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Abstract

For Modern Consumer and Communication Elecronic Devices, Always Error Protecting HW and SW is used. The Core
is RS(Reed Solomon) Codec in Galois Field GF(Z). Here New 2 to 3 Symbol RS Decoder Design and Encoder design
Method using -Normalized error position Value is described. Examples are given to show the methods are working well.

Keywords : RS(Reed Solomon), Syndrome, Encoder, Decoder, Error Locator polynomial,
Galois Field(GF)Digital Compact Cassette (DCC), Mini Disc(MD), Audio/Video(A/V)

I. Introduction so removing separate encoding hardware so saving

Reed Solomon coding theory is very famous well
known nonbinary error correction method for Digital
Electronic Devices (Consumer and Communication
products.)®.

In this paper, new RS(Reed Solomon) Decoder,
which is correcting 2 and 3 symbol errors,and
encoder design method is proposed using Normalized
error position stored ROM". Here New encoder is
designed using Erasure correcting decoding algorithm
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total gate counts of the Codec. The New RS Codec is
much simpler and faster than before, So More
efficient RS CODEC SOC(System On Chip) design
is Possible™?.

In  chapter 0, we brefly described RS(Reed
Solomon) ECC algorithm[gl. For example we describe
how to calculate syndromes, solve Newtonian
identitly equations. In chapter [, we describe the
New RS Decoder algorithm which is correcting 2
symbol error in the codeword RS(3228) in GF(Z).
This Decoder is used for CDP(Compact Disc Player).
Example is showing the algorithm is working well.
In MD(Mini Disc Player), DCC, HDTV, Main
computer magnetic storage system, 3 symbol error
correcting RS decoder is used. And 3 symbol Error



14

Correcting New algorithm is described in Chapter IV.
Here we also show the example to verify the
algorithm, v

In chapter V, the new RS encoder, in GF(2),
design method is described. Here as we already
mentioned, 4 FErasure correcting RS decoding
algorithm is used for RS(32,28) encoder. For more
clarity, we show Encoding example to describe the
step of the algorithm and finally we find the
syndromes of the output of Designed encoder is Zero
so acknowledges that the New RS encoding process
is working correctly™.

In chapter VI conclusions are made. Future works
on 4 symbol error correcting RS decoder is briefly
mentioned. Also Divider in GF(2%) design method is
also discussed. k

. Syndromes and Emor Locator polynomial

An RS(Reed Solomon) codes are based on finite
fields, often called Galois fields.

In CDP, RSC(32,28), on GF(2®) field, codes is used
and up to 2 symbol errors can be corrected?.

An RS code with 8bit symbols will use a Galois
field GF(2®), consisting of 256 symbols. In decoding

Reed-Solomon code, we should calculate the
Syndromes as in equation 1.
Let
n-1

c(X)= ¥} ox

Be the Transmitted polynomial, and let

n—1

r(X)=Y%; r; X’

i=0

Be the received polynomial. Then error pattern of
the channel is

n—1

E(X).= );O E,X!

Where Ei(G=0 to n-1) are error values. Here
Syndromes are defined as
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Received data

Syndrome S;
bl

a8 1.
Fig. 1.

RS 85357]e MEE AL
Syndrome calculator of RS codec.

S, =E(a')(i=0,1,---,2t—1) (1

For t error correction coding.

In this paper, for finding Error values and
positions, syndrome calculator shown in Fig.l is
used®58!

Now if there are t errors, error values are

E,(n=0,2-,t—1) and their positions are o
(n=0,1,---t-1).
Then Let

IBJ(J =0715°"7t_1) =ajn(n=0717”',t_1)
and Error Locator polynomial is deﬁned as
6(X) =X=6)X~-05) - (X—=Fi-1)

= ]go Xk,

Now Newton's identities ~are following set of
equations.

