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SOME DUALITY OF WEIGHTED
BERGMAN SPACES OF THE HALF-PLANE

S1 Ho KaNG

ABSTRACT. In the setting of the half-plane of the complex plane,
we introduce a modified reproducing kernel and we show that for
r > —1/2, BY"-cancellation property holds and the Bloch space is
the dual space of B»".

1. Introduction

It is well-known that the duality plays an important role in mathe-
matics. We will discuss the Bloch space and weighted Bergman spaces.

Let H = {x + iy : y > 0} denote the half-plane of the complex plane
C and dA the area measure on H. Put K(z,w) = —1/m(z —w)%. In
fact, K(z,-) is the reproducing kernel for B2, that is, for any f € B?,
f(2) = [y f(w)K(2,w) dA(w) for all z € H. For r > —1/2, the weighted
Bergman Spaces B1" of the half-plane is the space of analytic functions
in LY(H,dA,), where dA,(z) = (2r + 1)K (z,2) " dA.

The main result of this paper is to show that for r > —1/2, the dual
space of B1" is the Bloch space.

In Section 2, using a modified reproducing kernel

M('aw)1+r = K('vw)H_r - K('ai)l-l-ra

we get bounded linear operators ¢, and we introduce a dense subspace
of BLT. Moreover, we prove that B -cancellation property holds. Sec-
tion 3 is devoted to the duality of BY". To do so, for each element g
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of B%(4), Ay is in (BY7)*, where for r > —1/2,
B'(i)={f € A(H): f(i) = Oand | fllz- = sup y"*?"|f'(z)] < o0}

z=x+iyeH
and Ay : BY" — C is defined by Ay(f) = [;; f(2)9(2) dA.(2) for all f €
B'7. Using the bounded linear operator @, of L* into B°(i), we show
that B°(7) can be identified with the dual space of B1". Throughout this
paper, we use the symbol A < B(A = B, respectively) for nonnegative
constants A andB to indicate that A is dominated by B times some
positive constant (A < B and B < A, respectively).

2. Weighted Bergman spaces

In this section, we deal with bounded linear operators @, and dense
subspaces of BT,

PROPOSITION 2.1. Suppose r > —1/2 and f € BY". Then for each
z=zx+1iy € H,
4
< .
lf(z)l = (27_ T 1)(7_[_:[/2)1_‘_,» l’f”LT

Proof. Since z = £+ 14y and f is analytic on H, the mean-value prop-
erty implies that |f(z)| < (1/!B(z,y/2)|)f3(z7y/2) |f(w)|dA(w). Since
for any w € B(z,y/2), Imw > y/2, K(w,w) = 1/4r(Imw)? < 1/my?
and hence |f(2)| < (1/(2r + 1)(mwy®) )| £ll1.r- O

PROPOSITION 2.2. For r > —1/2, BY" is a closed subspace of
LY(H,dA,).

Proof. It can be easily derived from Proposition 2.1. O
' Let
B(i)={f€ A(H): |flz- = sup y""|f'(2)| < co and f(i) = 0}.
z=a+iycH
Since each element of B" (%) vanishes at 4, || - |5 is the norm on B’ (%),

in fact, for » > —1/2, is also a Banach space (see [4]). We note that the
weighted Bergman kernel K (-, w)!*" ¢ L(H,dA,) (see [5]) and hence we
need a modified reproducing kernel M (-, w)'*" = K (-, w)!*"— K (-,3)}*".
For r > —1/2, we define Q, : L — B9(3) by

Qr(b)(w) = (2r +1) /Hb(z)M(z,w)l"'TK(z, z) " dA(z).

Then we have the following:
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THEOREM 2.3. (1) M(-,w)'*" isin L'(H,dA,) and hence in B'".
(2) Forr > —1/2, Q. is a bounded linear operator.

