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HYPERCYCLIC OPERATOR WEIGHTED SHIFTS

MUNMUN HAZARIKA AND S. C. ARORA

ABSTRACT. We consider bilateral operator weighted shift T' on
L?(K) with weight sequence {4,}5 _,, of positive invertible di-
agonal operators on K. We give a characterization for T to be
hypércyclic, and show that the conditions are far simplified in case
T is invertible.

1. Introduction

A bounded linear operator T on a Hilbert space H is said to be
hypercyclic if, for some x € H, the orbit {T"z : n € Ny} is dense in
H. The concept of hypercyclicity was first isolated by Rolewicz in [6].
In [5], Kitai gave a criterion for hypercyclicity of general operators that
came to be known as the “hypercyclicity criterion”. This criterion has
been widely used to establish the hypercyclicity of different classes of
operators. For instance, hypercyclic operators arise in the classes of
composition operators [1], adjoints of multiplication operators [3], and
weighted shifts [7]. In [4], Herrero posed the following problem : Does
T hypercyclic imply that T & T is also hypercyclic? In [7], Salas proved
that Herrero’s question has an affirmative answer in case T is a bilat-
eral weighted shift on ¢2(Z) or a unilateral backward weighted shift on
¢%(Z,). In the same paper he provided a characterization for hyper-
cyclic bilateral weighted shifts in terms of their weight sequences. In [2],
Feldman established a simpler characterization for hypercyclic bilateral
weighted shifts that are invertible. In this paper, we extend these results
to the case of hypercyclic bilateral operator weighted shifts on L2(K).
We also study the case when these shifts are invertible. The charac-
terizations of Salas and Feldman turn out to be particular cases of our
results when dimK = 1.
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2. Preliminaries

Let K be a separable complex Hilbert space with an orthonormal
basis {fi}2o Let L2(K) = {z = (...,2-1,[z0],21,...) : 7 € K
and Y. ||z:||? < oo}. L*(K) is a Hilbert space with inner product
< zy >i= Y, < z,y > Let {4,132 _ be a uniformly bounded
sequence of invertible positive diagonal operators on K, and T be the
bilateral (forward) operator weighted shift on L2(K) with weight se-
quence {A,}3%_. For z = (z;) € LK), T(...,z_1,[2o],21,...) =
(..., Agz_9,[A_12_1], Aoxo,...). Also, since {A,}2 is uniformly

=00

bounded, T is bounded and ||T'|| = sup; || 4;||. For n > 0,

Tn(. vy T—1, [330],.’131,. . ) = ( oY1, [yo],yl,. . .),

where
n—1 n—1
(2.1) Ui = [[ Ajrsn®ion or ynys =[] Ajssz; |
s=0 s=0
n—1
(2.2) i) = sup i [T Ajaoll-
J s=0
If {A;1}52 _ is also uniformly bounded, then 77! is the (backward)

bilateral operator weighted shift on L?(K), given by
T7(...,z_1,[z0], #1,-..) = (..., AT mo, [Ag  21], AT e, . . ).
For n > 0,

T™(...,z—1,[zo),z1,...) = (..., 221, [20], 21, - - - )s

where
n—1 n—1
(2.3) Z; = H Aj—.:sxn—{—j Or Zj_p = H A;_ln+sa:j y
s=0 s=0
n—1
(2.4 77" = sup | TT 47240
s=0

If T is the backward bilateral shift on L2(K), then

Tn( 'am—la[x()])ml:"') = ( - Y-1, [yO]vyla"'),
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where
n—1 —
(2.5) Y = H Aj+sxn+j Or Yj—n = H Aj_,H.s:vj y
s=0 =
n—1
(2.6) 17| = sup ITT Assll-
s=0
Further, T7"(...,z-1 [zo],z1,...) = (... z_1,[zo] z1,...), where
(2.7) H ]+s nTj—n OF Znyj = HAJ+S$J )
s=0
n—1
(2.8) 1T~ = Sup ITT 4550
s=0

Also, since each A, is an invertible diagonal operator on K, ||4,| =
supy || An fill, 1451l = supy, | A7 full and supy, || An fill = m-

NOTATIONS. 1. Forz € Kandi € Z,let x(3) == (..., y-1, [vo], v1,.-.)
in L2(K), where y; = z and y; = 0 for all j # 1.

2. Forn >0and g € N, Hyp, = {z = (z) € LAK) : z =
0V |i+n| > q}. Clearly, H,, is a closed subspace of L2(K).

We include the hypercyclicity criterion, due independently to Kitai [5]
and Gethner and Shapiro [3], for reference :

THEOREM 2.1. (Hypercyclicity Criterion) Suppose that T € L(X).
If there exist two dense sets Y and Z in X and a sequence ny — oo such
that

1. T™x — 0 for every x € Y, and

2. there exists a function B : Z — X such that TBx = x for all
x € Z and B™x — 0 for every © € Z, then T is hypercyclic.

