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ABSTRACT

In this paper, we have systematically formulated the equations concerned to the in-plane and
out-of-plane motions and deformations of a thick circular beam by using the kinetic and strain
energies in order to analyse natural frequencies of a thick ring. The effects of variation of radius of

curvature across the cross-section and also the effects of bending shear, extension and twist are
considered. The equations of motion for natural vibration analysis of a ring are obtained utilizing the
cyclic symmetry of vibration modes of the ring. The frequencies calculated using thick ring model

and thin ring model are compared and discussed with the ones obtained from finite element analysis
using the method of cyclic symmetry with 20-node hexahedral solid elements for rings with the

different ratio of radial thickness to mean radius.
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Fig. 1 Geometry of a ring segment
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Uos AARCE A9 FAAL n= 10 1 739 13
Uoc= (e, dyc, ug)” 2E7AY HAa HY 2 He] IHRFESFE Table
0s=(Ps, b5, u;s)T 1 ¥ Table 29149} Zt}h QX4 8x8x470e] Qa2
M Moc Koa Koc —Kos . : . .
0A [ ] [ Koc ] Table 1 Natural frequencies of in-plane vibration
of a ring with b=h=0.040m by FEM
Moo= mofta He ﬂ:;z o . bodd] Gbd | &bz | 2ox | D
0 —-Za 1 . 0 | Freq. | Freq.|Error | Freq. | Error | Freq. | Error | Freq. | Error
| (Hz) | (Hz) | (%) |{Hz)| (%) | (Hz) | (%) | (Hz) | (%)
Koc—frElzal—s 2 |16782116783] 0.01 [1678.4] 0.01 J1679.6] 0.09 [1695.2] 1.01
bt 3 |442804428 4] 0.01 [14288] 0.02 [4434.6 015 45003} 1.63
afntttattsal-2gat 0 0 0* [ 6353.2[6883.2] 0.0 [5883.2] 0.00 [6883.3] 0.00 [6883.7] 0.1
g a ;2;‘2“ "’;21“2 1 [7821.6]7822.8] 0.02 [1823.9] 0.03 [7839.4] 023 [r999.9] 228
z g 1* [9469.419469.4] 0,00 [9469.4] 0.00 [9469.6 0.00 [9471.7] 0.02
o= ”m;al_3 5 [11603.111606] 0.02 J11608] 0.04 J11640] 032 J11942] 2.92
2* |14752.114752. 0.00 {14752] 0.00 {14752 0.00 |14762) 0.07
0 —an(1+t,— B,) an(s,—B;) 6 |15613. (15618, 0.03 |15623] 0.06 |15678. 0.42 [16168, 3.55
an(1+t,—8;) 0 0 ] 7 [19753.119760 0.04 (19771 0.09 [19857] 0,53 [20585] 4.22
—an(s,— f;) 0 0 3* 20675120675, 0.00 [20675. 0.00 [20677 0.01 [20708] 0.16
P 8 |23958.23960.] 0.05 |23988. 0.13 [o4114) 0.65 [25130] 493
4* 126692126692, 0.00 [26693] 0.01 126698 0.02 [26778] 0.32
s 9 [28186.[28202] 0.06 [28233] 0.17 J8409] 0.79 Jo0802] 5.74
s;=£LGA}(E—1I:Zi 10 [32407. 132429 0.07 [32479] 0.22 [32714] 0.95 [34567] 6.67
t,= _G_J_,_ B, = _Ii&A‘Z_'az_ (30) Table 2 Natural frequencies of out-of-plane
ET; El; vibration of a ring with b=h=0.040 m
_ L, L oy TEM
He™ naZ #17 Tpn? 8x8x4] axaxqg | 4xdx2 | 2@x0 | 1xix1
+ M| Freq. | Freq, | Error | Freq, [Error| Freq, |Error| Freq.. [Emor
. (Hz) | (Hz) | (%) | (Hz) |(%) ]| (He) [ (%) | (Hz) | (%)
4. L[y A 2 [1537.1{15374] 0.02 {15374 002 [1541.1] 0.26 | 1581.8] 2.91
3 [ 41142 {41149] 002 [a1151] 002 [41237] 023 [4222.4 | 2.63
ARGl ALeE e = ey 0% [485904850,0] 0,00 [4859.0] 0.00 [48595] 0.01 | 48634 0.09
T;];] ﬁjq;}:};’ %‘;} DJL; ;E ;37;3 i:;; 1* | 62831 [6284.7] 0.03 [62847] 0,03 |63035] 032 [ 6525.0{ 385
PN 4 |73133 1731456 0.02 [73152] 003 [7332.2] 026 | 75275 | 2.93
=T R 2* (94495 (9453.8] 0,04 [9453.8] 0.05 [9504.1] 058 [ 10072, 6.59
5 | 10882, {10884, 0.02 [10886.] 0.04 [10016.] 0.32 [ 11254, | 3.42
E=207GPa. v=0.29. p=7833ke/m’ 3* | 13165. 13172 0.05 [13172] 0.06 [13256 ] 0.70 | 14158 | 755
4.1 FEM siA 6 | 14661. [14665. 0.03 [14668] 0.05 [14718] 0.3 | 15249, [ 4.01
ANE 2 mde] AHHS A=ss] s oa 4 |17069.[17080] 0.06 [1708L] 007 [17203] 079 18427, [ 7.96 -
e ot oo bo-ound 4 {1 b eielou s
j Ces i TEETS A %g}?j 8 | 22493, |22502. 0.04 [22515.] 0.10 [22629.] 0,61 | 23706, ] 5.40
22 Zol1ed) g dUE WY W AT oo 17 008 [5122] 010 5342 098 | 27203 | 8.39
BFoR  FAIA 1x1x1. 2x2x2, 4x4x2, 4xdx4, 8x 9 | 26445, [26458 ] 0.05 [26482.] 0.14 [26643] 0.75 | 28000 | 6.2
8x479] SRA 208H A eLE B <8 7+ (20164 [29190] 009 [20199] 0.12 [20484.] 1.10 31672, [ 8.60
WAL o83 fHa29e s THAE 10 | 30386. [30404.| 0.06 |30442.| 0.19 |30665.| 0.92 | 32559, 7.15
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Table 3 Comparison of natural frequencies of
in-plane vibration of a ring with
b=h=10.040m