Proof. (1) Suppose 2 + 2r = ¢/p for some p, q € Z. Since

| M (2,w)""]

1 (2402 ~ (z -0

— (2 —W)2H2r X (2 41)2+%r
1 (z—{—i)%—(z—'?u’)%
T (2 — @) x (2 +1)7
-1 —2 1 -1
1 e+ )T A GHD)T -+ (2—W) 7 |
mi |z — w7 |2 + B
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% |(z +1)7 — (z — )7
— —2 -1
1 I(z+i)gp—1+(z+i)q7(z—w)%+--~+(z—@)%|
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" |z +1i— 2+ w|
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/]M(z,w)HT[K(z,z)_’"dA(z)
H
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47 z+4)?r +---+(z—w)? |Imzr “dA(z

—1 ~1 -
m 2~ 7|z +ilF(z+0)F +-- T

Ct(z—w) 7 |

-1 -1
Since g+g+p___q___g+2:3’ M(-,w)*r ¢ LY.
P D Y p p

(2) Clearly, each Q. is linear and Q.(b)(¢) = 0. Take any closed
contour C in H. By Fubini’s Theorem,

/@@wmmm
C

=2r+1) | b(z) | M(z,w)dA(w)K(z,z)""dA(z) =0
H c

and hence Q.(b) is analytic on H. Let z = z + iy and w = s + it be
in H. Since
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%M(w,z)“”"

I\ 242 d
= (—;T‘> (w—_wy E;Qr(b)(z)

N\ 2428 .
< Cr+1Er+2)bll / / AT (y + ) ds dt
it %0 { (s —2) + (y + )2}y + 1)>*%
<4"(2r+1)(2r+2 oo
Cr )+ pleoy | ot
~ bl oo-
This implies that ||Qr(8)]lg0 < [|8]lo, that is, @y is bounded. O

LEMMA 2.4. BV N H® jis dense in B,

Proof. Take any h in BY" and any w in H. For any 6§ > 0, let
hs(z) = h(z +16) for all z € H. Since

|hs(w)| = [A(w + 46)|
1
|B(w +16,0/2)| J B(w+is,5/2)

< / Ih(2)| K (2, 2) " dAGz) < Bl
B(w+14,6/2)

hdA(2)

hs 1s in H*°. On the other hand,
sl = 2+ 1) [ s(a) K (2,2 dA(2)
S [ MK (.2 dAG) ~ s,
and hence hs € BY" N H™. Since Co(H) is dense in LY7, for any f in
BT and any € > 0, there is g € Co(H) such that ||g — f]l1» < €. Since

I fs = Fllie < 1fs = gsllir + lgs — glloe + lg — fllar, BY" N H is dense
in BLT, O
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In order to prove that for any f € B and any g € B°(3), f-g € B,
we define the set

Dr={f¢€ BY": there is a constant Cy such that

c
1f(2)] < (1—+I?Jlt7’+_2 for all z € H}.

The set D, satisfies the following property.
PROPOSITION 2.5. D, is dense in B,

Proof. For each n € N, let p,(z) = (ni)3*¥/(ni + 2)>*>" for all
z€ H. Then for z =z + iy in H,

3+ Vo 3+2r
lon(2)| = T S

(@ +(y+n)?)s T \1T

and hence ¢, € D,. Take any f in B and any € > 0. By Lemma 2.4,
there is g € BY" N H* such that [|g — fll1,» < €. Since gpn € Dr and
l9(2)on(z) — g(2)] < [g(2)|(1 + [@n(2)]) < 2|9(z)|, Lebesque dominated
convergence theorem implies that lim, e [5 |9(2)¢n — g(2)] dAr(2) =0
and hence lim,—.c0 [lg¢n — gl[1,r = 0. Since [|gpn—fllir < lgPn—gllir+
lg = flli,r» Dr is dense in B, O

LEMMA 2.6. For any g € B%(i) and any z =z + iy € H,
19(2)] < llgllpo(1 + |logy| + 21og(1 + |z1))-
Proof. Suppose z = x + iy € H. Since g(i) =0,

l9(2)| < lg(z + 1y) — g(x +i(L + [z]))]
+lg(z + i1+ |z]) — g1+ |zD)d)] + 1g((1 + |e)i) — 9(9)]
_ /1 g+ (y—lz[-1t+1+z)i)((y—1— |zt +1+|z])
0 (y —1—]x|)t+1+|x|

