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Three Dimensional Vibration Analysis of
Thick, Circular and Annular Plates with Nonlinear Thickness Variation
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Abstract

A three dimensional (3D) method of analysis is presented for determining the free vibration frequencies and mode shapes of
thick, circular and annular plates with nonlinear thickness variation along the radial direction. Unlike conventional plate theories,
which are mathematically two dimensional (2D), the present method is based upon the 3D dynamic equations of elasticity.
Displacement components Ys, ¥, and Yo in the radial, thickness, and circumferential directions, respectively, are taken to be
sinusoidal in time, periodic in 0, and algebraic polynomials in the s and z directions. Potential (strain) and Kinetic energies of
the plates are formulated, and the Ritz method is used to solve the eigenvalue problem, thus yielding upper bound values of the
frequencies by minimizing the frequencies. As the degree of the polynomials is increased, frequencies converge to the exact
values. Convergence to four digit exactitude is demonstrated for the first five frequencies of the plates. Numerical results are
presented for completely free, annular and circular plates with uniform, linear, and quadratic variations in thickness.
Comparisons are also made between results obtained from the present 3D and previously published thin plate (2D) data.

keywords : three dimensional analysis, vibration, circular plate, annular plate, thick plate, nonlinear thickness variation,
ritz method
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a2l 1 A cross section of nonlinearly tapered annular
plate and the local coordinate system (s, z,0).
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E 1 Convergence of frequencies in WoW of a
free, quadratically (p=2) tapered annular
plate (7/r, =1/6) for the five lowest
vibrating modes for n=2 with ho/hi =4 and
B, =1/24 forv =0.3.

~3
N

TS|{DET 1 2 3 4 5

12 10.51881 1.744 | 3.569 | 4.077 | 8.835
24 104304 1.569 | 2.335 | 4.018 | 5.191
36 |0.4293| 1.550 | 2.299 | 4.010 | 4.669
48 10.4293| 1.546 | 2.293 | 4.009 | 4.532
60 10.4292| 1.546 | 2.293 | 4.009 | 4.527
72 10.4292 | 1.546 | 2.293 | 4.009 | 4.526

18 [0.4828 | 1.731 | 3.521 | 4.076 | 8.600
36 |0.4181 | 1.564 | 2.187 | 4.017 | 4.965
54 10.4173) 1.546 | 2.159 | 4.009 | 4.355
72 | 0.4173| 1.542 | 2.154 | 4.008 | 4.238
90 [0.4172| 1.542 | 2.154 | 4.008 | 4.235
108 | 0.4172| 1.542 | 2.154 | 4.008 | 4.234

0.4715| 1.730 | 3.345 | 4.074 | 8.577
48 10.4120| 1.564 | 2.158 | 4.017 | 4.913
72 1041161 1.546 | 2.134 | 4.009 | 4.273
96 (0.4116| 1.5642 | 2.129 | 4,008 | 4.169
120 1 0.4116| 1.542 | 2.129 | 4.008 | 4.166
144 [ 0.4116| 1.542 | 2.129 | 4.008 | 4.165

30 [0.47151 1.726 | 3.339 | 4.073 | 8.537
60 [0.4120| 1.564 | 2.157 | 4.017 | 4.908
90 [0.4116| 1.546 | 2.134 | 4.009 | 4.268
120 {0.4116| 1.542 | 2.129 | 4.008 | 4.167
150 10.4116] 1.542 | 2.129 | 4.008 | 4.164

Sttt b AR A A MIWWWWWWWINDDNDNNNDN
— — — —
Nooom»um NOOOQ%M NO(XJO?%[\D Mcoocs.pw
[N}
i

180 | 0.4116| 1.542 | 2.129 | 4.008 | 4.163

(e)

23 2 Cross sections of tapered annular plates (%/%
=1/6) with (Psh, [l hi[7,) =(a) (0, 1, 5/48):
(b) (1, 4, 1/24): (¢) (1, 1/4, 1/6): (&) (2, 4,
1/24); (e) (2, 1/4, 1/6).
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for torsio nal modes (n = 0)
for axisymmetr ic modes (n = 0)

DET =

for general modes (n 21)
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¥ 3 Frequencies in WOVP/G of free, nonlinearly tapered

annular plates (%/7,=1/6) for v =0.3.

