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INTUITIONISTIC FUZZY IDEALS OF A SEMIGROUP

TAE-CHON AHN, KuL HUR, KYUNG-WON JANG
AND SEOK-BEOM RoH

Abstract. We give the characterization of an intuitionistic fuzzy
ideal[resp. intuitionistic fuzzy left ideal, an intuitionistic fuzzy right
ideal and an intuitionistic fuzzy bi-ideal] generated by an intuition-
istic fuzzy set in a semigroup without any condition. And we prove
that every intuitionistic fuzzy ideal of a semigroup S is the union of
a family of intuitionistic fuzzy principle ideals of S. Finally, we in-
vestigate the intuitionistic fuzzy ideal generated by an intuitionistic

fuzzy set in S*.

0. Introduction

In his pioneering paper|[21], Zadeh introduced the notion of a fuzzy set
in a set X as a mapping from X into the closed unit interval [0, 1]. Since
then, some researchers{16,17,19,20] applied this notion to semigroup and
group theory.

In 1986, Atanassov|2] introduced the concept of intuitionistic fuzzy
sets as the generalization of fuzzy sets. Recently Coker and his col-
leagues|[6,7,8], Hur and his colleagues [13] , and Lee and Lee[18] intro-
duced the concept of intuitionistic fuzzy topological spaces using intu-
itionistic fuzzy sets and investigated some of their properties. In 1989,

Biswas[3] introduced the concept of intuitionistic fuzzy subgroups and
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studied some of it’s properties. In 2003, Banerjee and Basnet[2] inves-
tigated intuitionistic fuzzy subrings and intuitionistic fuzzy ideals using
intuitionistic fuzzy sets. Also, Hur and his colleagues[1,9-11, 14, 15] ap-
plied the notion of intuitionistic fuzzy sets to algebra. Moreover, Hur

and his colleagues[12] applied one to topological group.

In this paper, we give the characterization of an intuitionistic fuzzy
ideal[resp. intuitionistic fuzzy left ideal, an intuitionistic fuzzy right
ideal and an intuitionistic fuzzy bi-ideal] generated by an intuitionistic
fuzzy set in a semigroup without any condition. And we prove that ev-
ery intuitionistic fuzzy ideal of a semigroup S is the union of a family
of intuitionistic fuzzy principle ideals of S. Finally, we investigate the

intuitionistic fuzzy ideal generated by an intuitionistic fuzzy set in SI.

1. Preliminaries

We will list some concept and one result needed in the later sections.

For sets X, Y and Z, f = (f1, f2) : X = Y x Z is called a complez
mapping if f1: X — Y and fo: X — Z are mappings.

Throughout this paper, we will denote the unit interval [0,1] as I.

Definition 1.1[2, 6]. Let X be a nonempty set. A complex mapping
A = (pa,va) : X — I x I is called an intuitionistic fuzzy set(in short,
IFS) in X if pa(z) + va(x) < 1 for each z € X, where the mapping
pa: X — I and vg: X — I denote the degree of membership (namely
pa(z)) and the degree of non-membership(namely v4(x)) of each z € X
to A, respectively. In particular, 0. and 1. denote the intusitionistic
fuzzy empty set and the intuitionistic fuzzy whole set in a set X defined
by 0~(z) = (0,1) and 1.(x) = (1,0) for each x € X, respectively.
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We will denote the set of all IFSs in X as IFS(X).

Definition 1.2[2]. Let X be a nonempty sets and let A = (p4,v4)
and B = (up,vg) be an IFSs in X. Then

(1) Ac Bifand only if u4 < up and v4 > vp.

(2 )A B if and only if A C B and B C A.

(3) A® = (va, pa).

(4) ANB = (ua Apg,vaVug).

(5) AUB = (uaV uB,va Avg).

(6) [JA=(pa,1—pa), <>A=(1-va,va)

Definition 1.3[6]. Let {A;}ics be an arbitrary family of IFSs in X,
where A; = (ua,,va,) for each ¢ € J. Then

(1) NAi = (Apa,, Vva,).