FEM| Thick ring { Thick ring | Thin ring | Classical

8x8x4] model a) | model b) | model a) theory

Freq. | Freq. | Error | Freq. | Error | Freq, | Error | Freq, | Error

Table 4 Comparison of natural frequencies of
out-of-plane vibration of a ring with

b=h=0.040m

FEM
8x8x4

Thick ring
model ¢)

‘Thick ring
model d)

Thin ring
model ¢)

Classical
theory

Freq,
(Hz)

Freq,
(Hz)

Error
(%)

Freq.
(Hz)

Eror
(%)

(Hz) | (%)

Freq, [Error| Freq.

(Hz)

Error
(%)

15371

15383

0.08

15829

2.98

1566.0] 1.88

16823

948

41142

41145

0.01

42244

2.68

4210.1| 2.33]4876.5

1853

4859.0

4855.0

-0.08

48550

-0.08

4821.1(-0.78

62831

6269.8

-0.21

6508.8

3.59

61154]-2.67

73133

7309.1

-0.06

7528.7

2%

7499,8] 2.5594476

2918

94495

9421.6

-0.30

10043,

6.28

90683.6|-4.03

10882.

10872,

11251,

340

11180,| 2.74{15358.

41.14

13165,

13123,

-032

14115,

122

12570.{-4.52

14661,

14651

007

15234,

391

15094 2.95(22597.

5413

17069,

17015,

-0.31

18367

761

16258,-4.75

18552,

18550,

-0.01

19375

444

19146.| 3.20|31158,

67.9

21059,

2099.

-0.30

22703,

730

20029.)-4.89

22493,

22513,

0.09

23610,

497

23278, 349141041,

82.46

25097.

25027,

-0.28

27086.

792

23841.-5.00

26445,

26503,

0.22

27898.

549

27453.| 381152243

97.55

29164,

29093,

-0.24

31501,

8,01

27678.-5.09

30386.

30501,

0.38

32212,

6.01

31648, 4.15/64764.

113.14

(c) Considering warping :
(d) Neglecting warping :