We also include, for reference, the characterization given by Salas
in [7] :

THEOREM 2.2. Let T be a bilateral weighted shift with positive
weight sequence {a,}. Then T is hypercyclic if and only if given € > 0
and g E N, there exists n arbitrarily large such that for all |j| <
q, Hs 20 @stj < €and [[5_; aj—s > %

For the invertible case, Feldman [2] gave the following simpler form
of the above characterization :
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THEOREM 2.3. IfT : 12(Z) — [*(Z) is an invertible bilateral weighted
shift with weight sequence {wn}5% _ ., then T is hypercyclic if and only if
there exists a sequence of integers n;, — 0o such that limg_, H;.Lil wj =

0 and hmk_,oon 1w - =0

3. Hypercyclic operator weighted shift

THEOREM 3.1. Let T be a bilateral (forward) operator weighted shift
on L?(K) with weight sequence {A,}3 _,., where {A,} is a uniformly
bounded sequence of positive invertible diagonal operators on K. Then
T is hypercyclic if and only if given ¢ > 0 and q € N, there exists n
arbitrarily large such that for all [j| < g,

n—1 n
(3.) 1T Asssll < e and | L4520 <.
s=0 s=1

Proof. Suppose T is hypercyclic. Let ¢ > 0, q¢ € N be given; choose
4 > 0. For arbitrarily fixed non negative integer ¢, consider the vector
2 hii<q fi(d) in L2(K). Since the set of hypercyclic vectors for T is dense

in L2(K), there exists a hypercyclic vector z = (...,z_1, [zo],Z1,...)
such that ||z — >;<4 fi(4)|| < 8. Then, we have

;]| < & for all |j| > g,
lz; — fill <6 for all || <g.

Since each z; is in K, there exist scalars ag ) such that Tj= ool (J )
Now, for |j| > ¢, ||z;{| < ¢ implies Ia,(cj)| < 4 for all k, and for |y| g q,
llz; — fi]| < 6 implies

|a,(cj)|<6 for k # 1,

|a,(cj)| >1-6 fork=q1.
Also, since orb(T,z) is dense in L2(K), there exists arbitrarily large n

(for convenience choose n > 2q) such that |T"z — 3 <, fi(j)Il < 6.
Then,

yj+n — fill <6 iflj +nf[ <gq,
where T"z is denoted by (...,y-1,[v0],¥1,...). As by the hypothesis
n > 2q, we have j +n > ¢ for all [j| < ¢ and hence ||yj4n] < 6.

-1 j -1
Furthermore, as yj4n = [[iog Aj+sZi = D peo a,(cj) [1520 Aj+sfi from

{||yj+nu <6 iflj +n| > q;
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(2.1), we have [a||| [T"2E Aj4sfx]| < 6 for all k. In particular, if k = ¢
then || [Py Ajvsfill < 755, As i is arbitrarily fixed, we have

n—1 n—1
6 )
32) 1T Asvell = supll [] Aseofill < 12 forall il <.
s=0 t s=0
Again from (2.1), we have,
n—1
Y = H Aj+s—nwj—n
s=0
00 ] n—1
= zal(g]—n) H Aj+s—nfk-
k=0 s=0

Therefore, for |j| < g, |ly; — fil] < 6 gives

{ lof ™ T2t Ajrocnfic — fill <8 for k=1

ol ™ T8 Ajrsenfil <6 for k #i.

The hypothesis n > 2¢ implies that |j — n| > ¢ for all |j| < gq. Hence
{ag_")l < ¢ for all k. In particular, |a§j_n)i < 4. Also,

n—1
™™ T Ajremnfi ~ fill <0

s=0
implies

n—1
0" TT Ajs-nfill > 1-6.
s=0
Therefore, || [To-; Aj—sfill = | TT520 Aj+s—nfill > 152, Since this result
holds for arbitrary ¢,

- 1-6
inf || [T Aj-sfill > =5,
s=1

-1 o)
and so, sup; || [Ti, A7 fill = &5 ||H';:11 A7 < 1= Hence

L )
(3.3) ”HAJA}S“ <15
s=1

The necessity of the conditions now follow from (3.2) and (3.3) upon
choosing § such that Ti_s < €.
For the converse we need the following lemma :
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LEMMA 3.2. Let T be a bilateral (forward) operator weighted shift
on L?(K) with weight sequence {A,}3> __, where {A,} is a uniformly
bounded sequence of positive invertible diagonal operators on K. Then
T is hypercyclic if the following condition holds: for e > 0, ¢ € N and
vectors g, h in Hy o, there exist n arbitrarily large and vector u in H,,
such that

Jull <€, |T"(w) —gll <€, TR <e.

