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ABSTRACT. In this paper we obtain the transformations of the Ramanujan’s tenth order
mock theta functions under the modular group generators 7 — 7+1 and 7 — —1/7 where
q= eﬂit.

1. Introduction

The mock theta functions were named and first studied by Ramanujan. In early
1920, four months before his death Ramanujan wrote his last letter to Hardy [7, p.
354-355]. In the course of it he said “I discovered very interesting functions recently
which T call “Mock theta functions” unlike the ‘false’ theta functions (studied by
L. J. Rogers) they enter into mathematics as beautifully as the ordinary theta
functions”. The last gift of Ramanujan to mathematical world was The Mock Theta
Functions. He also commented in the letter that the asymptotic representation of
certain g-series with exponential singularities can be written in a closed exponential
form only in a limited number of cases in the neighborhood of rational point of the
unit circle. On the other hand in a majority of cases they cannot be written in a
closed form at the essential singularities on its natural boundary.

Ramanujan listed seventeen mock theta functions and called them of order
three, five and seven. Watson [9] found three more mock theta functions of order
three and two more appear in the Lost Notebook [9, p. 9]. In the Lost Notebook
there are seven more functions [9] and Andrews and Hickerson [2] called them of
order six.

There remains a profound mystery about these functions, no one, including
Ramanujan, has ever proved that these functions are indeed mock theta functions
and not just some clever combination of theta functions.

Recently Choi [4] considered four functions found in the Lost Notebook of Ra-
manujan [9, p. 9] and called them mock theta function of order ten. In [4] Choi
gave generalized Lambert Series for the tenth order mock theta functions ®r(q)
and Wg(q). In this paper we obtain the transformation of Ramanujan’s tenth or-
der mock theta functions ®r(¢g) and Vg(g) under the modular group generators
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7 —7+1and 7 — —1/7, where g = ™.
By studying the modular transformation of these mock theta functions, we feel

we will be able to know about the behavior of these functions.

2. Notations

We shall use the following usual basic hypergeometric notations:
For |¢*| < 1,

(:¢")n = (1—a)1—ag") - (1-agd*™), n>1,
(a:¢")0 = 1,
(@:¢" )00 = TZo(1—ag™),
(a1,a2,+ ,am; @) = (a136")n(a2;6")n (@3 4",
(a;¢)n = (a)n.

f(b7 C) _ Z bj(j;l)cj(j;1>.

j=—c0

3. Tenth order mock theta functions

The four tenth order mock theta functions, as defined by Ramanujan, are

nn+1)/2
(1)
T;) q7q n+1
© _(n+1)(n+2)/2
q
(2)

TLTL2

(3) = Z

n:O

> (—)ng”
@ (@) _,; (~@@)2n+1

4. Modular transformation formula

To obtain transformation formulas for tenth order mock theta functions ®(q)
and Ug(q), we use the following generalized Lambert series given by Choi [4],

(5) Ur(q) = a1(q) + 2qh(q,q°)



Modular Tranformations for Ramanujan’s Tenth Order Mock Theta Functions 213

and
(6) Dr(q) = az(q) + 2qh(q*, ¢°),
_4(6%0%)0e ("% 4" ) e f (=675 —¢%)
@) a1(9) = f(=¢, =" f(=¢*,—¢®)
~(0°:0°) (0" 4" oo f(—a*s —4°)
®) az(q) = F(= =) f(=*, —¢®)
and

f=¢.—q) = 1-qx
5. Transformation formula for M (r,q)
Let
(10) M(r,q) = ar(q) +20h(q". 0").-

For obtaining the transformation formula for ®z(g) and ¥ z(q), we define a function
M(r,q), which for r = 1 and r = 2 becomes ¥g(q) and Pr(q), respectively. We
shall find the transformation formula for h(q", ¢°).
Now
o0
. (_1)nq5n(n+1)
(11) f(=¢®,=")hq"d") = T g

n=—oo

In (11) put ¢ = e~%, a > 0 and consider the contour integral

dz

1 —oco—¢t T e—bza(z+1) 1 —oo+-e€i T e—bza(z+1)
I = — : dz + — / .
2mi sinmz 1 — e—@(5z+r) 27 sinmz 1 — e—aBz+r)

= L +1 (say),

—00—¢€1 —oo+et

where € > 0 is so small that the only poles inside the contour are zero of sin 7z and

the zero of 1 —e~*®*+7) Now (—1)" is the residue of a simple pole of o— for each
integer n and % is the residue of a simple pole of % at z = —¢, hence
o0 r
—1)" 5n(n+1) T —r(l—%)
(12) 1:2()‘1 RN — .
1— gontr sin(—=%)  bSa
n=—o00

We shall evaluate I first :
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In the upper half plane

1 - ;
= —9; (2n+1)7rzz.
sinmz Z ¢
n=0
So
S co+¢i e(2n+1)7riz75az75az2
=) sotei 1 — e—a(5z+r)

= ) Jnl(2) (say).
n=0

The integrand of J,(z), in the upper half plane, has poles at the points

r o 2mmt
=TT g M A
The residue at z,, is
2M0 sl (ontrymis PG _dm? ami
14) = ST e G ST e Ay (say)

Sa

where g = e~ %, g1 = e~ P, aff = 2.

