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Abstract. In this paper we obtain the transformations of the Ramanujan’s tenth order

mock theta functions under the modular group generators τ → τ +1 and τ → −1/τ where

q = eπit.

1. Introduction

The mock theta functions were named and first studied by Ramanujan. In early
1920, four months before his death Ramanujan wrote his last letter to Hardy [7, p.
354-355]. In the course of it he said “I discovered very interesting functions recently
which I call “Mock theta functions” unlike the ‘false’ theta functions (studied by
L. J. Rogers) they enter into mathematics as beautifully as the ordinary theta
functions”. The last gift of Ramanujan to mathematical world was The Mock Theta
Functions. He also commented in the letter that the asymptotic representation of
certain q-series with exponential singularities can be written in a closed exponential
form only in a limited number of cases in the neighborhood of rational point of the
unit circle. On the other hand in a majority of cases they cannot be written in a
closed form at the essential singularities on its natural boundary.

Ramanujan listed seventeen mock theta functions and called them of order
three, five and seven. Watson [9] found three more mock theta functions of order
three and two more appear in the Lost Notebook [9, p. 9]. In the Lost Notebook
there are seven more functions [9] and Andrews and Hickerson [2] called them of
order six.

There remains a profound mystery about these functions, no one, including
Ramanujan, has ever proved that these functions are indeed mock theta functions
and not just some clever combination of theta functions.

Recently Choi [4] considered four functions found in the Lost Notebook of Ra-
manujan [9, p. 9] and called them mock theta function of order ten. In [4] Choi
gave generalized Lambert Series for the tenth order mock theta functions ΦR(q)
and ΨR(q). In this paper we obtain the transformation of Ramanujan’s tenth or-
der mock theta functions ΦR(q) and ΨR(q) under the modular group generators
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τ → τ + 1 and τ → −1/τ , where q = eπiτ .
By studying the modular transformation of these mock theta functions, we feel

we will be able to know about the behavior of these functions.

2. Notations

We shall use the following usual basic hypergeometric notations:
For |qk| < 1,

(a; qk)n = (1− a)(1− aqk) · · · (1− aqk(n−1)), n ≥ 1,

(a; qk)0 = 1,

(a; qk)∞ = Π∞j=0(1− aqkj),

(a1, a2, · · · , am; qk)n = (a1; qk)n(a2; qk)n · · · (am; qk)n,

(a; q)n = (a)n.

f(b, c) =
∞∑

j=−∞
b

j(j+1)
2 c

j(j−1)
2 .

3. Tenth order mock theta functions

The four tenth order mock theta functions, as defined by Ramanujan, are

(1) ΦR(q) =
∞∑

n=0

qn(n+1)/2

(q; q2)n+1
,

(2) ΨR(q) =
∞∑

n=0

q(n+1)(n+2)/2

(q; q2)n+1
,

(3) XR(q) =
∞∑

n=0

(−1)nqn2

(−q; q)2n
,

and

(4) χR(q) =
∞∑

n=0

(−1)nq(n+1)2

(−q; q)2n+1
.

4. Modular transformation formula

To obtain transformation formulas for tenth order mock theta functions ΦR(q)
and ΨR(q), we use the following generalized Lambert series given by Choi [4],

(5) ΨR(q) = a1(q) + 2qh(q, q5)
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and

(6) ΦR(q) = a2(q) + 2qh(q2, q5),

(7) a1(q) = −q(q5; q5)∞(q10; q10)∞f(−q2;−q8)
f(−q,−q4)f(−q4,−q6)

,

(8) a2(q) =
(q5; q5)∞(q10; q10)∞f(−q4;−q6)

f(−q2,−q3)f(−q2,−q8)
,

and

(9) h(x, q) =
1

f(−q,−q)

∞∑
n=−∞

(−1)nqn(n+1)

1− qnx
.

5. Transformation formula for M(r, q)

Let

(10) M(r, q) = ar(q) + 2qh(qr, q5).

For obtaining the transformation formula for ΦR(q) and ΨR(q), we define a function
M(r, q), which for r = 1 and r = 2 becomes ΨR(q) and ΦR(q), respectively. We
shall find the transformation formula for h(qr, q5).

Now

(11) f(−q5,−q5)h(qr, q5) =
∞∑

n=−∞

(−1)nq5n(n+1)

1− q5n+r
.

