Bull. Korean Math. Soc. 41 (2004), No. 2, pp. 347-357

STABILITY OF A CUBIC
FUNCTIONAL EQUATION ON GROUPS

Kyoo-HoNG PARK AND YONG-S00 JUuNG

ABSTRACT. In this note we will find out the general solution and
investigate the generalized Hyers-Ulam-Rassias stability for the cu-
bic functional equation f(3z+y)+ f(3z—y) = 3f(z+vy) +3f(z -
y) + 48 f(z) on abelian groups.

1. Introduction

In 1940, S. M. Ulam [15] raised the following question concerning the
stability of group homomorphisms: Under what condition does there is
an additive mapping near an approximately additive mapping between a
group and a metric group ?

In next year, D. H. Hyers [7] answers the problem of Ulam under the
assumption that the groups are Banach spaces. A generalized version
of the theorem of Hyers for approximately linear mappings was given
by Th. M. Rassias [13]|. Since then, the stability problems of various
functional equation have been extensively investigated by a number of
authors (for example, [2, 3, 6, 8, 11, 14]). In particular, one of the impor-
tant functional equations studied is the following functional equation:

(1.1) fz+y)+ f(z—y)=2f(x) +2f(y).

The quadratic function f(z) = az? is a solution of this functional equa-

tion, and so one usually is said the above functional equation to be
quadratic [1, 4, 10, 12].

Quadratic functional equation was used to characterize inner product
spaces [1, 5, 9]. A square norm on an inner product space satisfies the
important parallelogram law

Iz +yl1? + llz = yli* = 2(Jl® + iyl
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It is well known that a function f between real vector spaces X and
Y is quadratic if and only if there exists a unique symmetric bi-additive
function B : X x X — Y such that f(z) = B(z,z) for all z € X (see
(1, 12]), where the function B is given by

(1.2) B(z,y) = %(f(x—l—y) — flx—y)) forall z, ye X.

The Hyers-Ulam stability problem for the quadratic functional equa-
tion (1.1) was first proved by F. Skof [14] for functions f : X — Y,
where X is a normed space and Y a Banach space. On the other hand,
P. W. Cholewa [3] demonstrated that the theorem of Skof is still valid
if X is replaced by an abelian group. In [4], S. Czerwik generalized the
stability in the sense of Hyers and Ulam for the quadratic functional
equation (1.1).

Now, let us introduce the following functional equation

(1.3) fBzx+y)+ fBz—y)=3f(z+y) +3f(z—y)+48f(z).

It is easy to see that the cubic function f(x) = cz® is a solution of

the above functional equation. So, in this note, we promise that the
equation (1.3) is called a cubic functional equation and every solution
of the cubic functional equation (1.3) is said to be a cubic function.
Here our purpose is to establish the general solution and to examine the
generalized Hyers-Ulam-Rassias stability problem [6] for the equation
(1.3) on abelian groups. Throughout this note, we will denote by (G, +)
an abelian group.

2. Solutions of Eq. (1.3)

In this section, let X be a real vector space. We precede the proof of
our main theorem by two trivial lemmas.

LEMMA 2.1. A function f : G — X satisfies the functional equation
(2.1) flz+2y) + flz - 2y) = 2f(z) + 8 (y)
for all x, y € G if and only if f is quadratic.

Proof. (Necessity). Let £ = 0 = y in (2.1). Then we have f(0) = 0.
Putting z = 0 in (2.1) gives

(2.2) fQ2y) + f(-2y) = 8f(y),
and setting y = —y in (2.2), we obtain

(2.3) f(=2y) + f(2y) = 8f (),
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and so, by (2.2) and (2.3), we get f(—y) = f(y), i.e., f is an even
function.
Hence from (2.2) or (2.3) it follows that

(2.4) f(2y) =4/ (y).
Substituting = = 2z in (2.1), it follows from (2.4) that f is quadratic.
(Sufficiency). Putting z = 0 = y in (1.1) yields f(0) = 0. Replacingy
by z in (1.1), we get f(2z) = 4f(z). Therefore, the substitution y = 2y
in (1.1) now gives the equation (2.1). O

LEMMA 2.2. A function f: G — X satisfies the functional equation

(2.5) flz+2y) + flz—2y) =2f(z), f(0)=0
for all z,y € G if and only if f is additive.

