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ABSTRACT. We generalize a continued fraction of Ramanujan by introducing a free pa-
rameter. We give the closed form for the continued fraction. We also consider the finite
form giving n*" convergent using partition theory.

1. Introduction

Ramanujan, in his first letter to Hardy [7, p. xxviii] stated the continued frac-
tion

(1) L
* 1422

now known as Rogers-Ramanujan continued fraction and gave some identities in-
volving it. Ramanujan continued to write “the above theorem is a particular case
of a theorem on the continued fraction

axr

2
1 ax
T et

(2) 1+

b

which is a particular case of the continued fraction

ax
3 1+ 5 ;
®) (14 bx) + ——2—m—

2 ax
(1+bz )+(1+b:r,3)+.

which is a particular case of a general theorem on continued fractions”. Andrews
[1, Theorem 6] gave the continued fraction

rq(1 + azq?)

zq?(1+azq?)
(1 + bxqz) + W

(4) 1+ bag +

and thought this might be the general theorem about which Ramanujan referred.
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In this paper we give a mild generalization of the continued fraction (2), con-
sidered by Hirschhorn [4], by introducing a free parameter and then generate the
generalized continued fraction, giving a closed form for the infinite continued frac-
tion. We then consider the finite form of the generalization and give the closed
form of the sum using two methods. In the first method we consider the expansion

o0

P = Z P,z""1 and from this get the n'" convergent. In the second method we

use partition theory. Later we give an alternate expansion of the n'* convergent
using Watson g7 transformation.

2. Notations

We shall use the following usual basic hypergeometric notations: For |z| < 1,

(a)o =1,
(a)p=(1—-a)(l—ax) (1 —ax" ') for 1 <n<oo
(@)oo = TIZo(1 — az”)

n (I)n
"] = (@)r(2)n—r

Yplk,n,r)at = Gl

3. The continued fraction

Let
(5) F(a,c,r) =1+ (1—1/c)ax _ P(a,c,x)
7 1+1+<1,"1% P(az,c,x)
14 a2?

We shall prove that

(6) a ¢, IIZ Z (C) (_a/c)n

xn

Proof. We define for non-negative integer ¢

T F = Z aﬂ//\ cxt), (= z/e)"

n bx)n+z

(8) H = Z —azx /)\ cx)p (= z? /e)"

n=0 ( bx)pvi
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This gives
9) F; — H;
. (—azt Ny (cx) (= Ax /)™
_ Z( [N)nlca’)n(=Az/c)

n—0 (@)n (=0T )n4s

(1—a")

= (/o)1 +az' /A1)y

> (—az" /N (cxt™) (= Az /)™

(@) (=0T )n+iv1
n=0
= (1 —1/cz’ )™ 4 az® ) Fyy .

Now we transform F; and H; by Heine’s fundamental transformation

— (@)n(B)nT" _ (@B7/Y)o0 o= (/W) (V/B)n (BT /)"
nz:;) (@)n(V)n B (7) Z (@) (V)n .

Taking o = —awi/)\, B=cx', T=-Ax/c, v=—br'tl we have

(10) F - —az® /) oo Z )\bx/a (=bx/c)n(— axi/b)".
(=Az/c)os £ ¢ Jn (=0T )nyi
Then taking o = —ax’/\, B =cal, 7= —)\x2/c, v = —bx'*t!, we have
(1) o — (—ax“;l/)\)oo > ()\bm/a)n(—bx/c)n(—ax”l/b)".
A 2 (@ (—b2)nr
From (10) and (11), we get in the same way
(12) H; — (14 X\z/c)Fipq = (b + ax® ) Hy,y .
Putting A =0, b=0in (9) and (12), we have
(13) Fi—H; = (1-1/ca")ax* ' Fyyq,
(14) Hz — FiJrl = am2i+2Hi+1.
So
n2+n
F Zoo—o =2 n — :
(15) FO = — n +3n = F(a7 C7 x)‘
0 00 (n(=a/c)"
Zn 0 (T)n
Now we iterate (13) and (14), to get
F 1-1 1-1
-0 = 1+ % = 1+ #
HO T 1+ Hl
1-1
Y

EREESVZD
Fa
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Hence (15) is the closed form of the infinite continued fraction (5).

Let ¢ — oo and a =1 in (15)

n2

ZZO:O éﬁ - 14 T
oo gniin T =
2 n=o m(a:)n 1+ 1422
which is the celebrated Roger’s Ramanujan continued fraction. (]
4. Interesting cases
(i) Taking ¢ = z in (15), we have
n2—n
1+ (1-1/x)ax B Yoo (=) a2
2 - ’IL2 n :
1+ o mas S o(—1)rana s

(ii) Taking ¢ = —z, a =1 in (15), we have

nZ2_n
oo x 2 (—x)n
L (tyne oo Sl
+ (1+I1/.22):E3 0 fL’n ;n (=2)n
D DA IR

2. 4\2 4. 4 .4 3. .4 4. 4
= (g% )w(i(;,(f}4))0;(+(]3(,qq,f)olo(cjtj(‘lq, c;f)o):O(q 147)oc] by Slater [8,eq.(8) and eq.(13)]
(6% qM)%
(40%)00 (@5 ¢*) 0