In (11) put q = e−α, a > 0 and consider the contour integral

I =
1

2πi

∫ −∞−εi

−∞−εi

π

sin πz

e−5zα(z+1)

1− e−α(5z+r)
dz +

1
2πi

∫ −∞+εi

−∞+εi

π

sin πz

e−5zα(z+1)

1− e−α(5z+r)
dz

= I1 + I2 (say),

where ε > 0 is so small that the only poles inside the contour are zero of sinπz and
the zero of 1−e−α(5z+r). Now (−1)n is the residue of a simple pole of π

sin πz for each
integer n and 1

5α is the residue of a simple pole of 1
1−e−α(5z+r) at z = − r

5 , hence

(12) I =
∞∑

n=−∞

(−1)nq5n(n+1)

1− q5n+r
+

π

sin(−πr
5 )

q−r(1− r
5 )

5α
.

We shall evaluate I2 first :
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In the upper half plane

1
sin πz

= −2i

∞∑
n=0

e(2n+1)πiz.

So

I2 =
∞∑

n=0

∫ ∞+εi

−∞+εi

e(2n+1)πiz−5αz−5αz2

1− e−α(5z+r)
dz(13)

=
∞∑

n=0

Jn(z) (say).

The integrand of Jn(z), in the upper half plane, has poles at the points

zm = −r

5
+

2mπi

5α
, m = 1, 2, · · · .

The residue at zm is

=
2πi

5α
q−r+ r2

5 e−(2n+1) πir
5 q

2m(2n+1)
5

1 q
− 4

5 m2

1 e
4mπir

5 = λn,m (say)(14)

where q = e−α, q1 = e−β , αβ = π2.
Symmetrizing the denominator of the integrand of Jn(z), we have the integrand

=
e(2n+1)πiz−5αz−5αz2

e
a
2 (5z+r)

e
a
2 (5z+r) − e−

a
2 (5z+r)

(15)

=
eαr + e−5αz

eα(5z+r) − e−α(5z+r)
e(2n+1)πiz−5αz2

.(16)

To get the saddle point, we differentiate the last term, i.e.,

z =
(2n + 1)πi

10α
= wn (say).

Now we move the upper contour of Jn up to the horizontal line through wn, getting
J ′n. By Cauchy’s residue theorem,

Jn = J ′n + sum of the residues of the poles between the two contours.

The poles will be at the points

zm = −r

5
+

2mπi

5α
for which 0 < 2m <

(2n + 1)
2

,

which is equivalent to 0 < m ≤ n/2. Hence

Jn = J ′n +
∞∑

0<m≤n
2

λn,m.
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Summing both sides over n from 0 to ∞, we have

I2 =
∞∑

n=0

Jn =
∞∑

n=0

J ′n +
∞∑

m=1

∞∑
n=2m

λn,m.

Now we evaluate the double summation on the right-hand side, for this we have
from (14)

λn+1,m = e−
2πnir

5 q
4m
5

1 λn,m.

So
∞∑

m=1

∞∑
n=2m

λn,m =
λ2m,m

1− e−
2πi
5 q

4m
5

1

(17)

=
2πi

5α

e−(4m+1) πir
5 q

2m(4m+1)
5

1 q−r+ r2
5 q

− 4m2
5

1 e
4mπri

5

1− e−
2πir

5 q
4m
5

1

Hence

(18) I2 =
2πi

5α
q−r+ r2

5 e−
πir
5

∞∑
m=1

q
2m(2m+1)

5
1

1− e−
2πir

5 q
4m
5

1

+
∞∑

n=0

J ′n(z).

Evaluating the integral I1 which is over the lower contour and observing that on
the lower contour

(19)
1

sin πz
= 2i

∞∑
n=0

e−(2n+1)πiz,

which is the complex conjugate of the expansion used in the upper contour, so

I1 =
∞∑

n=0

Kn (say),

where

Kn =
∫ ∞−εi

−∞−εi

e−(2n+1)πiz−5αz−5αz2

1− e−α(5z+r)
dz.

Moving the lower contour down to the horizontal line through wm, we have

(20) Kn = J̄ ′n +
∞∑

0<m≤n
2

λ̄n,m,

in view of (19), the sum on the right-hand side is just the complex conjugate of the
summation evaluated earlier. So from (18)
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(21) I1 = −2πi

5α
q−r+ r2

5 e
πir
5

∞∑
m=1

q
2m(2m+1)

5
1

1− e
2πir

5 q
4m
5

1

+
∞∑

n=0

J̄ ′n.

Adding (18) and (21), we have

I(22)
= I1 + I2

=
2πi

5α
q−r+ r2

5

∞∑
m=1

q
2m(m+1)

5
1

[
e−

πir
5

1− e−
2πir

5 q
4m
5

1

− e
πir
5

1− e
2πir

5 q
4m
5

1

]
+

∞∑
n=0

(J ′n + J̄ ′n)

=
4π

5α
q−r+ r2

5 sin
πir

5

∞∑
m=1

q
2m(2m+1)

5
1 (1 + q

4m
5

1 )

1− 2q
4m
5

1 cos 2πr
5 + q

8m
5

1

+
∞∑

n=0

(J ′n + J̄ ′n).

