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¢-ANALOGUE OF EULER-BARNES’
NUMBERS AND POLYNOMIALS

LEECHAE JANG AND TAEKYUN KIM

ABSTRACT. Recently, Kim[2,6] has introduced an interesting Euler-
Barnes’ numbers and polynomials. In this paper, we construct the
g-analogue of Euler-Barnes’ numbers and polynomials, and inves-
tigate their properties.

1. Introduction

Let w,a1,az,- - ,a, be complex numbers such that a;(# 0) for each
t=1,2,---,r. Then the Euler-Barnes’ polynomials of w with parame-
ters a1,as,- - - ,a, are defined as

[+%S) m
eu)t = ZHT(:)(’IU,U | ay,a2," - aar)ﬁ'—)

n=0

(1 —w)
[T (e%® —u)

for w € C with |u] > 1, cf.[6]. In the special case w = 0, the above
polynomials are called the r-th Euler-Barnes’ numbers. We write

Hr(Lr)(u | Ay, @2, - aa"r‘) = HT(LT)(O,U, I a1,qa2," - )ar)-

Throughout this paper, the symbols Z, Z,, Q,, C and C, will respec-
tively denote the ring of rational integers, the ring of p-adic integers, the
field of p-adic numbers, the complex number field and the completion
of algebraic closure of Q. Let v, be the normalized exponential valua-
tion of C, with |p|p, = p~¥»(® = p~1 When one talks of g-extension, ¢
is variously considered as an indeterminate, a complex number g € C,
or p-adic number ¢ € C,, cf. [2-5]. If ¢ € C, one normally assumes
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lg] < 1. If ¢ € C,, one normally assumes |1 — ¢, < p_Fi_l, so that
g* = exp(zloggq). In this paper we use the notation:

xT

o] =[z:q = 11;_% of [12,8].

The ordinary Euler numbers E,,, are defined by the generating function
in the complex number field as

= z Enm (|t} < 7), cf. [9].

m=0

Let u be an algebraic in complex number field. Then Frobenius-Euler
numbers are defined as

Lu ZH ([t < ), cf. [9,10].

t—y

Note that H,(—1) = E,. Also, Carlitz defined the g-analogue of
Frobenius-Euler numbers and polynomials as follows:

Ho(u:q9) =1, (qgH +1)* —uHi(u:q) =0if k> 1,
where u is a complex number with |u| > 1:
Hy(u,z:q) = (¢"H + [z])* if k > 0, cf. [2,11],
with the usual convention about replacing H*(u : q) by Hy(u : q). For

any positive integer N, z € C,,

Za,

[pN.Z]

can be extended to distribution on Z,, cf. [1,2,7,13]. Let UD(Z,) be
denoted by the set of uniformly differentiable functions on Z,. Then
this distribution admits the following integral for f € UD(Z,):

po(a+pN2,) =

:/z,, f(@)dps(z) = [pN p Z f(x)2%, cf. [1,2,12].

The purpose of this paper is to construct the g-analogue of Euler-
Barnes’ numbers and investigate their properties.
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2. ¢g-analogue of multiple Euler numbers and polynomials

Let d be a fixed integer and let p be a fixed prime number. We set
X = lim(Z/dp"2),
N

x*= |J a+dpz,
O0<a<dp
(a'7p):1

a+dpNZ,={z € X |z =a (mod dp™)},

where a € Z lies in0§a<de.

Let u € C, with |1 — uf|, > 1 for each positive integer f and let
ai,ag, -+ ,a, be non-zero p-adic integers. For w € Z,, we consider
the g-analogue of Euler-Barnes’ polynomials by using p-adic invariant
integrals as follows: For ¢ € C, with |1 —¢|, < p“ﬁ, define

H (w,u,q | a1,a0, - ,a,)
(1) =/ / [w+Zajxj:q] dpy(z1) - - dpy(zr).
Z? Z, st
r times

By (1), we note that

/zp . ../Zp [w+§ajxj : q] nd,uu(g;l) oo dpg ()

r times
N_1

1 - "o
= lim ———r— [w+ a;x; :q} u =1 %
R VI P2
I 1—u \’
= lim
Nooo \ 1 —uP"

=E ;3)2(7) ”w( ”<11—qwfu)>’

where (7) is binomial coefficient. Therefore we obtain the following;:
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THEOREM 1. For n > 0, we have

Hr(Lr)(wau)q | Ay, 70’7")
(1 — U " (n) 11 1
= (—1) qw T P .
ErRIAY Mo (1 - %)
Moreover,

lin} H,(f)(w,u,q a1, -+ ,ar) = H,(,’")(w,u‘l | ay, - ,ar).
q—)

REMARK. (1) In the special case w = 0, we write
HT(LT)(%Q l ay, - aar) = Hf(f)(o’u’q l ay, - ,(1,7-).
(2) Note that limg_,4 H1(1,1)(U,q [ 1) = Hy(u™1), cf. [8,9].