2

t
Y3 S =8y (v=10,1,2-,6—1) 3)
“

These equations are for t error correcting
Reed-Solomon codec'™. If we apply these equations to
3 symbol error correction case (t=3), all the ¢

(i=1,2.3) are got as described in the next section™.

. Two Symbol Error Correcting Reed
Solomon Decoder Design for COP

This algorithm can be used for RS decoder of
CDP. Now we describe the way briefly as follows.
Normalize first to derive the new method, the‘ error
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location polynomial for 2 errors®”,

§(x)=X2+6X+468, byX =4x
we get

6(x)::X2-|-X+K, where K=62/612 (4)

m-—1 )
T,(K)= Y K” and m=38 5)
i=0

Hence

m—1 .
T,(K)= 1K =K+K?+K*+K* + K+ K® + K* + K'®

i=

(6)

(Theorem) If #=X— A% X € GF (2™),
then Tr (6) = T,(8) = 0.

m—1 )
Here Tr (K) = T,(K) = EKT
i=0

From the thorem, equation (4) has a solution when
equation (5) Tr (K) = T,(K) =0[3].

In this case, if K= (kyky,ky kg kyk, ke ky),
k € GF(2), then ks = 0. And 2 solutions Xx;,%, of
equation (4) can be got as in eguation (7).

01101011
00010111
01010111
1011
X = (kOa k;, ka k3v ky, k5a k67 k7) 0?118%(1)(1) (73)
10000000
10100100
00001010
X, =1+4x; (7.b)
Now real solutions X, X, are

Also two érrors values are calculated as follows.
S2 == e1X12 + e2X22
Sl - elxl + 62X2 (9)

Hence

Ko 4

K1 %0

) %1

)]

RS e *
iR
| ]

] 4 X3

£
D—Fj) |_‘—| o
T T\ — Xs

>

Ks —
Ke —7

Ks —

Kz

)
D_L"—))) “
12 XOR getes —_— X1
X
VR o %
a8 2. K vectorg 2702l M7FX2 HaEsls =

R
Fig. 2. Logic circuit which converts k to 2 normalized
error locations.

_ 5X,+S,
XX, + X2
S, X,+S
E — 1431 2
PX X+ X2 (10)

In this way, 2 error locations and error values are all
found. Equation (7) can be drawn as in Fig.2. Circuit.
From K to 2 error locations, we use Fig.2 circuit.

(EXAMPLE) In GF(2®), when code polynomial

C(x)=0 is transmitted to the receiver, the
received polynomial.

4

r(x)=a%*x+a’%

So two error values and locations are & at and

o’ at ot Verify these values using the new method.

<sol>
S;i=a’*+a’=a'®
S,=a'tall=ql
S,=a’+al=qa¥

1
S,=a’+al®=qal®

locator

5(X) =X?+6,X+46,, where

The error polynomial 1s
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818 ) (S5 (o
5:5;) \S¢) \o™

K = 6,/8,> = o8 = (01000011)

ok

hence

So from equation (7).
We get 2 normalized error locations as follows.

01101011
00010111
01010111
10110100
01110111
10000000
10100100
00001010

x; = (01000011) = (10111001)

~o%?

‘-'Xl = 61X1
X2=51X2=6I(X1+1) =«

32 224

= « =«

24, 35
— o — ot
These are correct 2 error locations.

Two error values are from equation (10),

_ SX+5

_ a107+ a116 e’ _ a2
L= = = =
X X, + X o’ +a? o®®
_SX+S,  a%pgltt B o
= = = =
X, X, + X3 a®+ab o’

These are correct 2 error values.

IV. Triple Symbol Error Correcting Reed
Solomon Decoder Design for DCC,MD
(Digital Compact Cassette, Mini Disc Player)

This 3 Symbol Error Correcting RS decoder can
also be used for Digital Communicating Modem LSL
In GF(®), If there are 3 symbol errors in the
received codeword, we can find 3 error positions and
Error values as follows™".