From (11) and (12),

f(−q5,−q5)h(qr, q5)(23)

= I +
π

sin πr
5

q−r(1− r
5 )

5α

=
π

sin πr
5

q−
r
5 (5−r)

5α
+

4π

5α
q−r+ r2

5 sin
πr

5

∞∑
m=1

q
2m(2m+1)

5
1 (1 + q

4m
5

1 )

1− 2q
4m
5

1 cos 2πr
5 + q

8m
5

1

+
∞∑

n=0

(J ′n + J̄ ′n)

=
π

sin πr
5

q−
r
5 (5−r)

5α


1 +

∞∑
m=1

(2− 2 cos 2πr
5 )q

2m(2m+1)
5

1 (1 + q
4m
5

1 )

1− 2q
4m
5

1 cos 2πr
5 + q

8m
5

1




+
∞∑

n=0

(J ′n + J̄ ′n).

We now evaluate
∑∞

n=0(J
′
n + J̄ ′n).

First we evaluate the integral J ′n. Putting z = − r
5 + p + x, where p = (2n+1)πi

10α
in the integrand and simplifying, we have

J ′n = eαr(1− r
5 )q

(2n+1)2

20
1

∫ ∞

−∞

e−5αx2
e2αrx + e−

(2n+1)πi
2 e−5αx2

e−αx(−2r+5)

2i(−1)n cosh 5αx
dx(24)

= Pn + Qn.

Observe Pn is purely imaginary. Therefore,

J ′n + J̄ ′n = Qn + Q̄n.
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So

J ′n + J̄ ′n = −qr(1− r
5 )q

(2n+1)2

20
1

∫ ∞

−∞

e−5αx2
cosh(5− 2r)αx

cosh 5αx
dx.

Hence

∞∑
n=0

(J ′n + J̄ ′n) = −1
2
q−r(1− r

5 )∂1(
π

2
, q

1
5
1 )

∫ ∞

−∞

e−5αx2
cosh(5− 2r)αx

cosh 5αx
dx.

By (23),

f(−q5,−q5)h(qr, q5)(25)

=
π

sin πr
5

q−
r
5 (5−r)

5α


1 +

∞∑
m=1

(2− 2 cos 2πr
5 )q

2m(2m+1)
5

1 (1 + q
4m
5

1 )

1− 2q
4m
5

1 cos 2πr
5 + q

8m
5

1




−1
2
q−

r
5 (5−r)∂1(

π

2
, q

1
5
1 )

∫ ∞

−∞

e−5αx2
cosh(5− 2r)αx

cosh 5αx
dx.

Putting r = 1 we have from (10), (11) and (25)

ΨR(q)(26)
= M(1, q) = a1(q) + 2ah(q, q5)

= a1(q) +
1

f(−q5,−q5)
[

2π

sin π
5

q
1
5

5α



1 +

∞∑
m=1

(2− 2 cos 2π
5 )q

2m(2m+1)
5

1 (1 + q
4m
5

1 )

1− 2q
4m
5

1 cos 2π
5 + q

8m
5

1





−q
1
5 ϑ1(

π

2
, q

1
5
1 )

∫ ∞

−∞
e−5αx2 cosh 3αx

cosh 5αx
dx].

We now find the transformation formula for f(−q,−q).
By definition,

f(−q,−q) =
∞∑

j=−∞
(−1)jqj2

= ∂4(0, q).

Using the general transformation formula

q
B2
4A

∞∑
n=−∞

(−1)nqAn2+Bn =

√
4π

Aα

∞∑
n=1

q
(2n−1)2

4A
1 cos

(2n− 1)Bπ

2A
,

we have the transformation formula for ∂4(0, q), which is

(27) ∂4(0, q) =

√
4π

α
q

1
4
1 ψ(q2

1)
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where

ψ(q) =
∞∑

n=0

q
n(n+1)

2 .

Eliminating f(−q5,−q5) = ∂4(0, q5) from (26) with the help of (27), we have

q−
1
5 ΨR(q) = q−

1
5 a1(q) +

q
− 1

20
1

ψ(q10
1 )

(28)

[
1
5

√
π

α
csc

π

5

{
1 +

∞∑
m=1

(2− 2 cos 2π
5 )q

2m(2m+1)
5

1 (1 + q
4m
5

1 )

1− 2q
4m
5

1 cos 2π
5 + q

8m
5

1

}

−1
2

√
α

π
∂1(

π

2
, q

1
5
1 )J2(α)

]

where J2(α) is the Mordell integral,

J2(α) =
∫ ∞

−∞
e−5αx2 cosh 3αx

cosh 5αx
dx.