(o —1~|x|)dt‘ i/ gt + (1 + |z )(1+|a:|)xdt

1+ |z
g'((tlz| + Di)(tle| + 1) .0
" /0 ta] + 1 i 'Zdt‘
< lglligo(|logy| + 1 + 21og(1 + |z[)). O

PROPOSITION 2.7. Suppose f € D, and g € B%(i). Then f-g € B'".
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Proof. Since f € D, there is a constant Cy such that |f(z)| <
Cy/(1+ |2|)3*% for all z € H. Put z = z + iy. By Lemma 2.6,

/ 1£(2)9(2)] dA(2)
2’I‘+1/ |f(2)g(2)|K(z,2)"" dA(2)

< Cplolln | 2 ”"f{"ﬁf,)lé’fﬁf 12D ey (1 22 )

14 |logy| + 2log(1 + |z|)
Slglln [ FHEELETEALD )

Since there is a compact subset K of H such that for z ¢ K,

log(1+ [2]) < (1 +12])%, f - g € BM. 0

3. The dual space of BL™

The main goal of this section is to prove that the dual space of
weighted Bergman spaces Bl can be identified with B%(:). To do so,
we define the following linear functional A, on D, as for g in BO(i),
Ag(f) = 2r + 1) [ f(2)g(2)K (2,2)"" dA(z). By Proposition 2.7, A, is
well-defined and linear. Let A(z) = 1+Zz. The A is a Riemann map
from D onto H. Let AY"(D) denote the space of analytic functions in
LP(D,dA;), where dA,(2) = (2r + 1)Kp(z,2) " dA(z). Then BY" can
be identified with A" (D) via U(f)(w) = 224 f(h(w))/(1 — w)*T*" (see
[3]). Let B(D) be the Bloch space of D. Then we have the following:

LEMMA 3.1. (1) For any f € BY", f(h(2))/(1 = 2)*** is in AV (D).
(2) For any g € B%(3), |lg o hllgm) = 2||gllpo-

Proof. (1) Since

f P kot o anco

-1 p

- /H df—(hffﬁ(;)@)fir Ko (A~ (2), () " |(h7Y) (2) dA(2)
L Tl
CETES T (z +19)2

z—1

2
z+1 dA(z)
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- i [ V@I dA@) ~ 1 f < oo
F(R(2))/]1 = =¥ is in AL7(D).
(2) Suppose g € B%(i). Then

lgohlam = sup (1 I[z*)|(goh) (2)| + g o h(0)]
z=x-+iyeD

= sup (1 — |z[*)|g' (R(2))I|F'(2)]
z2€ED

|w—}-i|2 |w—z]2 |w + |2
= sup 5 g’ (w)|———
w=s+itc H |w + Z| 2
= sup 2t|g'(w)| = 2llgllgo- O
w=s+itc H

PROPOSITION 3.2. For g € Bo(i)ﬁe linear functional Ay : D — C
defined by Ay(f) = (2r +1) [ f(2)9(2)K(z,2)"" dA(2) is bounded.

Proof. Since

Ag(f) = (2r +1) / FTRK (2, 2) " dA(2)

(2r+1) /f g(h(2))K (h(z), h{(2))"|W (2)|? dA(z)
and (AV7)* = B(D), [Ag(f)] < llg o sl flir S lgllsollfll1,r and
hence [|[Ag|l S HQHBO that is, A is bounded. O

PROPOSITION 3.3. For g € B%(i), we define A, : B — C by

Ag(f) = (2r +1) /H FTEK (2, 2) " dA(2).
Then A4 is bounded.

Proof. Take any f in BY". Since D, is dense in B'7, there is a
sequence {fr} in D, such that lim, . || fn — fll1,- = 0. Since {Ag(fn)}
is a Cauchy sequence in C, limy,_,o Ag(fy) exists. Suppose that {h,}
is a sequence in D, such that lim, . ||hn — fll1,- = 0. Since |[Ag(fr —
ha)l < [ Aglllfa = Anllir = IAgll (I fn = fllie + I1f = hallir), we define
Ag(f) = limp 00 Ag(fr). Since

Bo(F) = T |Ag(fn)| < Tim ANl = 1Al
A4 is a bounded linear functional on BLr, O

THEOREM 3.4. We define & : BO(i) — (BY7")* by ®(g) = A, for all
g € B(i). Then ® is a bounded linear functional.
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Proof. Tt is immediate from Proposition 3.2 and Proposition 3.3. O

Main result of this paper is to show that (BY")* can be identified
with B%(i). To do so, we need the Bl"-cancellation property.