E 2 Convergence of frequencies in r,\/p/G of a free,
quadratically (p=2) tapered circular plate (7 =0) with
the upper surfaces flat for the five lowest vibrating
modes for n=2 with Ao/l =4 and h/7, =1/24 forv
=0.3.

TZ | TS| DET 1 2 3 4 5

212 12 [0.4385| 2.526 | 5.405 18.15 | 23.38
2| 4 24 10.2498| 1.800 1.935 | 4.116 6.092
216 | 36 {0.2457| 1.493 | 1.801 | 3.649 | 4.105
218 48 |[0.2454| 1.483 1.801 3.187 | 4.105
2 110| 60 |0.2453| 1.482 1.801 3.156 | 4.105
2112 72 |0.2453| 1.482 1.801 3.165 | 4.105
312 18 |0.4006| 2.505 | 5.368 18.03 | 22.06
3|4 36 (0.2404| 1.793 1.828 | 4.115 | 5.430
3|6 54 10.2375| 1.389 1.800 | 3.349 | 4.105
318 72 10.2373} 1.382 1.800 2.919 4.105
3 (10| 90 [0.2373]| 1.381 | 1.800 | 2.890 | 4.105
3112 108 [0.2373| 1.381 1.800 2.890 4.105
4 | 2 24 10.3961| 2.499 | 5.357 17.44 | 20.11
4| 4 48 10.2387} 1.789 1.818 | 4.115 | 5.226
41 6 72 10.2364{ 1.381 | 1.800 | 3.305 | 4.105
4| 8 96 (0.2362( 1.375 1.800 2.897 4.105
4 [10] 120 |0.2362| 1.374 | 1.800 | 2.870 | 4.105
4 (12| 144 |0.2362} 1.374 1.800 | 2.868 | 4.105
512 30 [0.3933] 2.498 | 5.357 17.42 | 20.01
514 60 [0.2386| 1.782 1.811 4,115 5.176
5|6 90 10.2364| 1.381 1.800 | 3.298 | 4.105
51| 8 | 120 |0.2362| 1.375 1.800 | 2.896 | 4.105
5110 150 ]0.2362| 1.374 1.800 | 2.869 | 4.105
5112 180 |0.2362| 1.374 | 1.800 | 2.868 | 4.105

AN
P hi,ro
a | o |(0.1,5/48)|(1.4.1/24)[(1.1/4.1/6) | (2.4.1/24) | (2.1/4.1/6)
1 5.181 5.637 4.984 5.655 5.185
.| 2| 8640 9.022 8.488 8.864 8.657
0" 3 12.16 10.56 12.03 11.20 11.16
4 | 15.08 12.45 12.39 12.98 12.16
5] 15.78 15.32 15.64 15.82 13.86
1 10.8198(2)[0.7611(2)| 1.098(2) {0.6343(2){1.276(2)
2 | 3.149 2.729 3.405 2.206 3.555
0| 3 3.291 3.186 3.643 2.641 4.091
4| 6.548 6.293 6.503 5.042 7.419
5| 8.028 8.261 8.157 8.217 8.301
1 11.732(4) [1.489(4) | 1.969(5) [1.188(4) | 2.360
2| 2775 2.734 2.928 2.683 2.970
13| 4.123 3.796 4.249 2.926 4.859
4| 6.356 6.585 6.647 5.474 6.776
51 7.004 6.691 6.868 6.390 7.022
1 10.4993(1)/0.4932(1)0.6503(1)[0.4116(1}0.7626 (1)
2 1.996 [1.621(5)| 2.370 [1.542(5)[2.297(5)
21 3| 2839 2.649 2.924 2129 3.536
4 | 4.078 4.044 4.233 4.008 4.289
51 5.649 5.127 5.750 4.163 6.477
1 (1.143(3)11.242(3)| 1.200(3) | 1.071(3) | 1.492(3)
2 | 3.551 3.040 3.960 2.848 4.159
31 38]| 4.015 3.899 4.217 3.224 4.682
4 | 5780 5.679 6.000 5.512 6.043
51 7.083 6.594 7.067 5.645 7.894
1 |1.901(5) | 2.140 11.742(4)| 1.893 [2.199(4)
2 | 4684 4.178 4,964 3.918 5.436
48| 519 5.178 5.437 4.394 5.796
4 | 7414 7.294 7.666 6.865 7.715
5 | 8.444 8.020 8.313 7.257 9.202