(2) UA; = (Va,, Ava,).

Definition 1.4[18]. Let A, u € I with A + u < 1. An intuitionistic
fuzzy point(in short, IFP) T(yu) of X is an IFS in a set X defined by for
eachye X

A if y=az,
z()\,u)(y) =

(0,1) otherwise.
In this case,  is called the support of x(y ,) and X and 4 are called the
value and the nonvalue of x(y ,, respectively. An IFP Z(xp) is said to
belong to an IFS A = (u4,v4) in X, denoted by x(y ) € A, if A < pa(z)
and p > vq(z).
Clearly an intuitionistic fuzzy point can be represented by an ordered

pair of fuzzy points as follows:

T = (@1 = 31-p)
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We will denote the set of all IFPs in a set X as IFp(X).

Definition 1.5[9]. Let A be an IFS in a set X and let (\, ) € I x I
with A + 1 < 1. Then the set AN = {z € X : uu(z) > A and
va(z) < p}is called a (A, u)-level subset of A.

Result 1.A[18, Theorem 2.4]. Let X be aset and let A € IFS(X).
Then

A=Hopw 2o € A}
In fact, it is not difficult to see that

A= U xA(m)'
zeAD

2. Intuitionistic ideals generated by intuitionistic fuzzy
sets

Let S be a semigroup. By a subsemigroup of S we mean a non-empty
subset of A of S such that
A*cA
and by a left [resp. right] ideal of S we mean a non-empty subset A of
S such that
SA C A [resp. AS C A].
By two-sided ideal or simply ideal we mean a subset A of S which is

both a left and a right ideal of S. We well denote the set of all left ideals
[resp. right ideals and ideals] of S as LI(S) [resp. RI(S) and I(S)).

Definition 2.1[9]. Let S be a semigroup and let 0. # A € IFS(S).
Then A is called an :
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(1) intuitionistic fuzzy subsemigroup (in short, IFSG) of S if

pa(zy) > pa(x) A pa(y) and va(zy) < va(z) Vvaly)

for any z,y € S,
(2) intuitionistic fuzzy left ideal (in short, IFLI) of S if

na(zy) > pa(y) and va(zy) < valy)

for any z,y € S,
(3) intuitionistic fuzzy right ideal (in short, IFSG) of S if

pa(zy) = pa(z) and va(zy) < va(z)

for any z,y € S,
(4) intustionistic fuzzy (two-sided) ideal (in short, IFI) of S if it is
both an intuitionistic fuzzy left and an intuitionistic fuzzy right ideal of

S.

We well denote the set of all IFSGs [resp. IFLIs, IFRIs and IFIs] of
S as [FSG(S) [resp. IFLI(S), IFRI(S) and IFI(S)]. It is clear that A €
IFI(S) if and only if pa(zy) > pa(z) V paly) and va(zy) < va Ava(y)
for any z,y € S, and if A € IFLI(S)[resp. IFRI(S) and IFI(S)], then
A € IFSG(S).

Result 2.A[9, Proposition 3.7 and 14, Proposition 2.3]. Let
S be a semigroup and let (A\,u) € I x I with A+ < 1. Then A4 €
IFSG(S) [resp. IFI(S), IFLI(S) and IFRI(S)] if and only if AX#) is a
subsemigroup [resp. ideal, left ideal and right ideal] of S.

It is well-known[4] that I is complete completely distributive lattice.
Thus we have the following result.
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Proposition 2.2. Let S be a semigroup. Then IFI(S) is a complete
completely distributive lattice with with respect to the meet ”N” and

the union ”U”.