Symmetrizing the denominator of the integrand of J,,(z), we have the integrand

(15) B e(2n+1)7riz—5az—5a22e%(Sz-‘rT)

es (5z+r) _ e~ % (5z+r)

e + 6—5(12 (2n+1)7riz—50¢z2
(16) = ea(bz+r) _ g—a(5z+r) € ’

To get the saddle point, we differentiate the last term, i.e.,

2n+ 1)
z = % = w, (say).
Now we move the upper contour of J,, up to the horizontal line through w,,, getting
J!,. By Cauchy’s residue theorem,
Jn, = J, + sum of the residues of the poles between the two contours.
The poles will be at the points

2mmi 2 1
zm:—f—i— mm for which 0 < 2m < w,
5 Sa 2

which is equivalent to 0 < m < n/2. Hence

Tn =T+ > Aum.

0<m<4%



Modular Tranformations for Ramanujan’s Tenth Order Mock Theta Functions 215

Summing both sides over n from 0 to co, we have
ZJ —ZJ’ £
m=1n=2m

Now we evaluate the double summation on the right-hand side, for this we have
from (14)

So
o0 o0
)\Qmm
A7) DD dam =
m=1n=2m 1_67 E q15
2m(Am+1) 2 —gm? g
27Ti6 (4m+1) 5 ql 5 q* r+ 5 q 5 e 5
= — im
2mir
%e’ 1—e 75 q°
Hence
o o M
Y 2 _ mir q
(18) 12:45 q7+5e 5 Z% ZJ/
« m=11—e" "5 ql n=0

Evaluating the integral I3 which is over the lower contour and observing that on
the lower contour

1 ad .
19 — 9% 7(2n+1)7mz’
(19) sinmz z;e

which is the complex conjugate of the expansion used in the upper contour, so

Z K, (say),

where

co—ei ,—(2n+1)miz—baz— 5022
K, / dz.

—a(5
co—ei 1 — emal5=+r)

Moving the lower contour down to the horizontal line through w,,, we have

oo

(20) Kn = j7/1 + Z j\n,ma

in view of (19), the sum on the right-hand side is just the complex conjugate of the
summation evaluated earlier. So from (18)
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o 2m(2m+1)

271 r2  mir
) Bl Rt Y A S

m=11—e"5 " q1

Adding (18) and (21), we have

(22) 1
= Il+.[2
2w 2 O pm(mt1) o mir et - 7
= ey g e | T YL+ )
: m=1 L—e g 1-eg | 050
™ —7‘+ﬁ .oomr qq 5 +q1 ) _
= ! T TE JL T,
5aq sin 5 Z - o —I—Z( "+ J)

m= 11—2(11m cos——i—qr n=0
From (11) and (12),

(23) f(fq{), 7q5)h(q7‘,q5)

T qfr(lfg)
sin T ba

2m(2m+1) Am

_£5_ o0 5 T
_ e e Ty (+a7)

4m 8m

S % 5%e S el 1— 2q15 oS 2751)'r 4 15

oo
+> (T, + )

n=0

f (s o gy 2m2mtD) am
n ¢ 506-7) (2—2cos *)q; ° (1+4+¢°)
T sn®  5a 1+ Z Ea 2 e
5 m=1 1—2q,° cos ¢ +¢q°

+> (I + ).
n=0

We now evaluate Y oo (J), + J}).

First we evaluate the integral J),. Putting z = —£ + p + x, where p = W
in the integrand and simplifying, we have
oy (2n41)? o e—5aac2 e2arz G_W e—5aa:2e—am(—2r+5)
(24) J7l1 _ ear(l—g)ql 30 / +. da
oo 2i(—1)™ cosh bax
= P,+ Q.