Proof. (Necessity). Replacing = by 2y in (2.5), we get

(2.6) f(4y) =25 (2y).
Putting z = 2z in (2.5) and taking account of (2.6), we obtain
(2.7) f(2z 4+ 2y) + f(2z — 2y) = f(4x).

From the substitutions u := 2z + 2y and v := 2z — 2y in (2.7), it follows
that
flu+v) = flu)+ f(v),
which means that f is additive.
(Sufficiency). In the additive equation f(z +y) = f(z) + f(y), by
letting ¥ = x and then putting r = z + 2y, y = x — 2y , respectively, it
is easy to see that f satisfies the equation (2.5). O

Our main result which presents the general solution of the equation (1.3)
is

THEOREM 2.3. A function f : G — X satisfies the functional equa-
tion (1.3) if and only if there exists a function F : G x G — X such
that f(x) = F(z,z) for all x € G, and for fixed y € G, the function
A : G — X defined by A(z) = F(z,y) for all x € G is additive and for
fixed z € G, the function Q : G — X defined by Q(y) = F(z,y) for all
y € G is quadratic.

Proof. (Necessity). Set z = 0 = y in (1.3). Then we get f(0) = 0.
Putting z = 0 in (1.3) gives f(—y) = —f(y). By letting y = 0 in (1.3),
we have

(2.8) f(8z) =27f(z).
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Putting y = z in (1.3), we get
(2.9) f(dz) = 2f(2z) + 48f(x).
Replacing y by 3z in (1.3) and using (2.8), we obtain
(2.10) 10f(2z) = f(4z) + 16f(z),
which, by (2.9), yields
(2.11) f(2z) = 8f(x).
Replacing z and y by z + y and z — y in (1.3), respectively, we have
fdz +2y) + f(2z +4y) = 3f(2z) + 3f(2y) + 48f(z +y),

which, in view of (2.11), reduces to

(2.12) fQRz+y) + flz+2y) =3f(2) +3f(y) +6f(z +y).
Putting z = £+ 3y and y = z — 3y in (2.12) and then using (2.8) and

(2.11), we have

(213)  9f(z+y) +9f(z —y) = f(z + 3y) + f(z — 3y) + 16f().

Let us interchange « with y in (2.13). Then we get the relation

(2.14)  9f(z+y) - 9f(z—y) = fBzx+y) ~ f(3z ~y) +16f(y).

Then, by adding (2.12) to (2.13), we lead to
(2.15)

18f(z+y) = fla+3y)+f(z—3y)+fBz+y)— f(Bz—y)+16(z)+16f(y).
On the other hand, if we interchange z with y in (1.3), we get

(2.16)  f(z+3y) — f(z~3y) =3f(z+y) - 3f(z — y) +48f(y).

Hence, according to (1.3) and (2.16), we obtain
(2.17)

6f(z+y) = f(B3z+y)+f(Bz—y)+f(z+3y)— f(z—3y) — 48 (x) —48f(y).
Now, by adding (2.15) and (2.17), we arrive at
(2.18) flz +3y)+ f(3z +y) = 12f(z + y) + 16f(x) + 16 f(y).
Using (1.3), we have
(2.19) 16f(3x + 2) + 16 f(3z — 2) + 16 f(3y + 2) + 16 f (3y — 2)
= 48f(x+ 2) +48f(x — 2) + 768f(x) + 48f(y + 2)
+48f(y — z) + 68 (y).
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Also, putting * = 3z + z and y = 3y + z in (2.18) and using (1.3),
respectively, we deduce that