Here we use ROM tables as in 2 symbol error case

@ In this case, Error Locator polynomial is
X348,X%2+6,X+8;=0 (11)

Here

CIXE 2Cte/fe, SME X8 Y8t Reed Solomon S537| MA 0 chal
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< Zi ROM table >

Address( 8§ /(E3?) |data (Z;,i=1,2,3)
0 0,1,1
1 .
o .
ol .
» ®
L ] .
] [ ]
P o257 il o156
® ]
o234 .
a3 3 A 150 ci st ROM Efl0] &
Fig. 3. ROM table corresponding to equation 15. When

Address = 0, Only 2 roots exist .

8, = (8,87 + S5 + S7S; + 545,55 + S¢53S: + $:15:54)/ X,

8, = (S¢SZ + 8,537 + 558, + 545355 + 515555 + $:15554)/ X,

8= (S3$+9,82 + 528, +5,8:8.)/ x (11-1)
where x = S&+ 848§ + S8, + 85,5, From equation

13, if X =4, +y, also if

E =682+ 8,6 = 6,6, + 65 then

We get

Y3+EY+6=0 (12)
tE=0,Y = (§) " otherwise

Let's define Z =E~"2Y, (i=1,2,3)

2+ Z+35/E¥? =0 13)

From Equation 6, corresponding to Add=
6/(E3?) we can construct ROM table of root of
equation (13) as in Fig.3 .

Once we find Z (G =1,2,3),Y;(i=123)=(EZ)So
exact Error positions are

X, =Y,+6(1=12,3) (14)
Also Error values are
E; = (So0a/X; + S, (6 + X, ) +8;)/ (X + 5,) (15)

(i=1,2,3)

73%6)
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<Square ROM table>

Address ol Data o
0 0
1 1
o ol
o ot
ol of
L] ®
A [ ]
0.254 a253
1) A58 AMslE ROME

1) Square calculation using ROM

al

/ . GF(2%)

Multiplier

2) FUIE ol B8 R&AH AP
2) Square calculation with Multiplier
a7 4. ROME ALS e XA M7
Fig. 4. Saquare calculator with and without ROM.

As we see, there are many GF(?) Arithmatic
operations to compute the and
positions. In Fig.4. we show how to compute square
values. Other operations needed are 041/2,&i /o
Allthese operations can be done using only Inverse
calculator and Multiplier.

Next section, show how to design
Reed-Solomon Encoder using RS Erasure Decoder™.

Error values

we

<Example> Triple Error correcting Reed
Solomon Decoder example :

From the Transmitter, we send all 0 data so

5 =FA M 42 A TC

(737)

BAH1Z 17

Code polynomial C(x) =0. In Receiver, Received
polynomial R(x) = o+ ax + a2

In this case, find 3 error values and positions. All
code symbols are 8 bits wise so GF(Z’) field elements

are used.

<Solution>
We first find Syndromes :
So=a’S =a+a’+a‘=a™S,=a”,5;=a"

S, =a®, S, =a*, From Equations (11-1 ), we find

out 6, =a'® 5, =0 = al So  from
equations (12), E=a M8 5, =a'™ Hence
§/B 3/2 _ 239

So from following equation,

Z°+Z+a®™ =0,

So Using ROM table in fig.3, we find that

181 156

Z, =a® o™ o

Therefore

Y; =E?Z =a”,a%,a”(i =1,2,3)

So from equation(14),

X, =Y, +6,(0i=12,3)=0a%a’,a’

These are 3 correct Error ositions and 3 error
values are calculated from equation (15), as «, @, ol
These are also correct 3 error values as we see from

received polynomial r (x).

V. New Reed Solomon Encoder Design For
Digital A/V Devices

When we design a Reed Solomon Encoder,
normally we use separate Encoderfor RS Codec. But
VLSI H/W of this method becomes very complex,
because there is separate RS Encoder and Decoder
and Encoder itself is not so simple in HW wise also.

