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A UNIFORM CONVERGENCE THEOREM FOR
APPROXIMATE HENSTOCK-STIELTJES INTEGRAL

SUNGMoO IM, YUNG-JINN KIM AND DONG-IL Rim

ABSTRACT. In this paper, we introduce, for each approximate dis-
tribution T of [a,b], the approximate Henstock-Stieltjes integral
with value in Banach spaces. The Henstock integral is a special case
of this where T = {(7,[a,b]) : T € [a,b]}. This new concept gener-
alizes Henstock integral and abstract Perron-Stieltjes integral. We
establish a uniform convergence theorem for approximate Henstock-
Stieltjes integral, which is an improvement of the uniform conver-
gence theorem for Perron-Stieltjes integral by Schwabik [3].

1. Approximate Henstock-Stieltjes integral

Assume that X, Y and Z are Banach spaces and that there is a bilin-
ear mapping B : X x Y — Z. We use the short notation zy = B(x,y)
for the values of the bilinear form B for z € X,y € Y and assume that

lzyllz < lzllxllylly-

Triples of Banach spaces X, Y, Z with these properties are called bilinear
triples and they are denoted by B = (X,Y, Z)(see [3]). For the case
B = (R,R,R), we always assume B(z,y) = zy (product).

Let z : [a,b] X [a,b] — X. A tagged interval (7, [c,d]) consists of an
interval [¢,d] C [a,b] and a point 7 € [¢, d], and we write z(7,d) — z(T, ¢)
simply by z(7,[c,d]). The tagged interval (7, [c, d]) is d-fine for a gauge
0 (a positive function on [a,b]) if

le,d) C (7= 8(7), 7+ (7).

Let P = {(75,[c;,d5]) : 1 < j < m} be a finite collection of non-
overlapping tagged intervals in [a,b]. If (74,[cj,d;]) is d-fine for each
i and UL, [c;,d;] = [a, b], then P is called a ¢-fine partition of [a, b].
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Assume that B = (X,Y,Z) is a bilinear triple and that functions
z: [a,b] x [a,b] — X and y : [a,b] — Y are given. We say that the
Henstock-Stieltjes (shortly, H-) integral exists if there exists an element
I € Z such that for every £ > 0, there is a gauge é on [a, b] such that for

Riemann sums
m

S(dz,y, P EZ z(7, J5)y(15),

we have
||S(dl‘,y,P) - I”Z <eg

provided P = {(75,J; = [¢;,d;]) : j = 1,...,m} is a d-fine partition of
[a,b]. We denote I = (H) f;’ d[z(r,t)]y(7).

Note that for a Henstock integrable function y : [a,b] — R the
Hensock integral f by(T)dT is equal to the Henstock-Stieltjes integral

f d[z(T,t)]y(r) if we take z(7,t) =t (see [1]).

Let T C [a,b] be a measurable set with 7 € T, and d, T, = 1 (the

density of T; at 7 is 1), i.e. for the Lebesgue measure u

w(Tr O (1 — h, T + h))

o1y = EEE R
if 7 is not an end point of T}, or
d;T; = lim wI0(mr+h)
h—0t h
= T n(r—hT)
(d.Tr = hll,%l+ . =1)

if 7 is an end point of T,. Such a collection T = {T, : d,T, =1, 7 €
[a,b]} is called an approzimate distribution on [a,b]. If a tagged interval
(7,]c, d]) is o-fine for a gauge é and {c, 7,d} C T, then we call (, [c, d]) is
8(T,)-fine. A tagged partition P = {(7},[c;,d;]) : 1 <j < m} of [a b] is
said to be §(T)-fine if (1, [c;, d;]) is 6(T )-fine for every j = 1,2,.

Now we define an approximate Henstock Stieltjes integral.

DEFINITION 1.1. Assume that B = (X,Y, Z) is a bilinear triple and
that functions z : [a,b] X [a,b] — X and y : [a,b] — Y are given. Let
T be an approximate distribution on the interval [a,b]. We say that the
approximate Henstock-Stieltjes (shortly, AH-) integral I with respect to
T exists if there is an element I € Z such that for every & > 0 there is
a gauge 0 on [a, b] such that

“S(dma:%P) _IHZ <eg
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provided P is a §(T)-fine partition of [a,b]. We denote I = (T —
b
AH) [, dlz(r,t)]y(T).