16f(3z + 2) + 16 f(3y + z) + 16f(3z — 2) + 16 f(3y — 2)
FBx + 9y +42) + f(9z + 3y + 42) — 12f(3z + 3y + 22)
+f(3x +9y —42) + f(9z + 3y — 42) — 12f(3z + 3y — 2z2)
3f(x + 3y +42) + 3f(z + 3y — 42) + 48f(z + 3y)
+3f(Bz +y+42) +3f(8z +y — 42) + 48f(3z + y)
—36f(z+y+22) —36f(x+y—2z) —576f(x +y),

which yields, by virtue of (2.19), the relation

(2.20)

3f(3z +y +42) + 3f(3x +y — 42) + 48F(3z + )
+3f(x 4+ 3y +42) + 3f(z + 3y — 42) + 48f(z + 3y)

= 48f(x 4+ 2) +48f(z — z) + 768f(x) + 48f(y + 2)

+48f(y — 2) + 768 f(y)
+36f(x +y+22) +36f(z +y — 22) + 576 f(z + y).

On account of (2.18) and (1.3), the left hand side of (2.19) can be written
in the form

(2.21)

16f(3z + z) + 16 f(3y — 2) + 16 f(3z — 2) + 16 f(3y + 2)
fBz +9y —22) + f(9z + 3y + 22) — 12f(3z + 3y)
+f(9z + 3y — 22) + f(3z + 9y + 22) — 12f(3z + 3y)
3f(z+ 3y +22) +3f(z+ 3y — 22) + 48 f(x + 3y)
+3f(Bz+y+22)+3f(3z+y—22) +48f(3z + y)
—648f(z + 1)

Replacing z by 2z in (2.21) and then applying (2.20), we obtain

(2.22) 16f(3z + 22) + 16f(3y — 22) + 16 (3 — 22) + 16£(3y + 22)

3f(x+ 3y +42) + 3f(z + 3y — 4z) + 48f(z + 3y)
+3f(3x+y+42)+3f(3z +y — 42)

+48F(3z + y) — 648f(z + y)

768f(x) + 768f(y) +48f(z + 2) + 48f(z — 2) + 48f(y + 2)
+48f(y — 2) + 36f(z +y +22) + 36 f(x +y — 22) — T2f(z + y).
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Again, making use of (2.18) and (1.3), we get

(2.23) 16f(3x+ 22) +16f(3z —22) + 16 f(3y + 2z) + 16 f(3y — 22)

= f(12z +42) + f(122 — 42) — 12f(6)
+f(12y + 4z) + f(12y — 42) — 12f(6y)

= 64f(3x+ 2) +64f(3x — 2) — 2592 f(z) + 64f(3y + 2)
+64f(3y — z) — 2592f(y)

= 643f(z+2)+3f(x —2) +48f(z) +3f(y+ 2) + 3f(y — 2)
481 (y)] — 2592 (z) — 2592/ (y)

= 192f(z+ 2) + 192f(z — z) + 480 f(z)
F192(y + 2) + 192f(y — 2) + 480 (y).

Finally, if we compare (2.22) with (2.23), then we conclude that

(2.24) f(z4+y+22)+ flr+y—22)+8f(x)+8f(y)
= 2f(z+y)+4f(z+2)+4f(z—2) +4f(y + 2) +4f(y — 2)

forall z, y € G.
Define the function F: G x G — X by

F(z,9) = 52875 + ) +8f(z — ) ~ f(20+3) - f(20—y)]

for all z, y € G. Then by an simple calculation, we see that

F(z,2) = 5£[8(20) — 1(32) — f(@)] = /(2)

for all x € G. Now, we claim that for each fixed x € G, the function
Q : G — X defined by Q(y) = F(z,y) for all y € G is quadratic.
Indeed, utilizing (2.24) and the oddness of f, we get

36[F(z,y +22) + F(z,y — 22) — 2F(z,y) — 8F(z, 2)]