Proof. Let {Aa}aer C IFI(S), where I' denotes the index set. Let

z,y € S. Then

FUoerda(TY) = Vaer aq (zy)

> Vaerltta. (@) V ppa, (y)] (Since Ay € IFI(S) for each a € T)

= (Vaer #4a (@) V (Vaer #4a (9)) = (Buaeraa (2)) V (HUger 4o (9))
and

WaerAa (ZY) = Aaer Vaa (2Y) < Ager[van (x) Ava, (y)]

= (Aaer Y4a () A (Naer VAo (W) = (Wuaeraa () A (Wuperan(v))-
Also,

PraerAa (TY) = Ager Haa (2Y)

= Aperltta(z) V pa,(y)] (Since Ay € IFI(S) for each a € T)

2 (Aaer #aa () V (Aaer #a. (1) = (Hn,eraan (@) V (Hoperaan (¥)
and

WaerAa (ZY) = Vaer Vaa (TY) = Verlva, (z) V va, (v)]

< Vaer Y4a (@) V (Vaer v4. (%) = (Wnaeria (@) V (Ungeraq (1))
Hence UyerAa, Naerda € IFI(S). This completes the proof. O

Definition 2.3. Let S be a semigroup and let A € IFS(S). Then the
least IFLI[resp. IFRI and IFI] of S containing A is called the IFLI[resp.
[FRI and IFI] of S generated by A and is denoted by (A)p[resp. (A)g
and (A)].

Lemma 2.4. Let X be a set, let A € IFS(X) and let z € X. Then
A(i?) = (\/zeA(/\-,H) >‘) /\IITEA(/\’/") ,U‘) ’ where /\Hu € I with A + K <1

Proof. Let Ao = V_ caonm A, let po = Agcaouw p and let € > 0.
Then V_c 00 A > Ao —e and A c o 4 < po + €. Thus there exists
(5,t) € {(\p) : z € AMM} such that s > A — e and t < g + €.
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Since z € AM | pa(x) > X and va(z) < . Then pa(z) > Mg — € and
va(z) < po + €. Since € is an arbitrary real number, p4(z) > Ag and
va(z) < pg. On the other hand, let A(z) = (s,t). Then z € A, Thus
(s,t) € {(\ )z € ABWY Sos <V a0 Aand t > Ao i e,
pa(z) = s < Ag and va(z) =t > po. Hence A(x) = (pa(z),va(z)) =
(Ao, po)- O

Theorem 2.5. Let S be a semigroup, let A € IFS(S) and let (A, ) €
I x I with A+ p < 1. We define a complex mapping A* = (pua+,v4+) :

S — I x I as follows: for each z € S

a@=C\V a A w

ze(AMH))  ze(Am)
Then A* = (A), where (AM#)) denotes the ideal generated by A#),

Proof. For each z € S, let (s,t) € {(\p) : z € AMW}. Then
z € A, Thus z € (ABN). So (s,t) € {(\p) : z € (AN e,
{Oyp):ze AMHY c {(\p):z € (APH)}. Then, by Lemma 2.4,
£A(T) = Ve aom A < Voeaomy A = pax(z)
and
va(@) = Ageaow b 2 Ngeaomy b= va-(2).
So A C A*.
For each (s,t) € Im A*, let s, = s—% and t, = t+?1i for each n € N.
Let z € A*Y, Then pa-(z) > s and va-(z) < t. Thus, for each n € N
Vxe(A(A,,L)) A>s>s— % = Sp
and
/\me(A(,\,u)) p<t<t+ % = {pn.
So there exists a (A, ttn) € {(\ p) : z € (AX#)} such that A, > s,
and i, < t,. Then APmin) ¢ Alnitn) So 1 € (A()‘"'“")) - (A(S"’t")).
Consequently, we have z € (), (AC™)). Now let z € (), (A1),
Then clearly (s,,t,) € {(Ap): 2 € (AP} for each n € N. Thus for
each n € N,
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8 — % =8, < VzE(A()"“)) A= pas (I)

and

t+n =t 2 Npeatmy 4 = var (@)
Since n is an arbitrary positive integer, s < pa«(z) and ¢t > vy-(x).
Thus (s,t) € A*3. So AXH = N (Almtn)) Tt is clear that
ﬂneN(A(S"’t”)) is an ideal of S. So, by Result 2.A, A* € IFI(S).