Let T° = {T, = [a,b] for all 7 € [a,b]}. Then T is an approximate
distribution on [a, b]. Clearly, the AH—integral (TO—AH ) fab d[z (T, t)]y(T)
is the same as the H-integral ( f dlz(7,t)]y(r). In this note, we
study some properties of AH-integrals, and establish a uniform con-
vergence theorem for approximate Henstock-Stieltjes integral, which is
an improvement of the uniform convergence theorem for Perron-Stieltjes
integral by Schwabik [3].

There is a function which is not H-integrable (i.e., not AH- lntegrable
with respect to TO) but AH-integrable with respect to some other T.

EXAMPLE 1.2. Let us define a function g : [0, 1] — R as follow:
1
_ 1—s? 8§ = ap
9(s) {s, se€0,1] — {an: n € N}

where a, = ;1. Let us consider the bilinear triple B = (R,R,R). We
define functions z : [0,1] x [0,1] — R and y : [0,1] — R as z(7,t) =

g(t) and
) = 0, T=a,
y(r) = 1, 7€[0,1] —{an:ne N}’

For any gauge é on [0, 1] we can choose a —fine partition
P = {(Tj, [Cj,dj]) ] = 1,...,p}
of [0,1] such that
(7ps [epy dp]) = (1, [am, 1)), (Tp—1, [ep—1, dp-1]) = (am, [cp—1, am]),
cp—1=dp2F#a, foranyn=1,2,...m—1, and
{(a1, [Cjudjl])v coor (@m—1, [ij—udjm_l])} C P,
ap € (cjk’djk) k=1.,m—1

Then
1

1—ap,

hm [1—1 1 ]z—oo.

m—0o0

S(dz,y,P) <1+ (1— ).

But
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This shows that the Henstock-Stieltjes integral (H) fol d[z (T, t)]y(T) does
not exist. However we can show that the approximate Henstock-Stieltjes
integral (T — AH) fol d[z(T,t)]y(r) exists with the following T

Let T = {{r} U ([0,1] — {an}22,) : 7 € [0,1]}. Then T is an ap-
proximate distribution on [0, 1]. Let € > 0 and define a gauge 6 on [a, b]
by

5(T):{1, TE[O,I]—{an:nEN}.

= —
2n+1 H T = an

Let P = {(15,J; = [¢j,d;]) : § = 1,...p} be an §(T)—fine partition of
[0,1]. And let

Py = {(7j,J; = [¢j,d;]) € P:Tj = an; for some n;}.

Then 3 (- jyep, (75, J5)y(7;) = 0. If 7; # apn, then T, (€ T) contains
no elements a,,n =1,2,.... Hence

o0

5
1-) s oo a(r, () < 1.
n=1 (Tj,Jj)GP—P1
Hence |S(dz,y, P)—1| < ¢, and this shows (T — AH) f: d[z (7, t)]y(T)
= 1.

THEOREM 1.3. The approximate Henstock-Stieltjes integral is unique
if it exits.
Proof. Suppose (T — AH) fab dlz(r,t)]y(r) = I and

b
(T — AH) / d[z(r,t)]y(T) = L.

a

Let € > 0 be given. Then there is a gauge d; on [a, b] such that
€

2
provided Py is a 8(T)-fine partition of [a,b], k = 1,2. Put é(t) =
min{d1(t), 52(t)}, ¢t € [a,b]. Then any 6(T)-fine partition P of [a,b] is a
8x(T)-fine partition of [a,b], k = 1,2. Hence

|1y = Lllz < [|S(dz,y, P) — Lz + |S(dz,y, P) — 2|z <e.

This shows that the approximate Hensock-Stieltjes integral is unique if
it exists. O

|S(dz,y, Pr) — It||z <

REMARK. Let 7, T2 be approximate distributions on [a, b]. Suppose
T is a refinement of T2. If (T? — AH) f; d[z(7,t)]y(r) = I exists, then
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(T — AH) f: dlz(7,t)]y(T) also exists and is equal to I. This can be
seen easily because, if P is a ¢ (T1)-fine partition of [a,b] then it is also
a 6(T?)-fine partition of [a, b].

From now on, all the integrals will be with respect to a fixed approx-
imate distribution 7" and we write

b
() / dlz(r,)ly(7)

for (T — AH) [° dla(r, t)]y(7).
Since
S(dz, 1y + cayz, P) = c15(dw, y1, P) + c25(d, y2, P)
and
S(d{c1zy + e222),y, P) = c1S(dx1,y, P) + c2S(dxe, y, P)
for any 8(T)-fine partition P, we have the following theorem.