Here to save the Encoding HW(Hardware) we
briefly describe the encoding hardware ,which is the



18

Erasure -corrector of the RS Decoder.” So Encoder is
part of the RS decoder and we neednot design the
separate Encoder saving the Encoder HW*,

<Encoding Steps>
1. Assume arbitrary parity values ( Normally
assume 0 ) : P’Oa P'17P127 "'7P’k—1

2. Using K syndromes calculated by the cct in
Fig. 3, Erasure Decoder get the K Erasure
Values.

3. K Erasure values are added to the assumed
Parities nd the result values Are True
Parities. ’

The New Encoder Block Diagram is shown in Fig.
5.

<Example>

In RS(32,28) code system of GF(2), let’s assume
all ‘0’ parities. The \ codeword polynomial
C(x)=Py+Pix +Px?+Px*+Dx*+ -+ Dyx ¥
, where P;(i=0,1,2,3)
(G =4,5,-

are parities and D
,31) are data bytes. I.f DJ(.] =374""130)y

SRAM

b 4

» AN E

(P

Erasare
Calculator

moaowm»

: Py, Py, ...,

¢ Do, Dy, ..,
o PP, ..,
: S, Sy ...,

. Eo Ey ...,

Dum (Data)

P'i1 (Error Parities)
Sk-1

Ek-1 (Erasure Values)
Pi-1 (Correct Parities)

ad 5
Fig. 5. Block Diagram of New RS Encoder.

MZ22 RS #3537|9l 2818
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Dy =a’= 1, Find the Correct Parities P,(l = 01'03)

<Sol>

Parity positions are known so this is the Erasure
Correction case. Because all assumed Parities are 0
and using given data bytes, we calculate syndromes.

Sy=C(a®) =1
=C(a!)=a®

S,=C(a?)=a®

S;=C(a®)=a®

(16)

Now we setup following equation_s to find 4
erasure values Ej, E;, E,, E3.

E0+E1+E2+E3 S()
Ey+Ea+E,a ,Esa =5 a7
E0+ Elaz+ E2a4,E3a6 = Sz
E0+Ela3+E2a6,E3a9 == S3
From equations (1) and (2),
E, 1111 1(S,
El _ 1 a a2 3 Sl _
E, |~ otab S, [~
E 6 9 S
3 3 (18)
Q10 450 o8 o 104) 0 o 148
1% aso o a149 a® a3t _ a7
o8 al 2" ot | o 20
M o o 101 f % 2

So From Fig5 and Equation (18), we find correct
Pasrities as follows.

P,,i=0 to 3] =[ E, +Initial P, }= AN T 0N T
{i=0 to 3} of? 0
o205 14 0
=[ a8, b7, a5, G24]
) N0

Using this Correct Pan'ties, we find all syndromes
S;,j =0 to 3 are zeros and this is correct.

VI. Conclusions

In this Paper, we described how to implement 2 to
3 symbol error correcting RS ECC decoder. Here
Tracing K vector and Normalized error position
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stored ROM is used We also study how to
implement RS ECC encoder using Erasure correcting
RS decoder. For DAT(Digital Audio Tape Recorder)
case, 6 parities are used for the Encoder, and we use
6 Erasure correcting RS Decoder for the Encoder.

Later We will study how to implement 4 symbol
error correcting RS decoder using GF(2) sub field,
resulting in even further greately reducing RS codec
HW circuitry

This Kind of RS Codec is used for most of the
Current Digital Audio/Video and Communication
devices, for example CDP, MP3, MD, HDTV, DMB,
Digital Cellular phone, etc.

In Our future we will study how to implement
Galois Field Arithmatic Operator in GF(2®) field using
Subfield GF(2") arithmetic operation, for example
Divider.- Here both direct divider and indirect divider
can be used using Inverse calculator and Multiplier in
GF(2") field [1].
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