — Ig, A — H(A\) = [my,n,],
satisfies [my,,na,] D [ma,, nx,] when Ay < A2, then A = Uygo,1)AH(N)
€ R and Ay =N, H(\,), where A, = [1 —1/(n+1)]A.
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DEFINITION 4.4 [8]. Let F : [a,b] — R. If the interval-valued func-
tion Fy(z) = [Fy (z), Fy ()] is McShane integrable on [a,b] for any
A € (0,1}, then F is called McShane integrable on [a, b] and the integral
value is defined by

b _ b
(FM)/ F(z)dz = Uxe(o,1] )\(IM)/ Fy(z)dx
b b
~ Ure(o] A [(M) / Fy (2)dz, (M) / F;(x)dx]

We write F € FM]a,b).

DEFINITION 4.5. Let o : [a,b] — R be an increasing function and let
F : [a,b] — R. If the interval-valued function Fi(z) = [F} (z), Fy ()] is
McShane-Stieltjes integrable with respect to « on [a, b] for any X € (0,1},

then F is called McShane-Stieltjes integrable with respect to « on [a, b]
and the integral value is defined by

b b
(FMS) / Fda = Une oy MIMS) / Fyda
b b
= U)\E(O,l] A |:(MS)/ F;da, (MS)/ F)'fda] .

We write F € FMS,]a, b).

THEOREM 4.6. Let a : [a,b] — R be an increasing function such
that « € C'([a,b]) and let F : [a,b] —» R. If F € FMS,[a,b], then
(FMS) [’ Fda € R and (FMS) [} Fda]y = N%,(IMS) [} Fy,do,
where A\, = [1 —1/(n + 1)]\.

Proof. Let H : (0,1] — In, H(\) = (MS) [’ Fy da, (MS) J. F}f da).
Since Fy (z) and Fy (z) are increasing and decreasing on \ respectively,
F; (z) < Fy,(z) and F)'\"l(:z:) > F/{';(:c) on {a,b] when 0 < A; < A2 < 1.
From Theorem 3.8 we have

{(MS) /a ’ F5. da, (MS) /a ijlda

5 [(MS) / bF;z dav, (M) / ’ F da].
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From Theorem 3.4 and Lemma 4.3 we have

b b b
(FMS)/ Fda = Uygo,1) A [(MS)/ F;da,(MS)/ Flda| €R
a a

a

and for any A € (0, 1], [(FMS) fab Fda]y = N, (IMS) f: F), do, where
A = [1 = 1/(n+ D]\ O

THEOREM 4.7. Let a : [a,b] — R be an increasing function. If
F,G € FMS,la,b] and p,q € R, then pF +qG € FMS,[a,b] and
(FMS) [*(pF + ¢G)da = p(FMS) [} Fda + g(FMS) [° Gda.

Proof. If F , G e FMS, [a, b], then the interval-valued functions F(z)
= [Fy (z), FY (z)] and Gi(z) = [G5 (), G{ (z)] are McShane-Stieltjes
integrable with respect to o on [a, b] for any A € (0,1] and (FMS) [} Fda =
Ure(0,1] \IMS) [ Frde and (FMS) [? Gda = Uy (0,1 MIMS) [P Grda. From
Theorem 3.5 we have pFx + ¢G» € IMS,[a,b] and (IMS) f:(pFA +
qG,)da = p(IMS) f: Frdo+q(IMS) f: Gyda for any X € (0,1]. Hence
pF +qG € FMS,[a,b] and

b
(FMS)/ (pF + ¢qG)da
b
= Uxg(o,1] /\(IMS)/ (PFx + Gy )do

b b
= Uxe(o,1] )\(p(IMS)/ F,\da+q(IMS)/ G/\da>

b

b
ZPUAE(OJ] )\(IMS)/ F)\dOé—FqU)\E(O’l] )\(IMS)/ Gxda
a

a

b b
= p(FMS) / Fdo + g(FMS) / G
0

THEOREM 4.8. Let o : [a, b] — R be an increasing function and let
c€ (a,b). IfF € FMSyla,c]l and F € FMS,[c,b], then F € FMS,a, b
and (FMS) [* Fda + (FMS) [* Fda = (FMS) [’ Fda.
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Proof. X F € F M Sala, c] and F € FMS,]c,b], then the interval-
valued function F)(z) = [F} (z), Fyf (z)] is McShane-Stieltjes integrable

with respect to o on [a, c| and [c, b) for any A € (0,1] and (FMS) [* Fdo
= Une(o,1] NIMS) [ Fada and (FMS) [? Fda = Usg(o,1) XIMS) [ Fxdo.
From Theorem 3.6 we have F) € IMS,[a,b] and (IMS) f: Frdo =
(IMS) [ Fxda + (IMS) f° Fyda for any A € (0, 1].