1+

(iii) Writing 22 for z and then putting ¢ = —z, a = 1 in (15), we have the
identity due to Ramanujan [5]

L+ r+a® i (1 — 287 F3) (1 — 28n+5)
1+ Jﬁ - ~ (1 _ x8n+1)(1 _ x8n+7)

132

5. Expression for P, and Q,
Let

(16) P(z) = 1+ ZPnz:”'|r1 = Z (_1)7“36(1)7"(40_'?%@/0)7«, la/c| <1 and

n=0 r=0

Q) = Y = Y (Z»(Ef MO e < 1.

n=0 r=0
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Applying Abel’s Lemma

P, = nlllrgo P, = 111?{1_(1 — z)P(2)
_ Z (71)7‘1. 2 (C)T’(a/c)r’ |CL/C‘ <1
r=0 (Jf)r

which is (6). Similarly

Q. =y S zx)EC)T(a/C)Tv ja/e| < 1.
r=0

Explicit expressions for P, and @,

To obtain explicit expressions for P, and @,,, we shall use (16). We have

o] o] r2yr
—1)"z72 (cz)r(az/c)"
Po = 14) P = (
oo Tz . s s oo
= Y (=1 (/o) Y (— 1)@ (e2) [} D A ).
r=0 s=0 t=0
Hence
r24r s2—s
(17) Pa(a,b,c,2) S (e /o) (-1 ew T [
r+s+t=n+1
n+1 R min(r,n—r+1) )
r“+4r 8“—s
> (=1)z = (afe) (—D*ea= [
r=0 s=0
Similarly
n s min(r,n—r) 2,
(18) Qnla,bye,x)=> (-1)'z 2 (afe)" > (1) cz = [
r=0 s=0

(17) and (18) are the explicit expression for P, and Q.

6. Explicit expression for P, and @), using partitions

We shall now find explicit expressions for P, and @,, by using a result in par-
titions.

r2

(e e} [e] +r
1Yz =2 T
Poo = 1 + Z PnZ"Jrl = Z ( ) r ’ (CZ)’I‘(G“Z/C) .
n=0

—0 (2)r41
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Therefore
n+1 e min(r,n—r+1
Py(a,bcx) = Y (1)@= (a/e)" Y
r=0 s=0

)
(~1)e

Z x(al—1)+(a2—1)+~~+(as—1)

0<ai-as<r

« Z 1P0 B ... P

Bo+B1+B2++Bs<n—r—s+1
Putting v; = a; — t;, t; =14, i =1,2,--,s.

n+1 min(r,n—r+1)

Puabez) = S (-1 (e Y (-1t

r=0 s=0

E x®1+v2+~-+vs

0<vy - <vs<r—s

x Z Bt B

B+ +Br<n—r—s+1
Now using a result on partition [5, Art. 241], viz.,

kE_ (T)rin
2k = 05 Gy

where p(k,r,n) is the number of partition of k into at most r
n.
Hence

Pﬂ(a7 b’ C’ :'E)

n+1 min(r,n—r+1)

parts not exceeding

= Z(—l)rarTz;T (a/e)" Z (=1)*z = ¢° Zp(k, 5,7 —s)xk

r=0 s=0 k
pr(k,n—r—s—i—l,r z*
k

T T S s e
= 1Dz (a/c)" —1)sxTT 8 T n—s
r=0 s—0 (I)S(z)r—s (z)r(x)n—r—s—i-l
n+1 2 min(r,n—r+1) o
= 2V e Y (D R
r=0 s=0

Similarly for @, (a,b,c, ).

7. Alternative forms for P, and @,
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We shall show that

a,b,c,x) = aac/c 0 (1= aa®") (az),(c),(a?/c)"2?"" an
(19)  P(a,b,c,z) (az) Z 1—ax’“ (z)r(az/c), ‘

a,b,c,z) = (az?/c)oo az®™*1) (az?),(c)r(a*z?/c)"a?
(20) Q( 7ba 3 ) a:c2 Z axr+1 (I)T(CLCC2/C)7~

Proof. We shall use Watson’s theorem [3] to prove (19) and (20). Watson’s theorem
is
axr/BC,D,E, x~
(1) ads { ax?B Ax/C DEa:_N/A : ]
(Az/D)n(Az/E)N
(Az)n(Ax/DE)N
A Az, —/Az,B,C,D,E,z™N sa%e?/BCDEsN
807 [ VA, —VA, Az/B, Az/C, Az /D, Az /E, Az /z~N

Making B, C, D, N — oo and putting A =a, F = C in (21), we have

r24r

P iz : C)r a/c)’

iIJ

(ar/c)so a)r (Vaz),(—vaz),(c)r
(7)o Z (a) T( a) (a:r:/c)

B ax/c 00 (1 —az?") (¢),(az),(a?/c) 2"
 (ax) Z (1-— axT (x)r(azx/c), '

Similarly making B, C, D, N — oo and putting A = az, E = C in (21), we have

al‘2/c 22r+1 (C)r(aIz)r(GZIQ/C)TI2T2
@ = (az?) 0o Z ax“rl (x)r(ax?/c), ’
which proves (15) and (16). O
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