THEOREM 1.4. Assume that B = (X,Y,Z) is a bilinear triple and
that the functions x : [a,b] X [a,b] — X and y; : [a,b] — Y are such

that the AH-integrals (T)) fab d[z(r,t)]yi(7), i = 1,2 exist. Then for every
c1,¢2 € R the integral (T) f: d[z(T,t)][(c1y1(7) + c2y2(7)) exists and

- b
UU/dW@ﬂWwﬂﬂ+@mﬁn
b b
=qa7/dMnmmwwwwm/dwmmWw)
If functions z; : [a,b] X [a,b] — X and y : [a,b] — Y are such

that the AH- integrals (T) f: dlz;(1,t)]y(7),i = 1,2 exist, then for every
c1,¢o € R the AH-integral (T) f: dlc1z1(7,t) + coxa(T, t)]y(7) exists and

b
(ﬂ/dhmhﬁ+@m@mﬂﬂ

- b N b
=Mﬂ/dm&ﬁMﬂ+Mﬂ/dMMmMﬂ
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2. Uniform convergence theorem

Let z : [a,b] x [a,b] — X and E C [a,b]. Given an approximate
distribution T on [a, b] and a gauge ¢ on [a, b], let

apv;zb(vaa 4, F) = sup Z ||1:(7'j, JJ’)“X
TjEE

for the supremum over all §(T)-fine partition P = {(t;,.J;) : j = 1, ..., k}
of the interval [a,b]. The approzimate variation of x with respect to T
in F is
wVe(@, T, B) = infss0 {opV2 (2, 7,6, B) }
If ,pV2(z, T,E) < oo, we say that z is of approzimately bounded varia-
tion on E. In Example 1.2, we can show that apVol(:v,T,E ={a, :n€
N}) = 0. However, it is easy to see that 4, Vg (z,T°, E = {a, : n € N}) =
00.
We write

V2@, T,0), opV2(z,T) foro,V2o(2,T,6,a,b)), opVi(x, T, a,b))
respectively. (cf. [2], [3])

LEMMA 2.1. Assume that B = (X,Y, Z) is a bilinear triple and that
the functions z : [a,b] X [a,b] — X and y : [a,b] — Y are given.
And let T be an approximate distribution on [a,b] and E C [a,b]. If

apV2(x, T, E) = 0 then for any € > 0 there exists a §(T)-fine partition
P ={(rj,J;) : j =1,...,k} such that

Z m('fj,Jj)y(Tj) <E.

TjEE A

Proof. Let Ej ={r € E:j—1<|y(r)lly <Jj},j=1,2,---. Then
apV2(x, T,E;) =0 for any j = 1,2,--- since ,V2(z, T, E) = 0. For any
given € > 0, there exists a gauge J; on [a, b| such that

~ £ .
aPVab(x7T7 6],EJ) < ﬁ, (j = 1,2, )
Define a gauge 6 on [a, b] by

(5(T)— 5j(7'), TEEj,j=1,2,...
| arbitrary, elsewhere '
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For a §(T)-fine partition P = {(t;,J;) : j = 1,...,k}, we have

Yo ety Iy < Y llylm)lly ety I)lx

TjEE A TjEE

< Z][ap (z,T,5;, E; ]<Z]

O

LEMMA 2. 2 Assume that B = (X,Y, Z) is a bilinear triple and that
AH-integral (T f dlz(7,t)|y(T) exists. Ifz is of approximately bounded
variation on [a,b] and 4, V2(z, T, E) = 0 for some E C [a,b], then there
exists a gauge § such that a,,Vab(m, T, d) < 0o and

@ [ st )

Proof. Let € > 0 be given. Since f; d[z(r,t)|y(r) exists and z is of
approximate bounded variation on [a, b], there are gauges 41, d2 on [a, b]
such that

< sup ”y(T)”Y ‘ap Vab(xaT75)
TE[a,b]-E

k b
> alm () ~ (F) [ dis(roly(r)| <e
j=1 e VA
for a &;(T)-fine partition P of [a,b] and
apV2(z, T, 82) < co.
And since ,,V(z, T, E) = 0, by Lemma 2.1, there is a gauge 63 on [a, }]
such that

<e€

> x(ry, I3)y(r)