Now let B € IFI(S) such that A C B and let z € S. If A*(z) =
(0,1), then clearly pa«(z) < up(z) and va-(z) > vg(z), ie., A* C B.
If A*(z)(s,t) # (0,1), then z € A*®D = N _((AGI)). Thus z €
(Alsmtn)y = Alnitn) § 1 SAGRtn) § Y Alsnitn) § 1y AlSmitn) for each n € N.
We consider the following cases:

Case (i) : Suppose & € AGmtn) Then clearly for each n € N
sp < palz) < pp(x) and t, > va(z) > vp(x).
Case (ii) : Suppose z € AGnt) S, Then there exist a € Alnt) and
b € § such that z = ab. Thus for each n € N
sn < pa(a) < up(a) < pplab) = up(z)
and t, > va(a) > vp(a) > vp(ab) = vp(z).

Case (iii) : Suppose z € SA®ntn) Then, by the similar arguments
of Case (ii), we have pup(z) > s, and vg(x) < t, for each n € N.

Case (iv) : Suppose z € SAG~n)S. Then there exist a € Alsnin)
and b € S such that z = abe. Since B € IFI(S), for each n € N

sn < pala) < ppla) < pp(z) and t, > va(a) > vp(a) > vp(z).

Since n is an arbitrary number in N, in all, ps-(z) = s < pp(z) and
va-(z) =t > vp(z). thus A* C B. Hence A* = (A4). This complete the
proof. 0

Corollary 2.5. Let S be a semigroup and let z() ,) € IFp(S). We

define a complex mapping (x5 ) : S — I x I as follows: for each z € S,
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A, if x),
(m(x,u))(y)={( H) ity @)
0.1) if y¢ ()

where (z) is the principal ideal of S generated by z. Then (z(, ,)) is the
IFT generated by z(y ,)- In this case, (z() ) is called the intuitionistic
fuzzy principal ideal(in short, IF PI)of S generated by x(y .-

Proof. By Theorem 2.5, (z(x 1))(¥) = (V,e(atn) 8, Aseatsnyt) for
eachy € S.

Case (i) : Suppose y € (z). Let (s,t) € (0, ] x [, 1). Then A =
{z€8: gy ,,(2) 2 5, vz, (2) <t} = {2}. Thus y € (z) = (AY).
If s > XA and t < p, then clearly z(, ,) = (0,1). So

Co®=( V s A 9=(V s A 8=

2€(ABW)  ze(Alsit) 0<s<A  p<t<l
Case (ii) : Suppose y ¢ (). Assume that (z() ,))(y) # (0,1). Then
there exists (s,t) € (0,1] x [0,1) with s 4+t < 1 such that y € (A(!).
Since A(*%) # (0,1), by Case (i), s < A and t > p. Thus AXH = {z}.
So y € (A®Y) = (z). This is a contradiction. Thus (z(, ,))(y) = (0,1).
Hence (z(y ) is well-defined. O

The following is an easy modification of Theorem 2.5.

Theorem 2.6. Let S be a semigroup and let A € IFS(S). We define

a complex mapping A*: § — I x I as follows: for each z € §,

a@=C \V x A

(AL (AN

Then A* = (A)r, where (A®#); denotes the left ideal generated by
Ap)
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Corollary 2.6. Let S be a semigroup and let z, ,) € IFp(S). We
define two complex mappings (z(x))r 1S — I x I and (z(» 4))r: S —
I x I as follows, respectively : for each y € S,

(A w) if y e (2,

(@ow)(y) = _
(0,1) if y ¢ (2)r,

and

(A p) if y € (x)r,
(zoow)r() = ,
(0,1) if y ¢ (z)g.

Then (z( ,))c[resp. (z(xp))r) is the IFLI[resp. IFRI] of S generated
by 2(y,) in S. In this case, (z(y))L[resp. (z(y )R] is called the in-
tuitionistic fuzzy principal left [resp. right]ideal(in short, IFPLI[resp.
IFPRI]) generated by z(y ).

