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WEIGHTED BLOCH SPACES AND SOME
OPERATORS INDUCED BY RADIAL DERIVATIVES

St Ho KANG

ABSTRACT. In the setting of the half-plane of the complex plane,
we show that for r > 0, the dual space of the weighted bergman
spaces B!'" is the Bloch space of the half-plane and we study some
bounded linear operators induced by radial derivatives.

1. Introduction

Let H ={z+iy : y > 0} be the half-plane and let D={z € C: |z| < 1}
be the unit disk in the complex plane . For 1<p < oo and r>0, the
(weighted) Bergman space BP'"(AP", resp.) of the half plane (disk,resp.)
is the space of analytic functions in LP(H, dA,)(LP(D, dA;), resp.), where
dA denotes the usual two dimensional area measure and dA,(z) =
(2r + 1)K (2,2)""dA(2)((2r + 1)Kp(z,2)""dA(z),resp.). In this case,
K(-,w)(Kp(-,w),resp.) is the reproducing kernel for B%"(A2%0, resp.).

1
In fact, K(Z,w)z—;(z_—w)z‘ and K]D)(Z,'U)) = m (see [3], [5])
Moreover, for r > 0, K (-, w)!*" (Kp(-,w)'*", resp.) is the reproducing
kernel for B27(A%" resp.) (see [5]).

An analytic function f on H(D,resp.) is said to be in the (weighted)

Bloch space B” (i) (B(D), resp.) if [ fllg= sup #'7%"|f(2)] < oo and
z=z+iy€H

@ =0(lflp = Slelg(l = [2I)1f'(2)] < 00, resp.).
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Then || - ||z and || - ||p are seminorms. But B"(i)(B(D),resp.) can be
made into a Banach space by introducing the norm ||f|lgr = |f(#)] +
Il (lf ls@) = 17 O) + | fllp, resp.)

Let 0°H = 0H [J{oo} and let

By)) ={f €B'()): lm y'*¥|f'()| =0},

where z — 0°H means |z| — oo or y — 0 where z = z+dy. Then Bj(:)
is also a Banach space. Moreover, B%(i) and B(i) are known to be the
dual and predual, repecetively, of B0,

Section 2 is devoted to the relationship between A" and BY7, in
fact, there is an isometry isomorphism from B onto A'". Moreover,
we introduce weighted Bloch spaces which are Banach spaces. We note
that the reproducing kernel for B%? does not belong to BY and hence
the projection P dose not map L*C into B'*. We are going to define
a projection from L* into B"(#). To do so, we need a modified repro-
ducing kernel which is in L. In Section3, we let R denote the radial
differentiation of f € C'(H) defined by Rf(2) = xD1f(z) + yDaf(2),
where z = x+iy € H and D;(D2,resp.) denotes the differentiation with
respect to z(y,resp.). For t > 0 and f(2) = u(z,y) + iv(z,y), %f(tz) =
xD; f(tz) + yDaf(tz) = Rf(tz) and hence Rf = 0 if and only if f is
radially constant, that is, f(z) = f(tz) for all £ > 0 and all z € H. We
show that for any f € BP" and any ¢ € Aut(H), f o can be considered
as the radial derivative of some element of BP". We note that some
Bloch functions do not have the vanishing property. In fact, we show
that for any f € B"(i) and any ¢ € Aut(H), f o ¢ can be considered as
a radial derivative of some element of B"(7) if and only if f has the van-
ishing property along the ray. Moreover, we get some operators induced
by radial derivatives which are bounded. Throughout this paper, we use
the symbol A < B for nonnegative constants A, B to indicate that A is
dominated by B times some positive constant.

2. Weighted Bloch spaces

In this section, we construct several function spaces and we find the
relationship between B(D) and B°(i) and between A" and B! and
hence we get the fact that for » > 0, the dual space of BY" is B%(3). To
do so, we will show that B" (i) is a Banach space. Take any z = z + iy
in H and any f in B"(3). Suppose f(z) = u(z,y) + iv(z,y). The mean
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value theorem for several variables implies that

|£(2)] [£(z) = F@OI + £ @)
lu(z,y) — u(0,1)] + [v(z,y) —v(0,1)] + | f(5)]
[Vu(zo, yo)llz — il + [Vo(zy, y)llz — 2| + 1 (2)]
for some (xp,yo) and (z1,y;) € R?

IN A

< 2 Golle~ -+ 207 )l ~ i +156)
- 2<1sz>1+2’|f'(zO)|(I—rf;§)—1%

|z — 1l

+2(Im21)1+2Tlf,(21)1W +1£ (@I

< 2l lerleil (v + e )
(Imzo)T72r  (Tmazyp )42
If K is a compact subset of H then f is uniformly bounded on K and
hence we have the following :
PROPOSITION 2.1. Each B' (i) is a Banach space.