TJ'GE

z

for a 83(T)-fine partition P of [a,b]. Put § = min{é1,d2,d3}. Then any
6(T) fine partition is a 0 (T ['-fine partition of [a,b] (k = 1,2,3). Hence
wpV2(x, T,8) <ap V2(2,T,62) < o0 and

> (7, Ji)y(ry)

T €EE

<e€

Z
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for a §(T')-fine partition P of [a,b]. For this partition P, we have

IN

IA

b
@ [ datrome)|
~ b k
@) [ diatr, Ols(r) = Y a3, ()
a j=1 7
k
+ ZCE(Tj,Jj)y(Tj)
i=1 2
€+ Z .'I?(Tj,Jj)y(Tj) + Z J)(Tj,Jj)y(Tj)
T;€EE 7 T;¢E 7
2e+ Y lu(m)lly llz(r, Il
Ti¢FE
2% + Te[sat}bﬁ)_E ly(T)lly T%;J (75, Tl x

26+ sup |ly(Plly,, Ve (x, T,06).
T€[ab]—-F

The statement is proved because € > 0 can be arbitrarily small.

THEOREM 2.3 (Uniform Convergence Theorem). Assume that B =
(X,Y, Z) is a bilinear triple and that functions z : [a,b] X [a,b] — X
and y,yn : [a,b] — Y,n = 1,2, ...are given. If x is of approximately
bounded variation on [a,b], AH-integrals (T f: d[z(7,t)|yn(T) exist for
n = 1,2, ..., and the sequence {y,} converges uniformly toy on [a,b|—E,
where 4, V2(z, T, E) = 0, then the AH-integral (T) f: d[z(7,t)]y(r) exists

and

b b
(@) [ diatr,0ls(r) = tim (£) [ dis(r, )on(r).

Proof. Let £ > 0 be given. Since the sequence ¥, converges y uni-
formly on [a,b] — E there is a positive integer N7 such that for any

n > Np and 7 € [a,b] — E we have

lyn(s) —y(s)lly <e.
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By Lemma 2.2, there exists a gauge 4, such that apV (, T, 1) < oo and

| / dlz(r, )lyn(r) — (T) / da(r, )lum(7)

Z

IN

H(T) / (1, 01n) - )|

< [SubI]) . lyn(T) — ym('r)”Y : apVZ(.T,T, 1) < ZEGPVZ(w7T7 61)
TE|aQ,0|—

for m,n > Njy. Since Z is a Banach space this inequality implies that
the limit

b
lim (7 / dl(r, Dyn(s) = [ € Z

n—oe

exists. Let No € N be such that

@ el )ym(r) — 1 ]

for m > Nj. Let now m > N = max(N1, N2) be fixed. Since the integral
(T) fab d[(7,t)]ym(7) exists , there is a gauge d2(< 81) on [a, b] such that

<€

<eg

a

k b
S a5, J5)m(73) — (T) / dlz(r, )y (7)
j=1

Z

provided P = {(r5,J;) : j = 1,..., k} is a 65(T)- fine partition P of [a, b].
For such a §2(7T')- fine partition P, we have

IIS(dx,y,P) - I“Z

k
= D a(r, () — 1
=1

Z
k
< Z[x(Tja J])y(T]) - x(Tj, J])ym(TJ)]
j=1 z
k _ b
IS a5 () = (F) [ dfatr, ()
Jj=1 @ zZ
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4Wa3L2phﬁwMﬂ—f

k
2¢+ || Y (15, Iy (1) — ym(75)]

Jj=1 z

4

IA

IA

2e (Y @ Jly(m) — ym(7)]

TjE[a,b]—E z

+ Z w('rj, Jj)[y('rj) - ym(Tj)]

) z

+ sup  ly(m) = ym(Dlly apV 5 (2, T, 62)
T€[a,b)—E

AN

2

m

1D 2, I () — ym())]

TjEE 7z

< 2+ epVP(z, T, 6) + Z & (75, J3)[y(15) — ym(75)]

TjGE

z
By Lemma 2.1 there is a gauge d3 such that whenever P = {(7;, J;) :
j=1,...,k} is a §3(T)-fine partition of [a,b] we have

S a(r, )y — vm(|| <e.

TjGE z

Let § = min[dy, 83]. Then, if we consider §(T)-fine partitions P of [a, b],
we get
I1S(dz,y, P) — I|| ; < 26 + e4pV2 (2, T, 8) + €.

This means that the integral (T) f dlz(T,t)]y(T) exists and

@) [ diatr,0lu(r) = Jim (T [ et Danco).
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