Proof. The proofs are similar to the case of Corollary 2.5. So we
omit. ]

Remark 2.7. As the dual of Theorem 2.6, (A)r can be character-

ized by (A)g(z) = (Vae(aomyp A Aze(atmy, 1) for each z € S, where
(AC#) Rk denotes the right ideal generated by AH),

A nonempty subset A of a semigroup S is called a bi-ideal of S if
A? C A and ASA c A. We will denote the set of all bi-ideals of S as
BI(S).

Definition 2.8[14]. Let S be a semigroup and let 0., # A € IFS(S).
Then A is called an intuitionistic fuzzy bi-ideal (in short, IFBI) of S if
it satisfies the following conditions : for any z,y,z € S.

(i) na(zy) > pa(z) A paly) and va(zy) < va(z) v va(y)

(i) pa(zyz) 2 pa(@) A pa(z) and va(zyz) < valz) vV valz).
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We will denote the set of all IFBIs of S as IFBI(S).

Result 2.B[14, Proposition 2.8]. Let S be a semigroup and let
A € IFS(S). Then A € IFBI(S) if and only if A € BI(S) for each
(Mp)eIxIwithA+pu<1.

Let A be a subset of a semigroup S. Then it is not difficult to see
that the bi-ideal (A)p generated by A in S is AU A? U ASA.
The following can be shown by the above comment, Result 2.B and

a moderate modification of Theorem 2.5.

Theorem 2.9. Let S be a semigroup and let A € IFS(S). We define

a complex mapping A*: S — I x I as follows: for each z € S,

A=\ x A w

.’EE(A()"“))B KEE(A(A’“))B

Then A* = (A)p, where (A)p denotes the IFBI generated by A.

Corollary 2.9. Let S be a semigroup and let z(, ,y € IFp(S). We
define two complex mappings (z(y 4))B : S — I x I as follows, respec-

tively : for each y € S,

(A p) if ye(z)B,
(0,1) if y ¢ (z)s.

Then (z(» ,)) B is the IFBI of S generated by z(, ,) in S. In this case,

(xow)B(Y) =

(z(x,))B is called the intuitionistic fuzzy principal bi-ideal(in short, IF-
PBI)generated by xy ).

Proof. The proofs is similar to the case of Corollary 2.5. So we

omit. O
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It is well-known that every ideal of a semigroup S is the union of

some principal ideals of S. Similarly, we have the following result.

Theorem 2.10. Let S be a semigroup. Then every IFI of S is the

union of some IFPIs of S.

Proof. Let A € IFI(S). Then, by Result 1.A,
A= U zom= U ez
:L‘()\,”)EA e A0,1)
Let ye S.
Case (i) : Suppose A(y) # (0,1). Then

(U za)®=0 U (ax)w)

z€ A1) y€(z),z€ A(0.1)
= V  nap, N vaw).
Y€(2),2€ A0 y€(2),2€ AOD)

If 2 # y, then there exist a;,ag,b1,by € S such that y = za; or Y = agz
or y = bizby. For any cases, since A € IFI(S), pa(y) > pa(z) and
va(y) < va(z). Thus

(U za@®=0 V  raw N vaw)

z€ A0 y€(z),z€ A(0:1) y€(z),z€ A(O1)
= (ra(y),va(y)) = Ay).