= 8f(z+y+22)+8f(x—y—22)— f(2x +y+22)
—fQx —y—22)+8f(x +y—22)+8f(z —y+ 22)
—fRx+y—22)— f2x —y+22) - 16f(z +y) — 16f(z — y)
+2f(2z +y) + 2f (22 — y) — 64f(x + 2) — 64f(z — 2)
+8f(2x + 2) + 8f(2z — 2)
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= 16f(z+y)+32f(y+2)+32f(y—2) +32f(z + 2) + 32f(z — 2)
—64f(z) — 64f(y) + 16f(z —y) — 32f(y — 2) — 32f(y + 2)
+32f(z + 2z) + 32f(z — 2) — 64f(z) + 64f(y) — 2f(2z + y)
—Af(y+2)—4f(y—2)—4f 2z + 2) — 4f(2z — 2) + 64f(x)
+8f(y) —2f(2x —y) +4f(y — 2) + 4f(y + 2) — 4f(22 + 2)
~4f(2z — 2) + 64f(z) — 8f(y) — 16f(z +y) — 16f(z — y)
+2f(2x +y) +2f(2z — y) — 64f(z + 2) — 64 f(z — 2)
+8f(2z + 2) + 8f(2x — z) = 0.

Therefore, it follows from Lemma 2.1 that @ is quadratic.

Also, by using the similar argument, we can show that for each fixed
y€G,

36(F(x + 2z,y) + F(z — 22,y) — 2F(2,y)] =0

for all z € G, and so we see that for each fixed y € G, the function
A : G — X defined by A(z) = F(z,y) for all x € G is additive by
Lemma 2.2.

(Sufficiency). Assume that there exists a function F : G x G — X
such that f(z) = F(z,z) for allz € G, and for fixedye G, A: G — X
defined by A(z) = F(z,y) for all z € G is additive and for fixed z € G,
Q : G — X defined by Q(y) = F(z,y) for all y € G is quadratic. Then
for fixed w € G, the function By, : G x G — X defined by By, (z,y) =
iF(w,z+y)— F(w,z—y)] for all z, y € G is symmetric and biadditive
because Q = F(w, ') is quadratic [1]. Therefore, we have

fBz+y)+ fBz—y) - 3f(z+y) - 3f(z —y) — 48f(x)

= F@Bz+y3z+y)+F3z—y,3z—y)
—-3F(z+y,z+y)—3F(zx—y,z—y) —48F(z,z)

= F(3z,3z+y)+ F(y,3xr+y)+ F(3z,3z —y) — F(y,3z — y)
—3F(z,z+y)—3F(y,z +y) — 3F(z,z — y)
+3F(y,xz — y) — 48F (z, x)

= 2F(3x,3z) + 2F(3z,y) — 6F(z,z) — 6F(z,y) + 4By(3z,y)
—12By(z,y) — 48F (z,z) = 0.

That is, f satisfies the equation (1.3). This completes the proof of the
theorem. O
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3. Stability of Eq. (1.3)

In this section, we will investigate the generalized Hyers-Ulam- Ras-
sias stability problem [6} for the functional equation (1.3).
Let ¢ : G x G — [0,00) be a function such that

0o i n n
ZM<OO and lm M_):O

n—0o0 27m

forall z,y € G.
THEOREM 3.1. Let X be a Banach space. If a function f : G — X

satisfies the inequality
(31) {[fBz+y)+f(Bz—y)-3f(z+y)—3f(z—y)—48f(2)|| < é(z,y)

for all x,y € G, then there exists a unique cubic function C : G — X
which satisfies the equation (1.3) and the inequality

o( 3155 0)
(3.2) [If(x) = Cl)|l < Z
holds for all x € G, where the function C is given by

f(3"z)
(3.3) C(z) = nlglgo o
forallz € G.
Proof. Putting y = 0 in (3.1) and dividing by 54, we have
fBz)