Now we simplify the summation on the right-hand side of (23).

1

1− 2q
4m
5

1 cos 2π
5 + q

8m
5

1

=
1

(1− q
4m
5

1 e
2πi
5 )(1− q

4m
5

1 e−
2πi
5 )

= (1 + q
4m
5

1 e
2πi
5 + q

8m
5

1 e
4πi
5 + · · · )(1 + q

4m
5

1 e−
2πi
5 + q

8m
5

1 e−
4πi
5 + · · · )

= 1 + q
4m
5

1 2 cos
2π

5
+ (1 + 2 cos

4π

5
)q

8m
5

1 + (2 cos
2π

5
+ 2 cos

6π

5
)q

12m
5

1

+(1 + 2 cos
4π

5
+ 2 cos

8π

5
)q

16m
5

1 + · · ·

= 1 + τq
4m
5

1 − τq
8m
5

1 − q
12m

5
1 + q

20m
5

1 + τq
24m

5
1 − τq

28m
5

1 − q
32m

5
1 + · · ·

= (1 + τq
4m
5

1 − τq
8m
5

1 − q
12m

5
1 )(1 + q

20m
5

1 + q
40m

5
1 + · · · )

=
1 + τq

4m
5

1 − τq
8m
5

1 − q
12m

5
1

1− q4m
1

where

τ = 2 cos
2π

5
=
√

5− 1
2

.



Modular Tranformations for Ramanujan’s Tenth Order Mock Theta Functions 219

So

1 +
∞∑

m=1

q
2m(2m+1)

5
1 (1 + q

4m
5

1 )(2− 2 cos 2π
5 )

1− 2q
4m
5

1 cos 2π
5 + q

8m
5

1

(29)

= 1 +
∞∑

m=1

(1 + q
4m
5

1 )
√

5τ(1 + τq
4m
5

1 − τq
8m
5

1 − q
12m

5
1 )

1− q4m
1

q
2m(2m+1)

5
1

= 1 +
∞∑

m=1

√
5(τ + q

4m
5

1 − q
12m

5
1 − τq

16m
5

1 )
1− q4m

1

q
2m(2m+1)

5
1

=
√

5τ

[
2
5

+
∞∑

m=1

(1− q
16m

5
1 )

1− q4m
1

q
2m(2m+1)

5
1

]
+
√

5

[
1
5

+
∞∑

m=1

(1− q
8m
5

1 )
1− q4m

1

q
2m(2m+3)

5
1

]
.

Putting this value in (28), we have

q−
1
5 ΨR(q)(30)

= q−
1
5 a1(q) +

q
− 1

20
1

ψ(q10
1 )

[
1
5

√
π

α
csc

π

5
{
√

5τ

(
2
5

+
∞∑

m=1

(1− q
16m

5
1 )

1− q4m
1

q
2m(2m+1)

5
1

)

+
√

5

(
1
5

+
∞∑

m=1

(1− q
8m
5

1 )
1− q4m

1

)
q

2m(2m+3)
5

1 } − 1
2

√
α

π
∂1(

π

2
, q

1
5
1 )J2(α)

]
,

which is the transformation formula for ΨR(q).
Putting r = 2, by (10) and (11) and using (25), we have

q
1
5 ΦR(q)(31)

= q
1
5 a2(q) +

q
− 1

20
1

ψ(q10
1 )

[
1
5

√
π

α
csc

π

5
{
√

5
τ

(
2
5

+
∞∑

m=1

(1− q
16m

5
1 )

1− q4m
1

q
2m(2m+1)

5
1

)

+
√

5

(
1
5

+
∞∑

m=1

(1− q
8m
5

1 )
1− q4m

1

)
q

2m(2m+3)
5

1 } − 1
2

√
α

π
∂1(

π

2
, q

1
5
1 )J2(α)

]
,

where J1(α) is the Mordell integral

J1(α) =
∫ ∞

−∞
e−5αx2 coshαx

cosh5αx
dx

which is the transformation formula for ΦR(q)

6. Conclusion

As per definition of the order of the mock theta function given by Gordon and
McIntosh [6], these tenth order mock theta functions should be called of order five.
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The Mordell integrals in our transformation formula cannot be connected with the
Mordell integrals come in the transformation formula of the fifth order mock theta
functions, Gordon and McIntosh [6], so these mock theta functions of order ten are
not connected with fifth order mock theta function originally listed in his last letter
to Hardy.

In a later paper we will find the generalized Lambert series for the remaining
two functions XR(q) and χR(q) and then their modular transformations.
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