Case (ii) : Suppose A(y) = (0,1). Assume that there exists z € A1)
such that y € (). Then pa(y) > pa(z) and va(y) < va(z) as above.
Thus A(y) # (0,1). This is a contradiction. Then y ¢ (z) for each
z € A0, 5o

AW =( U @am)@) =01).

e A(0,1)
Hence, in all, A = |J ¢ 40,1 Z4(s)- This completes the proof. O
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3. Some special cases

In this case, we study intuitionistic fuzzy ideal generated by an IFS
Ain St

Theorem 3.1. Let S be a semigroup and let A € IFS(S?). Then

A@=( \ pa@), J valz2))foreach a€s.

a=$1$213 a-_—IlIQIS
zy,z9,23€51 z1,79,53€81
Proof. Let a € S such that a = z1z923 for somezq,x,z3 € S! and
let A(z2) = (s,t). Then z2 € A®Y. Thus a € (4©Y). So A(zy) €
{(s,t) : @ € (A®%))}. By theorem 2.5,

H(A) (a) = v s> V #A(mQ)

a=ITy1ToxT
ag(An)  emmer

and (*)

u(A)(a) = /\ t < /\ I/A(.’Eg).

aE(A(Sy )) 11’12’13621

On the other hand, let (\, 1) € {(s,t) : a € (A®))}. Then clearly
a € (Ao"“)). Thus there exist z1,z3 € St and zo € AMH) such that
a = z122%3. Since 3 € AMH), pta(ze) > A and v4(z2) < p. Then

pa@=\ s< \/  pale)

t a=z]z3%3
aE(A(s, )) zl,zg,raesl

and ()

va(a) = /\ t> /\ va(z2).

aG(A(s’t)) a=T)TRT3

11,12,13651
Hence, by () and ('),
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A@)=( \/  pal@), A val@)).

ﬂ=1311213 a=$1$223
x1,12,13651 11,12,23€51
This completes the proof. O

Remark 3.2. By theorem 2.5 and its dual, we can easily obtain
(A)p[resp. (A)R] generated by A in S defined by

Ar(a) =( \/ pa(ze), /\ va(z2))

a=zxyTy a=zyx9
21,32651 xl,xQESI

[resp. Ar(a) = (V e=m1z2 pa(z1), \ e=s122 va(z1)) ], for each a € S.
z1,29€S51 z7,z9€851

Theorem 3.3. Let S be a regular semigroup and let A € IFS(SY).
Then

Wa@ = \  [wal)Apalzs), N [valer) Vv a(zs)

a=zT T9T3 a=r1zTox3
11,1:2,1‘3651 zl,IQ,a:gesl

for eacha € S.

Proof. Let a € S such that a = zz9z3 for somezrt, To, z3 € St and let
(s,t) = (pa(z1) A pa(zs), va(z1) Vva(zs)). Then clearly 21,23 € A,
Thus a € (A®Y) 5. So (ua(z1) Apa(zs),va(zy)Vva(zs)) € {(s,t) :a €
(A5}, By theorem 2.9,

nasop@=\/ sz \/  [sal®1) A pales)

t a=z]T2T3
ag(Alst)) g 21,2923 €51

and (**)

vasoyz(@ = A t< A [valz) Vva(zs)).

t a=z1zyz3
aE(A(s ))B 1,7g,23€51

Now let (A, 1) € {(s,t) : a € (A®?)5}. Then
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a = (A(S’t))B — A(s,t)UA(s,t)A(s,t)UA(s,t)SlA(s,t) — A(s,t)UA(s,t)SlA(s,t)'
Since S! is regular, At C AGHSIAGY. Then a € (AN)p =
Al §1 A Thus there exist z1,z2 € AG and 25 € S! such that
a = 1723 Since 1,13 € A®Y, pa(x1) > s, va(zy) <t and pa(zs) >
s, va(zs) <t. Then pa(z1) A pal(zs) > s, va(z1) V va(zs) < t.

Thus

HaGtyg (a) = \/ s < \/ [,LLA(iI)1) N IiA(fCa)]

aE(A(s.t))B o1,2g,23€S1

and (**')

V(A(s,t))B(a) = /\ t> /\ [VA(l'l) vV I/A(xg)].

¢ a=zyz33
aE(A(s, ))B 21,22,73€51

Hence, by (**) and (xx'),

(ACNp@)=( \  [wale)Apalzs)l, N [valzr) Vvalzs).

A=T)TQT3 A=T1TT3
ml,zg,zsesl 11,12,13651

This completes the proof. a
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