@) |57 - 1] < o0

for all z € G. Replacing = by 3z in (3.4) and dividing by 27 and summing
the resulting inequality with (3.4), we get

f(3%x) ¢(3z,0)
(3:5) ' 27 * U S 510(@ 0+ =57 =]
for all z € X. Using the induction on n, we obtain that
f(3"z) 1 & ¢(3'z,0)
. - < = e Sl )
(36) “ g I (x)“ = 54 ; 27

IN

1 <= ¢(3%,0)
ﬁ; 27
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for all z € X. In order to prove convergence of the sequence {f 237,f ) 1,
we divide the inequality (3.6) by 27™ and also replace x by 3™z to find

that for n, m > 0,
“f (3"3™mzx)  f(3™x) H

3"3m )

g7ntm o7m 97m H & -/ (3%)”

1 + ¢ 3’”“3: 0)
54 27m Z

&( 3m+’x 0)
= 54Z 27m4t

Since the right hand side of the inequality tends to 0 as m — oo,
the sequence {f (2377;””)} is a Cauchy sequence. Therefore, we may de-
fine C(x) = limp—o0 277" f(3"z) for all x € G. By letting n — oo in
(3.6), we arrive at (3.2). To show that C satisfies the equation (1.3), let
us replace z and y by 3"z and 3"y in (3.1), respectively, and divide by

27™. Then it follows that

217 f(3"Bz +9)) + [f(3"(3z—y)) —3f(3"(z +y))
— 3f3"(z —y)) —48f(3"))|
< 277"¢(3"z, 3"y),

IA

and by taking the limit as n — oo, we see that C satisfies (1.3) for all
z, y €G.

To prove that the cubic function C is unique under the inequality
(3.2), if we assume that there exists a cubic function S : G — X which
satisfies (1.3) and (3.2), then we have S(3"z) = 27"S(z) and C(3"z) =
27*C(z) for all z € G. Hence it follows from (3.2) that

[5(x) — C(z)]] 27_"IIS(3"33) —C@3"z)||
“"(IIS(3"$) — f@)|| + £ (3"z) — C(3"2)]|)
¢ 3n+zw O
27 Z 27t
for all z € G. By letting n — oo in this inequality, it is immediate that
C is unique. This completes the proof of the theorem. O

I

IA

IN

From Theorem 3.1, we obtain the following corollary concerning the
stability of the equation (1.3) in the sense of Hyers, Ulam and Rassias
[13].
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COROLLARY 3.2. Let X and Y be a real normed space and a Banach
space, respectively, and let € > 0 and 0 < p < 3 be real numbers. If a
function f : X — 'Y satisfies
(3.7)
|£(3c+3)+ f (30 —1) —3f(z+y) —3f (z—y) — 48f ()| < e(llz|I”+ |1y|I")

for all x,y € X, then there exists a unique cubic function C : X - Y
which satisfies the equation (1.3) and the jnequality

P
1@ - C@) < 557 =5 el
for all x € X, where the function C is given by C(z) = lim, %
forallz € X.
Moreover, if for each fixed x € X the mapping t — f(tx) from R to
Y is continuous, then C(rz) = r3C(z) for all r € R.

The proof of the last assertion in the above corollary goes through in
the same way as the one in [4]. Unfortunately, we don’t know whether
the cubic equation holds the Hyers-Ulam-Rassias stability if p = 3 is
assumed in the inequality (3.7).

The following corollary is the Hyers-Ulam stability [7] of the equation
(1.3) which also is an immediate consequence of Theorem 3.1.

COROLLARY 3.3. Let X be a Banach space, and let ¢ > 0 be a real
number. If a function f : G — X satisfies

[fBz+y)+ fBz—y)—3f(z+y) —3f(x—y) —48f(z) < e
for all z,y € G, then there exists a unique cubic function C : G — X

defined by C(z) = limy— o0 L (372) \which satisfies the equation (1.3) and
27
the inequality

I7(z) - C)l < 5
for all x € G. Moreover, if for each fixed x € G the mapping t — f(tz)
from R to X is continuous, then C(rz) = r3C(z) for all 7 € R.
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