Let’s show that BY" can be identified with A", To do so, we in-
troduce some function spaces. Let B" denote the set BL'T with the
norm | fllg = [ |f(2)|K(z,2)""dA and A" the set A" with the norm

Ifla = Jpl9(2)|Kp(2 2) "dA(z). Clearly, B'" = B via f — gl f
and AT = AT via f §r—1+_1 f. Then we have the following:
PROPOSITION 2.2. B" = A" under the following function ¥ : for any

244r
fe B, U(f)(w) = 2(—1—_—{0(-)%, where g(w) = 1j32

1
Proof. Take any f in B". Let g(2) = %i, that is, g is a Riemann
— 2z
map from D onto H. Then ¥(f) is analytic on D and
I ()lla

24-4r w
_ /D |2(—11LQ(——E|KD(w, w) " dA(w)

w)4+4r

92+4r —1(, B ) e
B /H |1_[§E%((i)|4(+zz)le(g H2),971=2) g7 (2)|2dA(2)

_ |z + 4|44 (=) 7" (2Imz)* 4
= /"—z;“_'f(z)' Trar A

/H F(2)K (2,2) "dA(z) = |||l Hence ¥(f) € A".
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That is, ¥ is well-defined and V¥ is an isometry. Clearly, ¥ is linear.
Let’s show that ¥ is onto. Take any h in A" . We define f(2) =

1-g~ ' P, . .
ST h(g™"(2)) for all z € H. Then f is analytic on H and

Ifls = /H F (K (2, 2) " dA(2)

— g1 z 4+4r
N /H(l 922+(47~))+ (g™ (2))|K (2, 2) "dA(2)

_ 4+4-4r
- [ B ik ), gw) I w)PaaGw)

= /D [h(w)|(r(1 — [w])?) dAw)

_ /D |h(w)|Kp(w,w) " dA(w) = ||A]|a.

This implies that f € B". Since

22+4rf(g(,w)) 3 92+4r (1—9—12(29_5‘1;;)))4+4T

_ _ -1 _

\I’(f)(’UJ) - (1 _ w)4_|_4,. (1 _ 'LU)4+4T h(g (g(w))) h’(w)v

¥ is onto. Hence ¥ is an isometry isomorphism. O

We note that K(-,w) = ————}—;— is the reproducing kernel for
n(z —w)?

B20. But K(-,w) ¢ B"%and P does not map L*? into B}0. This implies
that we need a modified reproducing kernel M (-,w) = K(-,w) — K(-,1).

Then we can show that M(-,w) € L' and f — _/ f(z)M(z,w)dA(z)
H

is a bounded linear operator from L* into B°(3).

THEOREM 2.3. We define Q@ : L*° — B"(i) by

Q(b)(z) = /H b(w) M (a0, 2)dA(w)

for all b € L*°. Then @Q is a bounded linear operator.



Proof. Since K (w, z) = —
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1

m and M1+’"(’w, Z) = K('U) Z)1+T

K(w, i)+ for j € {1,2},

T 1 1+r
D]M +r('LU,Z) = D]<—m)

w— 2z
= (-3) "o~ (m—_zl)—m>
- (- %)1“(—1)(2 o)

Take any b in L*> and any closed contour C' in H. Then

/C Qb)(2)dA(z) = / / W) T (i, 2)d A(w)dA(=)

_ / b(w) / M (w, 2)dA(2)dA(w)
H C

- / b(w) - 0dA(w) = 0.
H

By Morera’s Theorem, Q(b) is analytic on H. Let z = x + iy and
w = s + it be in H. Then for each j € {1, 2},

y' 7 D;Qb)(2)|
Yyt D; / w)M (w, 2)d A(w)]

1+2r2 + 2r / Ib(w
1+r

24 2r 142 /
~—|Iblleoy " ———dA
oltr [bllocy o [ — 2prer (w)
2+2 oc oo 1
2 bfooy 2 / / o dsdt
T oo{ 8—$ t+y) } 2

2+ 2r 1+2r t + Y
7r1+7- “ “00
(s — )2+ (t+y)?

s-dsdt

|3+2r = iAW)

(t+y){(s—w)2+(t+y) }E

242 oo 1
= by / SN
0 (t+y)2+2r

2+2r

(14 2r)nr 1Bllco-
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This implies that Q(b) € B" (i) and Q is bounded. O