124 32T REssE =228 HM173# H25(2004.6)



o} Mindlin® #o]&Vs} zre 1749 AvdHd o|2x}
Aol o B2 AfE FA Eoh

X 3e wawEgoz A (p=0), ¥¥A(p=1), L
29 (p=2) %7 WES /A, & h/h, k/r) =0
1. 5/48), (1, 4, 1/24), (1, 1/4, 1/6). (2, 4,
1/24), (2, 1/4, 1/6)9 #ARAA @@ (n/1,

=1/6) HE PR 155 05 p/G g RelFa 9
C}. Lol vl (v)e 0.32=2 9eigint. of To) JA=
& o 20 a2A vk 4w ] disiA 6709
F3%F (n=0", 0% 1, 2, 3, )8 2 noll W& 549
>7H4 R9E (s =1,2 3, 4. 5)EXE % 3079 2%
FE HolFm gtk UM 7o A= ¥ E"ET 201 B
%E:Z: ojw)gict, B3 ko] A 2 wo] FAtdA F
FE JeERIY AA 29=F onisie
39 % %$t o] FoA A=At
® 4% & 339 293 (P h/h b, ,VH @ 7
p=0, 1, 291 ARKAA] AR (M=

A 5T (0,\p/G)E BAFT glor, o e
D
=

3o A St}

12l 3 Cross sections of tapered circular plates (% =0) with
(P ho /By, i [1,) =(@) (0, 1, 5/48): (B) (1, 4, 1/24);
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¥ 4 Frequencies in 9%P/G of free, nonlinearly
tapered circular plates (% =0) for v =0.3.

b B
p’hi’ro

(0.1,5/48)|(1,4,1/24)| (1,1/4,1/6)|(2,4,1/24)|(2,1/4,1/6)

5.136 5.473 4.933 5.574 5.086
8.417 8.711 8.254 8.688 8.386
11.62 10.41 11.47 11.00 11.59
14.84 11.87 13.41 11.80 11.63
15.08 14.59 14.68 14.97 14.19

0.8623(2)|0.8106(2)} 1.040(2) |0.6678(2)(1.290(2)
3.145 3.032 3.174 2.320 3.783
3.456 3.043 4.054 2.879 4.014
6.025 5.770 5.912 4.746 6.693
9.007 8.657 8.906 7.521 9.188

1.819(4) | 1.732(4) | 1.861(5) | 1.358(4) | 2.352(5)
2.733 2.719 2.844 2.680 2.900

1 4.489 4.331 4.387 3.476 5.131
5.942 6.193 6.106 6.063 6.287
6.834 7.020 6.790 6.104 6.867
0.5187(1)(0.5301(1)]0.6344(1)(0.4410(1)|0.7789(1)
2.346 1.936(5) | 2.795 | 1.794(5) | 2.836
2 2.898 2.899 2.881 2.365 3.409
4.241 4.136 4.456 4.102 4.484
5.830 5.703 5.613 4.744 6.430
1.145(3) | 1.301(3) | 1.085(3) | 1.129(3) | 1.394(3)
3.601 3.191 3.723 2.971 4.252
3 4.035 4.154 4.239 3.505 4.467
5.825 5.726 6.045 5.683 6.096
7.157 7.091 6.799 6.067 7.695
1.902(5) | 2.214 |[1.591(4)| 1.977 |2.042(4)
4.688 4.288 4.676 4.034 5437
4 5.203 5.425 5.374 4.7111 5.530

7.421 7.318 7.648 7.277 7.710
8.465 8.433 7.973 7.402 8.936
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# 5 Frequencies in or,\p/G  of free, nonlinearly

tapered annular plates (%/% =1/6) with the
upper surfaces flat for v =0.3.
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6 Freguencies in COVOVP/G of free, nonlinearly

tapered circular plates (i =0) with the upper
surfaces flat for v =0.3.