Observe P, is purely imaginary. Therefore,

Jh+J), = Qn+ Qn.
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So

a3

T+ T, =—¢"""5q

) Gngn? /°° e=5%" cosh(5 — 2r)azdx
oo cosh bax

Hence

oo

- 1 » 10 [ 75 cogh(5 — 2r)ax
St g = =g PGl | o2

T
2 cosh bax
n=0 - 5

dzx.
By (23),

(25) f(—qS,—QS)h(qr,qS)

o o 9 9 orr 2m(25m+1) 1 4én
B e il O SNCEETLL OV ST

4
5 m=1 1- 2Q1

5 2mr 5
cos 5= + q;

E’ qlé) /°° g—5oa? cosh(5 — 2T)Cmdm
2 2 o cosh bax

Putting = 1 we have from (10), (11) and (25)

(26) Wr(q)
= M(l,q) = ai(q)+2ah(q,q°)

2m(2m+1) am
1 o2 ¢ = (2—2cosE)q, ° (1+44¢,°)
= al(Q)+ 5 5[‘- T E, 1+Z Bt :
Ff ) smEsa | T2

1 Tl & 2 cosh 3ax
—g59 (= 5 —5ax hinialy 0
¢ 1(2’(11)/_006 cosh bax ]

8m

= s
m= 1—-2¢,° cos 5 +¢,°

We now find the transformation formula for f(—g, —q).
By definition,

f(=¢,~q) = Z (=1)¢" = 04(0,9).

Using the general transformation formula

0 0 n— 2 —_—
q% Z (—1)"qAn2+B" =4/ ji Z q1(2 o cos M7
«
n=1

et 2A

we have the transformation formula for 94(0, ¢), which is

(27) 94(0,q) = \/qul‘ (a1)
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where
e
D=9 7 .
n=0

Eliminating f(—q°, —¢°) = 04(0,¢°) from (26) with the help of (27), we have

1
1 _1 q %
(28)q" 7 Wgr(q) = q cai(q)+
) ( ¥(a1°)
2 5 2m(2gn+1) 1 %
1 — cos— +
{ /7TCSC{1Jr Z )‘11 (Lmql )}
oV a 5 m=1 1—2q1 cos%”—i—qls‘

/%G b))

where Jo(a) is the Mordell integral,

e h3ax
J _ 5o COS d
2(a) / c cosh Sax o

— 0o

Now we simplify the summation on the right-hand side of (23).

1 1
4m = 4m o 4m o
1—2q1 cos & —l—ql (1—q° e )1 —q° e 5)
=140 e 1 e )14 e g e )
4m 2 4 8m 2 6 12m
=1+4¢° 2(:os?7T + (14 2cos %T)ql5 + (2(zos€7r + 2cos %T)q1 5

16m

4m 8
(1+2COS?+2COS§)L] 5.

12m m 28 32m
5

=1+7¢° —7¢° —¢,° +q1 +TQ1 T @7 A

4m 8m 12m 20m 40m

=(1+7¢° —71¢,° —q;° )1+q° +q° +---)

4m 8m 12m
5 5 5
Cl+7q” —Tq" — ¢
- am
1-q;

where
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So
2nl(2:71+1) (1 + 4%)(2 2 271')
° — 2C08S =
(o) 1430 & Sl
m=1 1-— 2q1 cos 2° + q1
8m 12m
- 1+ Z 1 + Q1 \[T(l + TQ1 —7q° —q° )qum(ggnH)
me=1 1— g™ !
0o \/5(7- + q% _ q1257n _ Tq 165771) Im(Zmal)
= 1+ Z 1— 411m : 4 °
m=1 a0
2 X (1- qlwm 2m(2m+1) 1 (1 qfo) 2m(2m3)
— — 5 _ 5
= : Z =g a +5 5+271—q4m a .
m=1 m=1 1

Putting this value in (28), we have

(30) q_%\I’R(Q)

s 5[ = (-5 e
-t S o (1 5 )
1 > (1 —gq,5 2m(2m+a)
+\/5<5+m22(1(;11m))q \/7 7(11 )Ja( )}

which is the transformation formula for ¥g(q).
Putting r = 2, by (10) and (11) and using (25), we have

(31) 0
_1 - Lom
_ % ¢ [1 [« 7 V5 [2 (1-¢q, 7 ) 2memin
= qsaz(Q)-l-w(qu) {5\/;%0 g{? =t Z —

m=1

1—q )1 T3
( > G ) b= 3¢/ 20 bt

where Ji () is the Mordell integral

o0 saa? COshax
= —d
Ji(e) / c cos hbax *

— 00

which is the transformation formula for ®z(q)

6. Conclusion

As per definition of the order of the mock theta function given by Gordon and
McIntosh [6], these tenth order mock theta functions should be called of order five.
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The Mordell integrals in our transformation formula cannot be connected with the
Mordell integrals come in the transformation formula of the fifth order mock theta
functions, Gordon and MecIntosh [6], so these mock theta functions of order ten are
not connected with fifth order mock theta function originally listed in his last letter
to Hardy.

In a later paper we will find the generalized Lambert series for the remaining
two functions Xg(q) and xgr(¢) and then their modular transformations.
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