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n-WEAK AMENABILITY AND
STRONG DOUBLE LIMIT PROPERTY

A. R. MEDGHALCHI AND T. YAZDANPANAH

ABSTRACT. Let A be a Banach algebra, we say that A has the
strongly double limit property (SDLP) if for each bounded net
(aa) in A and each bounded net (a3) in A*, limg limg (aq,aj) =
limgp limg (@, a};) whenever both iterated limits exist. In this pa-
per among other results we show that if A has the SDLP and A**
is (n — 2)-weakly amenable, then A is n-weakly amenable. In par-
ticular, it is shown that if A™* is weakly amenable and A has the
SDLP, then A is weakly amenable.

1. Introduction.

Let A be a Banach algebra, X be a Banach A-bimodule. Then X*
is a Banach .A-bimodule under the actions:
(z,az*) = (za,z*),
(x,z"a) = (az,z*), (a € A,z e X,z" € X™).
A derivation D : A — X is a (bounded) linear map such that
D(ab) = D(a)b+ aD(b), (a,be A).

For each z € X, 0;(a) = ax —za is a derivation, such derivation is called
inner. The first cohomology group H(A, X) is the quotient of the space
of derivations by the inner derivations; A is called contractible if, for
every Banach A-bimodule X, H'(A, X) = {0}, amenable if, for every
Banach A-bimodule X, H(A4, X*) = {0} (this definition was introduced
by B.E. Johnson in [4]), n-weakly amenable if, H'(A, AM™) = {0} (this
definition generalizes that introduced by Bade, Curtis and Dales in [1])
and weakly amenable if A is 1-weakly amenable (this definition was
introduced by Dales, Ghahramani and Gronbaek in [2]).

Received March 4, 2004.

2000 Mathematics Subject Classification: 46H20, 46H40.

Key words and phrases: Banach algebra, weak amenability, Arens regular, n-weak
amenability.



360 A. R. Medghalchi and T. Yazdanpanah

We shall also consider the second dual A** of a Banach algebra A as
a Banach algebra. Where, two products are defined on A** as follows.

Let a € A,a* € A* and F,G € A*, then Fa* and o*F are defined in
A* by the formulae

(a,Fa*) = (a*a, F), (a,a"F) = (aa*, F)
and FOG and FAG are defined in A** by the formulae
(a*, FOG) = (Ga™, F), (a*,FAG) = (a"F,Q) .

Then A™* is a Banach algebra with respect to the either of the products
(0 and A; these products are called the first and second Arens products
on A**, respectively. The algebra A is defined to be Arens regular if the
two products (1 and A coincide in A**. For the general theory of Arens
products, see [3] and [5], for example. Let .A be a Banach algebra and
P, : AW — A(+2) be the natural embedding where

<¢n+1, Pn(¢”)> = <¢'n? ¢n+1> ) (an € A(n), Pnt1 € A(n+1))

where A©® = A and A™ is the n-th dual of A. We shall require the
following standard properties of the Arens products. Suppose (a,) and
(bg) are nets in A with Py(aa) — F and Py(bg) — G in (A*,0),
where o = o(A**, A*) is the weak* topology on A**. Then FOG =
lim, limg Po(aabg) and FAG = limglim, Py(aabg) in (A**,0).

DEeFINITION 1.1. Let A be a Banach algebra. We say that 4 has the
strongly double limit property (SDLP) if for each bounded net (a4 ) in A
and each bounded net (aj3) in A", lim, limg{aa, a3) = limglimg(aa, aj)
whenever both iterated limits exist.

LEMMA 1.2. Let A be a Banach algebra. Then A has the SDLP if
and only if Pj* = P,.

