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CANONICAL FORM OF AN TRANSITIVE
INTUITIONISTIC FUZZY MATRICES

HoNnG-YouL LEE AND NAE-GYEONG JEONG

Abstract. Some properties of a transitive fuzzy matrix are exam-
ined and the canonical form of the transitive fuzzy matrix is given
using the properties. As a special case an open problem concern-
ing idempotent matrices is solved. Thus we have the same result
in a intuitionistic fuzzy matrix theory. In our results a nilpotent
intuitionistic matrix and a symmetric intuitionistic matrix play an
important role. We decompose a transitive intuitionistic fuzzy ma-
trix into sum of a nilpotent intuitionistic matrix and a symmetric
intuitionistic matrix. Then we obtain a canonical form of the tran-

sitive intuitionistic fuzzy matrix.

1. Introduction

In 1965, Zadeh[5] introduced the concept of fuzzy sets which formed
the fundamental of fuzzy mathematics. Since then various workers have
contributed to the development of the fuzzy theory. Atanassov[l, 2,
3] introduced and studied the concept of intuitionistic fuzzy sets as a
generalization of fuzzy sets.

The theory of intuitionistic fuzzy matrix is very useful in the discus-
sion of intuitionistic fuzzy relations. we can represent basic propositions

of the theory of intuitionistic fuzzy relations in the matrix operations.
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Futhermore we can deal with the intuitionistic fuzzy matrix. The transi-
tive intuitionistic fuzzy matrices correspond to the transitive intuitionis-
tic fuzzy relations. We define the notion of intuitionistic fuzzy matrices
as a generalization of fuzzy matrices. Also, we present the canonical
form of an transitive intuitionistic fuzzy matrix. As a special case we
give some result for the idempotent matrix and examine some proper-
ties transitive intuitionistic fuzzy matrices and show decompositions of
transitive intuitionistic fuzzy matrix. In this paper, every notation is

the standard in general of fuzzy theory.

2. Intuitionistic fuzzy matrices and definitions

We define some operations for fuzzy matrices whose elements are in

the unit interval [0, 1]. An intuitionistic fuzzy matriz A is
A= [(4, B)] = [(as, bi;)]
where A and B are fuzzy matrices, and a;; + b;; < 1 for all 4, 5.

Obviously, every fuzzy matrix A = [(a;;)] is an intuitionistic fuzzy

matrix of the form [(a;;, 1 — a;;)].

Let J be an n xn fuzzy matrix that have all entries 1, let ] be an nxn
identity fuzzy matrix and let Z = [(I,J — I)]. First, for z,y € [0,1] and
w, z such that z+w < 1 and y+2z < 1 we define [z, w]V]y, 2], [z, w] Ay, 2]
and [z,w] © [y, ] as follows:

[z, w] V [y, 2] = [(maz(z,y), min(w, 2))],

[z, w] A [y, 2] = [(min(z, y), maz(w, 2))],

zw)] if >y, w<z
[x’w]e[y,Z]:{ [(z,w)] >y

[(0,1)] if z<y, w>z.
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Next, we define the following matrix operations for n X n intuitionistic
fuzzy matrices. Let A = [(aij,b;;)] and B = [(ci;,di;)] be m x n intu-
itionistic fuzzy matrices and let C = [(ei;, fi;)] be an n x [ intuitionistic

fuzzy matrix:
(1) AV B = [(asj,bi5) V (cij, dij))-
(2) AN B = [(aij,bij) A (g, dij)]-
(3) A© B = [(ai;, bi;) © (cij, dsj)]-

(4) AxC=[( \/ (aik A exj), /\ (bik V fi;))]-

1<k<n 1<k<n

(5) A" =T.

(6) AF*1 = A x A (k=0,1,2,...).

(7) AT = [(aji,bji)] (the transpose of A).

(8) AA= Ao AT.

(9) VA= AN AT,

(10) A<C ifandonlyif a;; <ey, by;>fi; forall 4,7
Then, by the simple calculation,

AT =TA=A.

Therefore, 7 is the identity intuitionistic fuzzy matriz. Let P beannxn
permutation fuzzy matrix and P = [(P,J — P)]. Then, by the simple
calculation,

PPT =PTP=1.

Therefore, P is a permutation intuitionistic fuzzy matriz. A matrix A is
transitive if A2 < A. A matrix A is idempotent if A2 = A. Accordingly,



546 Hong-Youl Lee and Nae-Gyeong Jeong

any idempotnet matrix is transitive. A matrix A is nilpotent if A" =

—

O, where O is the intuitionistic zero matrix, [(O,J)]. A matrix A is

irreflezive if ANT = O. A matrix A is symmetric if AT = A.

Proposition 2.1. If an intuitionistic fuzzy matrix 4 is nilpotent, it

is irreflexive.