3. Some linear operators

We note that Aut(H) is the Mobius group of bi-analytic mappings
of H. For each ¢ € Aut(H), there are real numbers a and b such that
a > 0 and ¢(z) = az + b for all z € H (see [2]). The Bergman kernel
functions are intimately related to Aut(H) of the half-plane . Moreover,
for each f € B"(i) and any ¢ € Aut(H), ||fllg = ||f o »|lg, that is,
Iflla S 1f oella and [|fila 2 [1f o wlla-

LEMMA 3.1. (1) Suppose 1 <p < oo andr > 0. If f € BP" then f
has the vanishing property along the ray, that is, tlim f(tz) = 0 for all
—0

z€ H.
(2) Supposel <p<ocandr>0. If f € B and ¢ € Aut(H) then
foype BPT,

Proof. (1) See [4].
(2) Since ¢ € Aut(H), ¢(z) = az+b for some a > 0 and b € R. Take
any f in BP", Then
If ool
| 17 oulraa,
= 2'r+1/ |f(p(2)|PK(z,2) "dA(z)

= @D [ FPKE W) @) 7l W) FdAw)
a2 — 2
@r +1) / )P ( —__(QImw) ;) (2) dA(w)

_ a—2—2r/ (27 + 1)|f (w)PK (w, w)~"dA(w)
H
a_2_2rl|f||£,«r and hence f oy € BPT.

O

The property of every element of BP”" in Lemma 3.1 implies that for
1 <p < oo andr > 0, each element of BP" can be represented as a
radial derivative of some element of BP".
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THEOREM 3.2. Suppose 1 < p < oo and r > 0. Then for each
f € BP" and any v € Aut(H), there is a unique f o € BP" such that
Rfop = fop. Moreover, f — f o is bounded on BP.

Proof. SupposeRfogo Rgocp SmceR(focp gOgo)—-O focp—

g o p is radially constant, that is, (foga gop)(z) = (fo<p gop)(tz)
forallt > 0and z € H. Since f o p—go @isin BP", (F o p—gop)(tz) —

0 as t — oo and hence we get the uniqueness of foy. Take any f in
BP" and any ¢ in Aut(H). Then cp( )=uaz+b for some a > 0 and

b € R. For each z € H, we define f / f(tz dt Since f has the

vanishing property along the ray, f is well—deﬁned and analytic on H.
Minkowski’s integral inequality implies that

17 o @llpr

= / |f370(z)jp(zr+1)K(z,z)—TdA(z))”
// D 1yior 4 1)K (e, )“TdA(Z))%
/1 /H II(—%Q)L(QTJrl)K(z,z)_TdA(z))%dt
- A e

1

<K (£ l(w)’so Z(w))_rdA(w))zdt

= /001 /[f t2 2(2 +1)<——_—7r(2111nw)2)r(a2t2) rdA(w))%
= ”f”p,r 2+27‘/1 “(1+ +2T)dt.

a P

IA

A

oo
+
Since 1+ 2%2 > 1,/ et ™ and

1
f — f o is bounded on BP". We note that for j € {1,2},

/1 o f(witz)) dt)
=D

1 ;i f(p(tz))atdt = — /1 b aD; f(p(tz))dt

e

Dj(fop)(z) =

D; (OO—
>
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d(f(:;(tz)) _ d(f(ai;”)) = Dif(p(tz))az + Daf(o(tz))ay =

a(zDy f(p(tz)) +yDaf(p(tz))), w}égre z = x+1iy and hence Rm(z) =
2D1f o p(2) +yDaf o p(2) = — /1 a(@D1 (i (t2)) + yDaf (i (t2)))dt =

and

dt
along the ray. 0

o0
— / Mdt = f(¢(z)) because f o ¢ has the vanishing property
1

ExAMPLE 3.3. We note that
By() = {(f € B'(): _lim 4**7|f'(2)] = 0)

and M(z,w)'*" = K(z,w)'*" — K(z,i)}*" is a modified reproducing

1+r
147 __ (—1) 1 _ 1

kernel. Then M (z,w)' ™" = e ((z o T G i)2+27)' Put
z=x+ iy and w = s + ¢t. Since

d T4+r _ (=1)*7(=2-2r) 1 1

”d_ZM(Z’w) - al+r {(z —w)3+2r - (z +i)3+2’r}’

d 2+42r 1 1 242r 1
142r( 7 1+r < < el 1).

y IdzM(z,w) | < nlt2r (IZ—WP 1z+2-|2> = ifer (t2 +1)

Since liar?oHyl"'%]%M(z,w)l”l = 0, M(z,w)!*" belongs to Bj(3).

z

Suppose that there is f in B§(i) such that M(z,w)*" = 2Dy f(2) +

yDaf(z) = Rf(z). Consider z = %z Then lim,_ %z = 0 and

(_1)1+r 1 1
ql+r (m2+2r p2+er

lim M(z,w)*" = ). This contradicts to the
n—oo

fact that lim (l)HZTDg f(2) = 0 and hence Theorem 3.2 does not hold

n—oo 1

on B(7). a

Every element of Bj(3) is a special element of B"(i) which is related
with some limit but Theorem 3.2 does not hold on Bfj(i) and hence we
consider a radial derivative of each element of B ().