LEMMA 3.5. For any f € BY", [, f(w)K(w,w)™" dA(w) = 0.
Proof. Take any f in B". Then
/ F(w)K (w, w) ™" dA(w)
H
= [ SR M), HE) IR 4
= 41+T7TT/ M(l — |22 dA(2)
D

|1 _ Z|4+4r

2 —z 2427
- | <1f_(gz()334r 8 - —§+ (=12 dA(z)

_ 24-2r
= 4T tl_lgl- D (lf—(gz()zﬁl)lzzr 8 - 2—2324—21" (1~ 12*)*" dA(2) (Lemma 3.1)

4l l+r flg)(1 - tz)2+2r 1 1+r
_ Ty N
I+ 1 ol D (1 — z)4+er (2r+1) {7’(‘(1 —1z)2 }
x 77(1 = |2|*)?" dA(2)
gitrpltr fg(®)) 2\2+42r
o2r+1 tl—{r{l— (1- t)4+4’"(1 —t) '

Since
W)
M = gy
o | 1)
= 2 1B (S5 /Ba,(%lm 1 - s A0) ‘

i il f9(=))
< lim ———
= A (1 — ¢2)2+2r /B(t,(%)lw) (1 — z)4+4r dA(z),

1 f(g@)l 2242

i (1— t)4+4r(1 t%)

1+r

< lim 2 / 2 f(g(i)lu JA =0

=1 7 g,y (1 - 2)

and hence [ f(w, w)K (w,w) " dA(w) = 0. a
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PRrROPOSITION 3.6. Let ® be a map defined in Theorem 3.4. Then ®
is 1-1 and onto.

Proof. Take any g in ker®. Let ¢,(2) = (ni)3T2"/(ni + 2)3+%" for all
z € H and for each n € N. Then g € B(i) and'¢,(2) € D, and hence
g ¢n € BY". Since ¢, is bounded, for any f ¢ Bb",

—r0C

lim . F(2)pn(2)9(2) K (2,2) 7" dA(2)

- / F(9@K (2, 2)~" dA(z) = 0.
H
Since M (-,w)'*" € B,

0= lim [ n(2)9(z)M(z,w)1+"K(z,2)7" dA(2)

n—00 H

= Jin ([ oul2do KEwI7K (2, 2) " dA()

-/ wn<z>g(z)K(z,i)1+rK(z,z)*’"dA(z>)
H

= 51 T}ergo(wn(w)g(w) — ¢n(1)9(3))

1
2r+1

g(w)

and hence g = 0, that is, ker® = {0}. This implies that & is one-to-one.
Take any ¥ in (BY")*. By Hahn-Banach Extension Theorem, there is
a unique ¥ in (L%")* such that & = ¥ on BY" and | ¥]| = ||¥]|. The
Riesz Representation Theorem implies that there is a unique b in L™
such that ¥(b) = [;; f(w)b(2)K (w,w)~" dA(w) for all f € BY". Put
g = Qr(b). Then g € B°(3) and for any f € B,

2(9)(f) = Ay(f)
B /H Fw)g(w)K (w, w)™" dA(w)

- /H £ () (B (W) K (w, ) ™" dA(w)



396 Si Ho Kang

=) [ fw) [ WMl PR (2 2) dAG)
x K (w, )" dA(w)

= Cre) [ fw) [BEE G - KK dAG)
x K (w, )" dA(w)

= [T+ [ R - KK (w,0) 7 dAw)
x K(z,2)"" dA(2)

= [ BEEK ()T dAR) = 1),

that is, ®(g) = U. This completes the proof. O
THEOREM 3.7. For r > —1/2, B%(4) is the dual space of B".

Proof. The open mapping theorem implies that ® is an isomorphism.
|
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