Proof. The aim is to explicitly exhibit a hypercyclic vector f for T.
For this we arbitrarily fix z = (z;) in L?(K). For n € N, let P, de-
note the projection of L?(K) onto H,o. If g, := P,z, then g, =
(.., 0,2n,Tont1, .-, [T0]y -+ Tn=1,Zn, 0, ... ) and g, — z in the norm
of L?(K). We construct f in L?(K) such that limy_q |77 (f) — gk = 0
and ny is a rapidly increasing sequence to be specified.

Fork=1Letn;=0,¢1=1, p1 =q1.

For k = 2. Let € := M~™272 gy := 2, where M denotes ||T||. Since
92, p1 € Hg, 0, there exists ny arbitrarily large and p; € Hy, ,, such
that [|p2|| < ez, |T7%(p2) — gg, |l = 1T (p2) — g2l < €2, |1T™(p1)| < €2.
To ensure that the supports of p; and p, are disjoint, choose ny such
that go — ne < —1. Thus, ny > 3.

For k= 3. Let €3 := M™"2273 | g3 := g3 + no. Since gy, , p1 + p2 €
Hg, 0, there exists ng arbitrarily large and p3 € Hy, n, such that ||ps|| <
€3, [|[T™(p3) — g9gsll < €3, [T™(p1 + p2)|| < €3. To ensure that the
supports of p1, p2 and p3 are disjoint, choose n3 such that g3 — n3z <
—q2 — ng. Thus, nz > 2(ny + 2).

For k =4. Let ¢4 :== M™™27% ¢4 := g3 + n3. Since 9gs» P1+ P2 +
p3 € Hg, o, there exists ny arbitrarily large and py € Hy, n, such that
loall < ex; 1T (pa) = gaull < €4, |[T™(p1 + p2 + p3)|| < es. To ensure
that the supports of p1, p2, p3 and p4 are disjoint, choose n4 such that
qs —ng < —q3 —n3. Thus, ng > 2(ny +n3+2). Continuing this process,
we get, ||orr1ll < M9~ (k+1) 1T+ (pp41) = Gaeall < M—nk2—(k+1),
and ||T™+1(py+- -+ pp)|| < M=% 2=+ Let f .= 2721 pj- Since the
supports of p; are pairwise disjoint, it follows that Z;’ozl HPj”z < oo and
f € LA(K). Also, |IT™(f) = gq, Il < [T™ (521 pi)ll+ 1T (k) — 94, [l +

2 e IT™ ()| < Mm-r27k 4 Mmigk p 522 el <
27442, Therefore, |T™(f) — z|| < [[T™(f) — gq, Il + [lgq, — @Il — 0 as
k — oco. Hence, orb(T, f) is dense in L?(K), and T is hypercyclic. =~ O
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CONVERSE OF THEOREM 3.1. Let € > 0, ¢ € N and g,h € Hgp.
Then, T"h € Hy_p, and T~ "9 € Hy . Using (2.1) and (2.3), we get

n—1

(3.4) [T™h < sup T Asssl lIR]
Jl<e 5=

(3.5) (T7"gll < sup IIHA slHlgll-

Choose § < min(ﬁm, ”;f”) From the hypothesis, there exists n > 2¢q
such that for all |j] < ¢, || H":l Agijll < 6 and || TT5-, A“1 Sl < d. Using
this in (3.4) and (3.5), we get [T "g|| < supj;j<q | Hs— A gl <
6llgll < e and ||T™h|| < é||h|| < €. Thus, for u := T g, we have u € Hyp

and |[u]| = [|[T7"gl| <€, [[T"u - gl = 0, [|[T"h]| < €. The result now
immediately follows from Lemma 3.2. O

In Theorem 3.1, T is a forward bilateral operator weighted shift on
L2(K). For a backward bilateral operator weighted shift on L?(K), a
similar result can be stated as :

THEOREM 3.3. Let T be a backward bilateral operator weighted shift
on L2(K) with weight sequence {A,}%_ ., where {A,} is a uniformly
bounded sequence of positive invertible diagonal operators on K. Then
T is hypercyclic if and only if given ¢ > 0 and q¢ € N, there exists n
arbitrarily large such that for all [j] < q,

n—1 n
(3.6) I TT Asl < € and | ] Ajsll < e.
s=0 s=1

REMARK. Theorem 2.1 and Theorem 2.5 of [7] follows by taking
dimK =1 and dimK = m < oo respectively in Theorem 3.1.