Proof. Let A has the SDLP, F € A**, ¢3 € A® and let (aq) in
A and (aj) in A" such that [laa| < [|F|l, Po(aa) — F and |aj| <
l¢sll, Pi(ah) — ¢3. Then

(p3, Po(F)) = (F,¢3)
= lim (F, P1(4Y))

= 1ién <a;,, F>

= liénlién {(aa,ap) -
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On the other hand,
(3, 5™ (F)) = (F5(43), F)
— i (aa, P5 (60)
= lién lién <aa, a2> )
Since A has the SDLP, Pj*(F) = Py(F), therefore Py* = P;.
Conversely, let Fj* = P, (aq) in A and (a}) in A* be bounded nets
such that limg limg(aq,aj) and limglima(aq,aj) exist. We choose a
subnet (Py(a,)) of (Py(as)) and F' € A*™ such that P(ay) — F in
(A™,w*) and let (Pi(a3)) be the subnet of (Pi(a})) and ¢3 € AB) such
that Pj(a}) — 3 in (A®,w*). Then we have:

lim lién (aa,af) = li’gn lign (ay,a})
= lim lign (Po(ay), Pi(a}))
v

= liin <P0(a'y)a #3)

and similaﬂy
liénli£n<aa,az> = lignliin(a,y,a})
= limli 5, P
im lim (a5, Po(a))
= lim({aj, F)
= lim (F, Py(a3))

= (F,¢3) = (¢3, Po(F)) .

Therefore, lim, limﬁ(aa,az) = limg lima(aa,az,), so A has the SDLP.
]

LEMMA 1.3. Let A be a Banach algebra and P, be w*-w* continuous.
Then A has the SDLP. In particular, if A is reflexive, then A has the
SDLP.

Proof. Tt is easy to see that Fy™* is w*-w* continuous and P§* o Py =
Py o Py. Let F € A* and (aq) be a net in 4 such that Py(ay) — F



362 A. R. Medghalchi and T. Yazdanpanah

in (A*,w*). Since Py is w*-w* continuous, so Pa(Py(aq)) — Po(F) in
(AW w*), similarly since Py* is w*-w* continuous, so Py*(Py(aq)) —
Py*(F). Therefore, Py(F) = P§*(F) and by lemma 1.1. A has the
SDLP.

Let F, — F in (A** w*) and ¢3 € A® and A* is reflexive, so there
is a* € A* such that Pi(a*) = ¢3.

(93, P2(Fo)) = (Pi(a”), Pa(Fa))

I
5,
5
|
5,
3

)
= (g3, P2(F)).
Therefore, Po(Fy) — Pa(F) in (A(4),w*), so Py is w*-w* continuous
and therefore, A has the SDLP. O

It is easy to check that the converse of the lemma 1.3. is true, i.e. if
A has the SDLP, then P» is w*-w* continuous, so we have the following
proposition.

PROPOSITION 1.4. Let A be a Banach algebra. Then the following
are equivalent:

1) A has the SDLP;

2) Py = Py;

3) P, is w*-w™ continuous.

Let A be a Banach algebra. Then A**, A® .. A" are Banach
algebras with respect to Arens products. Therefore, A™ is A-bimodule,
A**-bimodule,... and A?™-bimodule whenever n,m € R JO and 2m <
n. Hence for each ¢, € A™ and a € A we have:
adn = Po(a)pn = Pa(Po(a))dn = -+ - = Pom—2(Pam-a(- - (Po(a)) - - ))¢n
Pna = ¢nPo(a) = pnPo(Po(a)) = - - - = pnPoam—2(Pom—a(- - -(Po(a)) - - )
Where n,m € R|J0 and 2m < n.

THEOREM 1.5. Let A be a Banach algebra with SDLP and D : A —
AM (n € R), be a derivation. Then D** : (A*,[0) — (A*)™ and
D** : (A, A) — (A**)™ are derivations.

Proof. Let F,G € A*,a,b € A, ¢part1 € AP+ and n = 2k for some
k € X. (the proof for n = 2k + 1 for some k € N is similar.)