K,=0.84924, K,=0.84346
K,=1.0, K,=1.0

Table 5 Comparison of natural frequencies of

(Hz) | (Hz) | (%) | (Hz}| (%) | (Hz} | (%) | (Hz) | (%) in-plane vibration of a ring with
2 [16782[1677.2{ 0.06 [1690.0{ 0.70(1640.7| -2.23 (17753 5.79 b=h=0.010m
3 144280144165 -0.26 |4481.1| 1.20 [43159] -2.53 [5021.4] 13.40 FEM | Thick ring | Thick ring | Thin ring | Classical
0% [6883.2/6850.1{ -0.48 [6850.1] -0.48 [6818.0[ -0.95 ) 8x8x4| model a) | model b) | model a) | theory
4 |7821.6|7788.3} -043 [7957.6( 1.74 {7619.1]| -2.59 |9628.0| 23.10 Freq. | Freq. | Error | Freq. |Error] Freq. |Error| Freq. |Error
1* [0469.4o458.4] -0.12 94600 -0.10 |9597.0] 135 (Hz) | (Hz) | (%) | (Hz) | (%) | (Hz) | (%) | (Fz) | (%)
5 11160311538, -0.56 111864 2.25 (11306, -2.56 [15571.| 34.19 2 1438.70(438.67) -0.01 |438.90] 0.05438.02|-0.16{440.33| 0.37
2% 11475214802, 0.34114808.| 0.38115201| 3.04 3 11234.1{12338] -0.0211235.3| 0.09]1231.7)-0,19} 12454 | 0.92
6 |15613,|15510.{ 0,66 {16039 2.73 [15223.| -2.50 [22842.] 46.30 4 |2348.3(2347.3] -0.04 | 2352.1 | 0.16|2343.1|-0.22| 23830 | 1.69
7 (1975319610, -0.72 {20380, 3.18 [19276.| -2.41 |31439,] 59.16 o |3761.23758.8{ -0.06 | 37705 | 0.25]3752,0|-0.243862.0| 2.68
3* 120675.20858. 089120873 096 [21525] 411 6 [5454.6|5449.7) -0.09 | 54735} 0.35[5439.9|-0.27]5665.4 | 3.86
8 [23958.(23781.] -0.74 (24823, 3.61 [23408.] -2.30 |41360.| 72.64 0* | 6822.116820.0) -0.03 | 6820.0 | -0.03|6818.0}-0.06
4* 126692127126, 1.63 127155 1.74|28083. 5.21 7 17409.7 [7400.8] -0.12 | 74435 0.46(7387.5|-0.30|7797.7{ 5.24
9 |28186.|27988.| -0.70 (20325 "4.04 [27582.1 -2.14 |52606.} 86.64 8 19606.9(9592.21 -0.15|9662.1 | 05719575.3|-0.33|10259.| 6.78
10 [32407.)32210,f -0.61 [33861. 449 |31776.) -1.95 (65175,101.12 1* | 9631.919631.0 -0.01 | 9631.0 {-0.01{9639.4] 0.08
(a) Considering warping © K .= 0.84924 9 |12027.112004. 019 | 12111. | 0.70]11983.|-0.36 13048, | 849
(b) Neglecting warping © Ko=1.0 10 | 14649, (14616.| -0.23 | 14770. | 0.83{14591.|-0.40| 16165.110.35
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Table 3~40lA Holz upet o] 7k AL 8 o H% A4E F§ ¢ F Aok
o] Zfele e HEHS TS FAL ¥ BY Table 7~8°1A Hole Hlg} 7Zo] o] AL F7
of & Y Bd EE HEYSL TN FAL Y B
durt A3 A3s 2L o o Table 8 Comparison of natural frequencies of

out-of-plane vibration of a ring with

Table 5~6ollA Holz vieh zho] g2 e} 74 b—h=
o= wRiel HEYS TS AL 9 2d, g T
" o ot S s el o FEM | Thick ring | Thick ring | Thin ring | Classical
g E”zi_l T AEEE HAS FAE o Zdo] A 8x8x4| model ¢) | model d) | model ¢) | theory
m
Freq, | Freq. {Error| Freq. |Error| Freq. | Exror | Freq. | Error
Table 6 Comparison of natural frequencies of (Hz) | (Hz) | (%) | (Hz) [(%) | (Hz) | (%) | (Hz) | (%)
out-of-plane vibration of a ring with 2 [25378]25472] 0.37]2650.8] 4.45[2686.5] 586(3121.2] 3481
b=h=0.010m 0% | 4966.94962.1|-0.10]4962.1|-0.10|4821.1| 294
FEM | Thick ring | Thick ring | Thin ring | Classical 3 [6022.016059.4] 062[63408| 52964817 7.63|0006.8| 6451
88| model ¢) | model d) | model ¢) | theory 1* (65239 [6479.5(-0:68{6764.6| 3.69[58873] 976

I&?ﬁ' Ef{ez% Izlgo)r %ez% Izi%r %cg ]%E}‘))r %c;q) ]%gO)r 4 |9721.0(0844.7| 1.27(10372 6.69]10624.| 9.20{19187 9737
0 2 4 7 2% 110163, {10096.(-0.66(10798,| 6.24 8845. [-12.97

416101416.11) 000 42562| 2.29 41663] 013 |41864] 061 5 13395, {13687 2.18{14503] 8.27[14869, 11.00[31185.[132.81
11986[11985] -001 [12038] 127 [12004] 016[12035] 124 T} Trzon o1 Tssen | 7542100 138

2
3

4 |23037123032) -0.02|2324.1| 0.89 23073 016 2351.2) 2.06 6 [ 16975 [17513] 317]18645 9.8419129.] 12.69]45878 17028
5 (37085 [3706.9| 0,04 [3736.0] 074 [37138] 0.14 [38224] 307
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