By B
P

LA
p’hi’ro

| nl s100,15/48)|(1,4,1/24)|(1,1/4,1/6)) (2,4,1/24) |(2,1/4,1/6) nl §100.1,5/48)|(1,4,1/24){(1,1/4.1/6)| (2,4,1/24) | (2,1/4,1/6)
1| 5.181 5.637 4.984 5.654 5.185 1| 5.136 5.473 4.933 5.574 5.086
2] 8.640 9.021 8.488 8.863 8.657 2| 8417 8.711 8.254 8.688 8.386
0"| 3| 12.16 12.45 12.03 12.28 12.16 07 3| 11.62 11.87 11.47 11.80 11.58
4| 15.76 15.97 15.63 15.80 15.74 4| 14.84 15.01 14.66 14.91 14.75
51 19.48 19.53 19.28 19.36 19.36 5| 1821 18.15 17.83 18.03 17.92
1 {0.4277(2)(0.4606(2) | 0.5982(2) | 0.4008(2) | 0.6994(2) 1{0.4504(2)|0.4751(2)|0.5572(2) | 0.4142(2) | 0.7018(2)
21 1.912 1.848 1.955 1.272 2.438 2| 1.828 1.792 1.809 1.297 2.250
0* 3| 3.152 2.741 3.666 2.649 3.578 0% 3| 3.461 3.044 3.688 2.827 4.052
4| 4.302 4.024 4.126 3.014 4.957 4| 3.883 3.698 4.092 2.889 4.416
5| 17.368 6.821 6.909 5.397 8.021 5] 6.394 6.024 6.029 4.802 6.988
110.9697(4)(0.8592(4) | 1.097(5) | 0.6823(4) | 1.373(5) 1(1.000(4) {0.9911(4)| 1.006(5) |0.7718(4)| 1.316(5)
2| 2571 2.259 2.651 1.669 2.973 2] 2.734 2.656 2.603 2.011 2.902
113 2.776 2.735 2.930 2.683 3.153 11 3] 2.749 2.720 2.846 2.680 3.207
4| 4.806 4.336 4.674 3.329 5.467 4| 5.058 4.807 4.755 3.775 5.609
5] 6.381 6.525 6.698 5.638 6.862 5| 5.960 6.232 6.126 5.931 6.332
1{0.2596(1)(0.2643(1)(0.3375(1) | 0.2210(1) | 0,3993(1) 1(0.2681(1){0.2839(1)|0.3244(1) {0.2362(1) | 0.4018(1)
2] 1.646 1.505 1.640 1.217 2.077 21 1.675 1.727 1.551 1.374 1.979
213 1.99 1.677 2.377 1.550 2.299 21 3| 2.346 1.953 2.885 1.800 2.841
4] 3.660 3.174 3.612 2.452 4.291 4| 3.741 3.692 3.446 2.868 4.181
5] 4.079 4.047 4.238 4.009 4312 5| 4.244 4.141 4.458 4.105 4.489
1[0.6127(3)[0.7001(3)|0.6248(3) | 0.5996(3) | 0.7918(3) 110.6124(3)(0.7350(3);0.5608(3) | 0.6330(3) | 0.7335(3)
21 2.448 2.418 2.295 1.917 2.861 2| 2444 2.637 2.123 2.122 2.681
33| 3551 3.065 4.222 2.862 4.165 3| 3] 3.601 3.202 4.235 2.984 4.260
4| 4.785 4.304 4.566 3.377 5.403 4| 4.784 4.847 4.302 3.839 5.168
5[ 5785 5.688 6.005 5.221 6.054 5| 5.832 5.737 6.050 5.691 6.106
111.059(5) | 1.275(5) {0.9180(4) | 1.112(5) | 1.190(4) 1| 1.055(5) | 1.324(5) {0.8329(4) | 1.166(5) | 1.094(4)
2] 3.314 3.390 2.952 2.717 3.654 21 3.286 3.633 2.732 2.981 3.418
43| 4.684 4.198 5.437 3.945 5.447 41 3| 4.689 4.305 5.155 4.057 5.447
4| 5934 5.524 5.514 4.389 6.479 4| 5.867 6.063 5.382 4.894 6.166
5| 7.427 7.315 7.675 6.412 7.734 5[ 7.435 7.343 7.656 7.164 7.727