Hence F € FMS,la,b] and

(FMS) / ’ Fdo

a

b
= Uxe(0,1] )\(IMS)/ Fyda
c b
= Uxe(o,1] )\((IMS)/ F)\da+(IMS)/ FAda>
c b
= Unxe(o,1] /\(IMS)/ Fxda + Une(o,1] /\(IMS)/ Frda

_ (FMS) / " Fda + (FMS) / ' Fda.

a [

O

THEOREM 4.9. Let @ : [a,b] — R be an increasing function such
that o € C'([a,b]). If F = G nearly everywhere on [a,b] and F,G €
FMS,[a,b], then (FMS) [ Fdo = (FMS) [, Gda.

Proof. If F=G nearly everywhere on [a,b] and f, G € FMS, [a, b], -

then F) = G, nearly everywhere on [a,b] for any A € (0,1] and F)
and G are McShane-Stieltjes integrable with respect to « on [a, ] for

any A € (0,1] and (FMS) f:ﬁda = Uxe0,1] MIMS) f:FAda and
(FMS) [2Gda = Useo1] AIMS) [° Grda. From Theorem 3.7 we
have (IMS) f: Fyda = (IMS) f: Grda for any A € (0,1]. Hence
(FMS) [P Fda = Uyeo) \IMS) [ Fada = Use(o1) \IMS) [P Grda
= (FMS) [ Gda. O

THEOREM 4.10. Let o : [a,b] — R be an increasing function such

that o € C([a,b]). If F < G nearly everywhere on [a,b] and F,G €
FMS,[a,b], then (FMS) fa Fda < (FMS) fa Gdo.
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Proof. If F < G nearly everywhere on [a,b] and F,G e FMS, [a, b],
then F)\ < Gj nearly everywhere on [a,b] for any A € (0,1] and F)
and G, are McShane-Stieltjes integrable with respect to « on [a,b]

for any A € (0,1] and (FMS) [} Fda = Uye(o) N\IMS) [> Frda and
(FMS) [* Gda = Uxeo1) \UMS) [ Grda. From Theorem 3.8 we have
(IMS) ffF,\da < (IMS) f: Gida for any X € (0,1]. Hence

(FMS) /a b Fda

b
= Uxe(o,1 )\(IMS)/ Bhda

< Ureto] MIMS) / ' Grda
- a
= (FMS) / Gda.
' a
DEFINITION 4.11. A fuzzy-number-valued function F :la,b] - R

is bounded if there exist A, B € R such that A < F(z) < B for all
z € [a,b].

Note that a fuzzy-number-valued function F : [a,b] — R is bounded
if and only if the interval-valued function F) : [a,b] — Ir is bounded
for any A € (0,1].

THEOREM 4.12. Let a : [a,b] — R be a strictly increasing function
such that a € C*([a,b]) and let F : [a,b] — R be a bounded fuzzy-
number-valued function. Then F € FMS,[a,b] if and only if o F €
FMia,b].

Proof. From Definition 4.5 we have F € FMS, [a,b] if and only if
F) € IMS,[a,b] for any A € (0,1]. Since F : [a,b] — R is bounded
if and only if F) : [a,b] — Igr is bounded for any A € (0,1], from
Theorem 3.10 we have F)\ € IMS,[a,b] for any X € (0,1} if and only if
o' F\ € IM|a,b] for any X € (0, 1]. Since « is strictly increasing on [a, b,
o' > 0 on [a,b]. Hence o/ Fy = (&/Fy)~ and o'Fy = (¢/F)\)" on [a, b]
for any A € (0,1]. Hence o/ F) = (¢’ F)j on [a, b] for any A € (0,1]. From
Definition 4.4 we have o/ F € FM]a, b] if and only if o/ F\ € IM|a, b] for
any A € (0,1]. Hence F € FMS,a,b] if and only if ' F € FM[a,b]. O
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