(b, D*($2k+1)a)
= (D(ab), pak+1)
= (D(a)b+aD(b), d2k+1)
= (Pog—2(Pok—a(- - -(Fo(D)) - ), p2k+1D(a)) + (b, D*(d2x+10))
= (b, P (P5(- - -(Pay_a(¢2k11D(a))) - - -)) + D*(¢2x410)) -
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Hence
(a, GD*(¢2k+1))
(D*(¢21+1)a, G)
= (P (P5(- - (Pyr_o(d241D(a))) - - ) + D*($2k110), G)
(P3(- - (Pog_a(d2k1D(a))) - - ), B3 (G)) + (par+10, D™ (G))
= (G,P5(- - (Pp_a(d2k+1D(a))) - - ) + (d2k+10, D*(G))
= (Pog-2(- - (P2(G)) - ), $2k+1D(a))
+ (Pok—2(- - -(Po(a)) - - ), D™ (G)d2k+1)
= (a, D" (Pak—2(- - (P2(G)) - - )
+ By (- - (Par—a(D*(G)ar41)) - - ) -
Therefore

($2k+1, D™ (FOG))
(GD*(p2141), F)
(D*(Pag—2(- - <(P2(@)) - ), F)
+ (P (- (Po—a(D™(G)b2k41)) - - ), F)
= (Pa—2(- - (P2(G)) - - )par+1, D™ (F))
+ (P5 (- (P _o(D™(G)ars1)) - - ), Pg™(F))
= (¢2k+1, D7 (F)G)
+ (Pok—2(- - -(P2(F)) - - ), D™ (G)b2k+1)
= {$2n+1, D (F)G + FD™(G)).

Hence D** : (A*,00) — (A**)™ is a derivation. Similarly D** :
(A*, A) — (A**)™) is a derivation. O

COROLLARY 1.6. Let A be a Banach algebra with the SDLP and
(A**,0) or (A**,A) be n-weakly amenable. Then A is n-weakly ame-
nable.

Dales, Ghahramani and Gronbeak in ([2, Corollary 1.10]) have shown
that if A is an Arens regular Banach algebra and H1(A**, A**) = 0, then
A is 2-weakly amenable, we develop this result.

LEMMA 1.7. Let A be a Banach algebra. Then P, : (A*)"2 —
(A*)™ s a A**-module homomorphism for each n > 2.
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Proof. Let F' € A**, ¢, € (A*)"=2) and ¢,y1 € (A*)™. Then we
have:

(D1, Pn(énF)) (InF, pry1)

= (#n, Fén+1)
{ Po(én)
{((Snt1, Prnl(dn)F) -

Therefore, P, (¢, F) = P 2 (0n)F and similarly P, (F¢p) = FP,(¢,). O
LEMMA 1.8. Let A be an Arens regular Banach algebra. Then P :
A* — (A™)* is a A**-module homomorphism; i.e., Pi(a*F) = Py(a*)F

and P,(Fa*) = FPi(a*) (a* € A*, F € A*).

Proof. Let F,G € A*™* and a* € A*. We have:

I

(G, Py(a* F)) (a*F, Q)
= (a*, FOG)
= (FOG, P,(a*))

= (G,Pi(a*)F).
Then Py(a*F) = Pi(a*)F and similarly P,(Fa*) = FP;(a*). O

THEOREM 1.9. Let A be a Banach algebra, n > 3 be a integer,
D:A— A(’f) be a derivation and A has the SDLP. Then there exists
a derivation D : A™ — (A**)™"=2) such that D(a) = D(a) (a € A).

Proof. Let D= P;_,D**. Without loss of generality we may assume
that n = 2k for some k € X, therefore D = P}, _, D**.
Let a,b € A, F,G € A*, o1 € A1) Then we have:

(b, D*(Pog_1(¢2x-1))a)
= (D(a)b+ aD(b), Por-1(d2t-1))
= (Pag—a(- - -(Po(b)) - - *), Pak—1(¢p2k-1)D(a))
+ (b, D*(Pag-1(d2x-1)a))
= (b, B3 (P (- - -(Pop_o(Pag—-1(d2k—1)D(a))) - - -)))
+ (b, D*(Pog—1(d2x—1)a)) .
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Therefore, D*(Pak—1(¢p2k-1)a) = F§ (- (Pap_o(Pok-1(P2%-1)D(a)))- )+
D*(Pyp—1(¢2x—1)a). Hence
{(a, GD*(Pap—1(d2k-1)))
= (D*(Pa-1(¢2%-1))a, G)
= (P5(- - (Par—o(Pak—1(d26-1)D(a))) - - ), P*(G))
+ (Pak-1(¢2k-1)a, D**(G))
= (Pa—2(- - (P2(G)) - ), Pak-1(d2k-1)D(a))
+ (Pak-1(¢2k-1)a, D*(G))
= {a, D" (Pak—2(- - (P2(G)) - - ) Por—1(b2x-1)))
+ (a, Py (P3 (- - (Pr_o(D™(G) Pose—1(dh26-1)))) - - -))) -

Since Poi_2 is a A*™-module homomorphism, so Py, _; is a A**-module
homomorphism and therefore, we have:

(9211, D(FOG))
(GD*(Pak-1(p2x-1)), F)
= (Par—2(- - (P2(G)) - - ) Pa—1(¢2k—1), D™*(F))
+ (Pak—2(- - «(Pa(F)) - - -}, D*(G) Pag—1(d2k-1))
(Pog—1(p2x-1), D**(F)G + FD**(@))
= (¢ak—1, Poy_1D* % (F)G + FP3;,_(D™(@)))

= (921, D(F)G + FD(G)).

Therefore, D is a derivation.
For each a € A and ¢,_; € A®1 we have:

(60-1,D@) = (bn-1, Paea (D™ (Po(0))))
= (D" (Pa-1(¢n-1)), Fola))
= (a, D" (Po-1(¢n-1)))
= (¢n-1,D(a)).
Then D(a) = D(a) for each a € A. O

If A is Arens regular, then theorem 1.9. for n = 2 is correct [2,
Corollary 1.10]. So, we have the following proposition.

ProrosITION 1.10. Let A be a Banach algebra with the SDLP.

i) If (A**,0) or (A*™*,A) is (n — 2)-weakly amenable, then A is n-
weakly amenable.
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ii) If A is Arens regular and H'(A™, A*) = 0, then A is 2-weakly
amenable.

Proof. Let D : A — A™ be a derivation and (A**,0) is (n — 2)-
weakly amenable. In both i, ii there exists a derivation D : (A**, ) —
(A*)("=2) guch that D(a) = D(a),(a € A). Since (A™*,0) is (n — 2)-
weakly amenable, so there is ¢, € (A™)™~2 such that D = d,,. It is
easy to see that D = &y, and D is inner. O

ProposSITION 1.11. Let A be a dual Banach algebra, A = X* for
some Banach space X and product on A be separately w*-continuous and
m: X — X* = A* be the natural embedding. Then 7* : (A**,0) —
A* and 7* : (A**, A) — A* are homomorphisms.

Proof. 1t is easy to see that 7*(Py(a)) = a, (a € A). Let F,G €
A** and (aq), (bg) be bounded nets in A such that Py(an) — F and
Po(bg) — G in (A**,w*). The mapping 7* is w*-w* continuous, so
aq — 7*(F) and bg — 7*(G) in (A, w*). For each o we have:

w* — lién 7 (Po(aq)OPy(bg)) = w*— lién 7 (Po(aabs))
= w*— lién aobp
= a,G.

On the other hand, Py(aq)OPy(bg) — Po(aq)OG in (A™,w*), so
™ (Po(aa)0OPy(bg)) — 7*(Po(aa)0G). Therefore, m*(Po(ar)0G) =
aom(G). Pylae)UG — FOG in (A*,w*), then 7*(aq)0G) —
*(F)r*(G), and a, — 7*(F) in (A, w*), so aqm*(G) — 7*(F)n*(G).

Hence n*(FOG) = n*(F)n*(G). In a similar way we can show that
™ (FAG) = n*(F)n*(G). O
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