THEOREM 3.4. Suppose that r > 0,9 € Aut(H), and f € B"(3).
Then there is a unique f oy € B'(i) such that Rf o = f o if and
only if tlim f(tz) =0 for all z € H, that is, f has the vanishing property

-

along the ray. Moreover, f +— f/<;\<p is bounded.
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Proof. We note that there are real numbers @ and b such that a > 0
and p(z) = az + b for all z € H. Take any f in B"(4). Since

SR = ol ez + DL I ol = swp_ /1 (el

1
= — 142ry o1 DY = o
s (@) S ez 4 b)) = ol

and hence f oy € B"(i). Let fogo / Hp(t2)) — fle(ti ))dt

and let z = x + 1y. Since

Djm(z) = —/ Watdt,
1

WD, o p(2)] < v ¥a / D, f(atz + b))t

o 1
:/ (aty )1+2r = t1+2T|D f(atz + b)|dt

< Wl 1
— a2r 1 t1+2r dt.

Since r > 0, f/o\go € B"(3). Since lim f(yp(tz)) =0, f o ¢ is unique and

t—o0
Rfop=aD1fop(z) +yDaf o p(2)

= — /loo(axle(so(tz)) + ayDs f(p(tz)))dt
T dfoyp
= — /1 7(tz)dlt = fop(z).

Conversely, we note that Rm(z) = —/ dfdz(p(tz)dt = fop(z) —
1

slirgofoga(sz) = fop(z) and Rf/o\cp(z) = fop(z) for all z € H and
hence sllrgcf o ¢(sz) = 0. By the above observation, Hf/o\tpHH < e
Thus f — f/é\go is bounded. O

COROLLARY 3.5. (See [4]) (1) Suppose 1 < p < ocandr > 0. Then for

each f € BP", there is a unique f € BPT" such that f = ’Rf Moreover,
f — f is bounded on BPT.
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(2) For r > Oand f € B'(i), there is a unique Fe B’ (i) such that
Rf = f and only if tlim f(tz) =0 for all z € H, that is, f has vanishing
—00

property along the ray. Moreover, f +—— fis bounded.
Proof. It is immediate from the fact that ¢(z) = z is in Aut(H). O

Theorem 3.2 says that each element of BP" can be considered as the
radial derivative of some element of BP"". We do not quarantee this fact

on BT (i).

PRrROPOSITION 3.6. There is a function f € B" (i) such that f # Rg
for all g € B’ (i).

Proof. Fix w € H and we consider a modified reproducing ker-
nel M(z,w)*" = K(z,w)**" — K(2,4)'*". Example 3.3 implies that
M(-,w)'*7 € By(i). Suppose that there is g € B"(i) such that Rg =

-1 1
147 _ 1+ _ — 1+r
M(-,w)!*". Then ( - ) r((z—w)QHT (z+i)2+2’") = M(z,w)
= zD1g(2) + yD2g(z), where z = z + iy. Put z = 1. Since

lim lDlg(l) =0,
n—oo N n
T N 1 1
711Ln010(7) ((% — )2t - (% +i)2+2r)
_ -1 147 1 1 _
- (?) ((w)2+2r - (_1)1+r) =0

which is a contradiction. This completes the proof. |

THEOREM 3.7. Suppose that r > 0, f € L, and we define @Q :
L™ — B"(i) by Q(b)(2) = / b(w)M (w, )1+ dA(w) for all b € L™,
Then there is a unique e]emegt: f € BT(i) such that Rf = Qf if and
only if tli,%lo Qf(tz) =0 for all z € H, that is, Qf has the vanishing
property along the ray. Moreover, f — f is bounded.

Proof. Take any f in L. By Theorem 2.4, Q(f) € B"(i). Theorem
3.4 implies that there is a unique f € B"(i) such that Rf = Qf and
hence ||flls < |Qflls-. Since @ is bounded, |f|lz- < ||fllco- Thus
f — f is bounded. O
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