(coupled) @ E$=7 AujFoltt, B EY 253 o] o}
9 AT A LFE FAAE Bez=oly o
e AL (U)o dag Fud

Ef=old

¢
ol
o
=
T,
[s¥]
=]
@
@
-
]
®
o
o
2
=
[

Aoz 14 4sh 5] Be UAZ L Aol o
@tk 3% 49 59 Be] FUMe FHo] ohje FEL
A3 Q7 Rl 23t B ol Bl ofF slAjuThe ¢
2 olgg Agstelol Bek 29 4sh 59 ()% ()
v BEAE A 959 42 (0% (e 28Y 4

E e 4 o2 oet 78 A)z HFE 4 Yok o
< HilFo] 3t A2 R (coupling) =

G
e

o 2 A s
o] 917] W&o} B34 (transverse stiffness)o] BET} &
A g am g dn grsos A9 154 34 @3

126 st=maTREsts =28 H17H H25(2004.6)

[z

N

/,%% ________ -

i,

(a)

(b)

(e)

J8l 4 Cross sections of tapered annular plates (% /7,
=1/6) with the upper surfaces flat and with
(2hy [l 7,) = (2) (0,1, 5/48); (b) (1, 8, 1/24)
1 (@) (1,1/4,1/6): (d) (2,4,1/24); (e) (2,1/4,1/6).
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(c)

12| 5 Cross sections of tapered circular plates, (¥
=0) with the upper surfaces flat and with

(p.ho /B ki [1,) = (@) (0,1, 5/48); (b) (1,4, 1/24);
(©) (1,1/4.1/6): (d) (2.4, 1/24); (&) (2, 1/4, 1/6).
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¥ 7 Comparison of the first axisymmetric (n=0A)

freguencies in “”o«/P/T from the present 3 D
(3DR) and the 2 D Ritz (2DR)?® methods of
free, tapered (p=1, 5) circular plates (/i =0) of
ki /1,=0.025 (v =0.3).

byl by =07\ b/ B =0.9| b/ By =1.1| By / 1y =1.3

Method

p=1|p=5|p=1|p=5|p=1]p=5|p=1|p=5
opR* 0.1940 1 0.2220 1 0.2108 | 0.2199 | 0.2287 | 0.2198 |0.24724 | 0.2212
3DR 0.1935 1 0.2213 { 0.2102 | 0.2192 | 0.2278 | 0.2190 |0.24602 | 0.2203

Difference % |(0.26%){(0.32%)](0.29%) [10.32%) [ £0.40%1 | (0.37%) | (0.50%)| 10.41%!

E 8 Comparison of nondimensional freguencies in

Wo\/JG— from the present 3 D (3DR) and the
2D Ritz (2DR)?” methods of free, quadratically
(p=2) tapered circular plates (% =0) with
hy!h; =0 and h;i/7,=0.025 (v=0.3).

(n.s)
Method iy
(0*1) 2.1 (38,1

2DR?" 0.23604 0.14142 | 0.244948
3DR 0.23559 0.14125 | 0.244491
Difference % (0.19%) (0.12%) (0.19%)
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