4. Invertibly hypercyclic operator weighted shifts

In this section we assume that {A,}52 _ is a uniformly bounded se-
quence of positive invertible diagonal operators on K, and the sequence
{A71}%2 _ . is also uniformly bounded. Thus T is invertible on L2(K)
and 7! is the backward bilateral operator Welghted shift on L2 (K) de-
fined as T71(...,z_1, [z0), 71,...) = (.. lxo, [Ag Laq], A1 T, .. ).
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LEMMA 4.1. Let T be an invertible bilateral operator weighted shift
on L%(K) with weight sequence {A,,}2._ . of positive invertible diagonal
operators on K, and let {n} be a sequence of positive integers such that
ny — o0o. If there exists n € Z such that for any ¢ € K, T™z(n) — 0,
then T™z(j) — 0 for all j € Z as k — oo.

Proof. For any j € Z, there exists p € Z and a positive invertible
operator A on K such that ATPz(n) = z(j). Since T is invertible, T?
is continuous (even if p is negative). So assuming T™* z(n) — 0, we get
T™x(j) = ATPT™z(n) — 0 as k — oo, for all j € Z. O

THEOREM 4.2. Let T be an invertible bilateral operator weighted
shift on L2(K) with weight sequence {An} _. of positive invertible
diagonal operators on K. Then T is hypercyclic if and only if there
exists a sequence of integers ny — oo such that limy_. || H?il Al =0

and limg—co f| [ 1%, AZY =0

Proof. If T is hypercyclic, the result follows immediately from The-
orem 3.1. For the converse, let Z := {z = (x;) € L%K) : all but
finitely many z;’s are zero}. Then Z is dense in L?(K). Let B be the
restriction of 77! to Z. Choosing a non zero element z in Z, we can
assume, without loss of generality, that the n** entry of x, denoted by
Y, is non zero. As [[T™y(1)|| = |IT}E, Al < ITI7%; Al lzll and
1By (O = I TI2%, A=ty)l < I T2, AZ2 o), the hypotbesis implies
that 7™ y(1) — 0 and B™y(0) — 0. This implies T™y(n) — 0 and
B™y(n) — 0 as k — oo, by Lemma 4.1. Since for z = (z;) € Z, only
finitely many entries x; are non zero, it follows that 7™z — 0 and
B" g — 0 for every x € Z. The result now follows from the hypercyclic-

ity criterion in Theorem 2.1. O

5. Relaxing invertibility

If T is a bilateral operator weighted shift on L2(K) with weight se-
quence {A,}52 _ ., then T is invertible if and only if there exists m > 0
such that ||A;1|| < m for all n. In this section, we show that the as-
sumption |[4, || < m for all n < 0 is sufficient to establish Theorem 4.2.

THEOREM 5.1. Let T be the bilateral operator weighted shift on
L%(K) with weight sequence { An}3 _.., where { A} __ is a uniformly
bounded sequence of positive invertible diagonal operators on K, and

there exists m > 0 such that |A;Y|| < m for all n < 0. Then T is
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hypercyclic if and only if there exists a sequence of integers ny — o
such that limg_,co || [T;%; Ajll = 0 and limg o || [T, Al =o.

Proof. If T is hypercyclic the result follows from Theorem 3.1. For
the converse, let € > 0,6 > 0 and q € N. Choose ny, arbitrarily large
such that HH 1Asll < 6 and || TI%, AL < 6. For j € Z and |j| < g,
let

ITEZLAZY if1<j<gq
cj 1= 1 ifj =1,
ITI; Al if—g<j<1.

Let n:=np+q+1. Forall |j|<qg,ng<n+j—1and
(51)

n+j—1 n+j—1 n+j—1
HHAs+JH—” H As|| < ¢ H A“<CJHHA““ IT Al
ne+1

By (2.2), 77| = supy, || TT:25 Aresll = supy | TI;25 ™" As|| for all > 0.
Hence, for all [j| < g, |[T%| = sup || 1471 A, which implies
that || TTat3—}) Asll = I TR Alll < |IT94]). Using this in (5.1) we
got, | TI22¢ Al < o5l TI22, Aol IT949)] < e, 8T9491 for all j| < q. T¢
c:=max{¢; : |j| < ¢} and my := max{||T"| : |j| < ¢}, then

n—1

(5.2) I H Agrjll < emqyé for all |j] < g.
s=0

Again, let
|| oo AZLl if0<j<gq,
C.,i = lfj =0,
|| [I2 Al if —g<j<o.

For [j] <¢,0<npy+1<n-—jand

HHA =1 H A

s=1—j

< IIHA Wi T Az < g T 1ach

s=ni+1 N1
< cj 6m(n—j)—(nk+1)+l - Cj 6mq—]+1'
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If ¢ := max{c] : |j| < ¢} and my = max{m?=7! : || < ¢}, then
n

(5.3) I HAJ_—lsH < dmyd for all |j] <gq.
s=1

Choosing ¢ < min{z—, 55}, we get

n—1
IT] Astill <€
s=0

and
n
ITT A2 < e
s=1
for all |j| < g. The result now follows from Theorem 3.1. d
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