Let GS,T) (t,u} a1,az2, - ,ar) be the generating function of H )(u, q|
ag, - 7a7‘):

) tk
CO(t,u ) ay, - ,ar>=ZOHI(Cr)(u,q$a1, ar)k,,
k=

for ¢ € Cp with |1 — gl < 1, u € Cp with |1 —uf|, > 1. Then we have

G(T)(t,u fag, - ,a.)

o0 k

ZH( )(U q|a1, : 7017')%

k=0
& (1—u) - [k tk
B ,;(l—q)kZ;(Z) (Hl— “”U)

Therefore we obtain the following:

THEOREM 2. For g € C, with [1—¢ql, <1, u € Cp with [1—u/|, > 1,
we have

(r) er (T 1 1 \'#
G (t,ulay, -+ ,a,) =T (1 —u) Z Hl—qj‘“u (1—-(1) 7

3j=0 \il=1
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COROLLARY 3. Forq € C, with |1—¢|, < 1,u € C, with [1-ul, > 1,
we have

G((IT)(:L"t7u | ay,- - aa'r)

o0 tn
= ZH,SZ‘)(CB,'LL,(] | ay,- - 7a7‘)_|
n:
n=0
o0 T y .
s 1 1\’ . ¢
= eT=a (1 —u)" _ je
T (1 - ) Q(Elv—wm) (=) @5
Note that
1—u~ T
lim G (2, t,u | ag,--- ,a,) = T( et
N VN )

y (1), the Euler-Barnes’ polynomials of  can be rewritten as

n

r n n—
H;z)(waan|ala"' ,a'r‘)= E (k>[U)Q] qukH]E;r)(uvqlala"' ’ar)-
k=0

From the above Eq.(1), we have the distribution relation for the g-
analogue of Euler-Barnes’polynomials as follows:

THEOREM 4. For f € N, we have
1

(u—=1)

(2) =[f:q]" Z (uf — 1)

i1, ,8pr=0

w+ a4
< HO (.%,uﬂqf ay, ,a,,) |

For £ >0, f € N, we set

H'r(Lr)(w)u’q l ay,- - >a’r‘)

k
q a1z N N
®) B, oot 2y = WL g0 (B2 o7 " |y,

and this can be extended to a distribution on X. We show that Eﬁ’fgl,q
is a distribution on X. For this, it suffices to check that

Z EX), (z+ifp" + [V V2,) = BE), (o + fr*Ly).
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By (2), we easily see that
pM\ig@) [ foN My (o fPN yp
E H _, )
l—ufP R ( p e lal)

1 1) [ a1z N N
:1——ufPNHk pr,uf” P lar).

Therefore, we have

Z EE, Jx+ifo" + fo12,)

p-1 [fpV+1 q]ku(z+¢fp"’)

1 —ufPNt?

=0
a(x+1 N N+1 N+1
N H/il) (_iprflp_z,ufp L a1>

(4) Pl e Nkl . o fPN .
=ugcz[fio : j](u[?p%p P o™y

1=0

w?[fpY 1 qlF ) a1z N N
= 1[_ pr] HO pr,ufp " |

= EH) (z + fkap)~

uay,q
Next we show that |E1(fcl)l1 alp £ 1. Indeed,

E®  (z+ fp™7Z,)

uay,q

) - zk: (f) <1_—%) larz : )" " [PV : g™

=0
X Hz'(l) (“pr,quN ‘ al) .

By induction on i, we see that

!T%H(l) ( quN | a1> S 1, for all i,
— U

p
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where we use the assumption |1 — uf|, > 1, it follows that we have

(6) |[EE, o (@ +ifp® + 10V2,)| <1.
p

Thus nggl,q is a measure on X. This measure yields an integral for
each non-negative integers k as follows:

PROPOSITION 5. For k > 0, we have
1
k k) _ (1)
/ dE’l(ng.lq / dE’l(l,g.l,q 1_qu; (u’QIa’l)'

It is easy to see that
H()(U,q | (11) =1.

We may now mention the following formula which is easy to prove by

(5) and (6):

k
U .
E&kgl q( T+ prZp) = [a1z: q]’“—1 s + [pr : q] X (p-integral).

Hence, we obtain the following :

/ dES) (z) = / [a12 : q)*dpn(z)

= mH,E (u,q| a1).

From the above definition, we have the following:

THEOREM 6. Let ay,as,--- ,a, be p-adic integers. Then we obtain:
1 .
(1—U> ()(UQ|(11, 70'7‘)
1 d-1 ) r
I T R St ¥V L5
i1, ,8r=0 Jj=1

r .
.__1 Q41
X HIE:T) <—Z—:L%£7 daqd | ai,: 7ar> .
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Note that

(8) /X x(@)dE®), (z) = —— B (u, glay).

1—u kX

Let w be denoted as the Teichmuller character mod p (if p = 2,
mod 4). For z € X*, we set

[z:q]
w(z)

(z:q)=

Note that [(z: ¢) — 1|, < p I, (z : q)° is defined as exp(slog,(z : q))
for |s|, < 1. For s € Z,, define

Lp,q:al(u | s,x) = /

Then we have

(@2 : )" x(x)dpu ().

*

1
T o Lrga(u: —k )

1 1 x®)lp:q* a
= o E ) - X g0 7 )

Indeed,we see

[ (e o xt @)l

- /X x(@)arz : g dpu () — x@)lp - gfF ~2 /X (012 : @) ditus ().

Since [{(a1z:q) — 1|, < p~ 7T for z € X*, we obtain

(a1 : g)*" =1 (mod p").

For k =k’ (mod(p— 1)p"), we have

Lp,q:al ('LL 1 —k, ka) = Lp,q.:al (’U. . _kl, ka’) (mod pn).
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