Proof. Suppose that A = [(asj, b;;)] is an nilpotent intuitionistic fuzzy
matrix and Z = [0, 1]. Generally,

-(alla bll) (O’ ]-) (Oa 1) e (03 1) ]
(0’ 1) (a22’ b22) (Ov 1) e (Ov 1)
AANT=| (0,1) (0,1)  (as3,bzz) - (0,1)
L (Oa 1) (0, 1) (0, 1) e (anny bnn) J
Since A™ = O, (a;;, bii) A (ais, bi;) = (0,1) for any i. Therefore, ANT =
O a

Proposition 2.2. If an intuitionistic fuzzy matrix A is irreflexive

transitive, then it is nilpotent.

Proof. Suppose that A is an irreflexive transitive intuitionistic fuzzy
matrix. Since A is irreflexive, (a4, bi;) = (0,1) for any i. Therefore, A
is nilpotent by the transitivity. O

3. Some results

First, we examine some basic properties of nilpotent intuitionistic
matrices. They are useful in the following discussion. Next, we give the
canonical form of a special type of matrix which is given by the sum of
a nilpotent intuitionistic matrix and a symmetric intuitionistic matrix.
Then we examine the properties of transitive intuitionistic matrices and

decompose a transitive intuitionistic matrix into the sum of a nilpotent



Canonical form of an transitive intuitionistic fuzzy matrices 547

intuitionistic matrix and a symmetric intuitionistic matrix. Thus we ob-
tain a theorem on canonical form of the transitive intuitionistic matrix.

In the following, we deal only with square intuitionistic fuzzy matrices.

Lemma 3.1. If an intuitionistic fuzzy matrix S = [(s;5, ;)] is sym-
metric, then

A(AVS)<AA
for any intuitionistic fuzzy matrix A.
Proof. Let U = [(uij,vi5)] = A(AV S), that is,
(uij vig) = ((aiz, bij) V (835, 1i3)) © ((azi,b50) V (845, tij))-
If a;j V 8i5 > aj; V Sij and bij A t'ij < bj,' A tij, then
(uij, vij) = (@i V 85, bij N ti)
= (aij, bij)
= ((asj, biz) © (aji, b5i))
On the other hand, if a;; V s;; < aj; V s;; and b;; Ati; > bj; Aty;, then
(uij, viz) = (0,1) < ((aiz, bij) © (aji, bji))
Thus we have Y < AA. a

Lemma 3.2. If an intuitionistic fuzzy matrix A = (a4}, b;;)] is nilpo-

tent, then A4 = 4 and VA = O.

Proof. Let A = [(asj,b;;)] and S = [(s;5,t:;)] = AA. Then (si;, ;)
((@sj,bi5) © (aji, bji)). Since A is nilpotent, clearly (asj, bi;) A (aji, bj;) =
b;

(0,1) (otherwise, A? would not be irreflexive), so that (s;;, t:;) = (aij, bi;)-
Thus VA =0 and AA = A. a

Lemma 3.3. For any intuitionistic fuzzy matrix A = [(as;, b;;)],

A=AAVVA
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Proof. Let S = [(s45,ti;)] = AAV V.A. That is,
(835, ti5) = ((@j,bi5) © (ajs,b5)) V ((aiz, bij) A (ajs,bji)).
If (a5, bi;) > (ajs, bjs), then
(sig2tiz) = ((@iz, b55) V (i, bji)) = (aiz, bij)-
If (ai;, bi5) < (aji,bji), then
(8i5,ti5) = ((0,1) V (aij, bi)) = (aqj, bij).

Thus we have § = A. O

Lemma 3.4. Let AV be a nilpotent and S be a symmetric intuition-
istic fuzzy matrix. f A=NV S, then AA <N and VA =S.

Proof. By Lemma 3.1 and 3.2,
AA=ANVS) < AN =N.

By the definition,

VA=ANAT
=NVS)AWNTVS)
=NANT)VINAS)V(SANT)VS =S,

d

It should be noted that when A is decomposable into the sum of a
nilpotent matrix A and a symmetric matrix S, the decomposition is not
unique. However, A4 is minimal in the set of such nilpotent matrices,

since AA < N.

Theorem 3.5. Let A be a nilpotent and S be a symmetric intu-

itionistic fuzzy matrix. For an intuitionistic fuzzy matrix A given by



Canonical form of an transitive intuitionistic fuzzy matrices 549

A = N V S, there exists a permutation intuitionistic fuzzy matrix P
such that T = [(usj, ;)] = P x A x PT satisfies u;; > u;; and vij < V)
for i > j.

Proof. Suppose that A = NV & where N is nilpotent and S is

symmetric. Then
T = [(uij, vij)]

=P xAxPT

=Px(NVS) xPT

=(PxNxPHv(PxS8&xPT).
Since N is nilpotent, P x N x PT becomes strictly lower triangular for
some permutation matrix P. Thus, since P x S x PT is symmetric, T
satisfies u;; > u;; and v;; < vj; for i > j by choosing such a permutation
matrix P. O

The following lemma, which shows basic properties transitive fuzzy
matrix case, is well-known. Moreover, the proof of transitive intuition-

istic fuzzy matrix case is similar. (See[4] for a proof)

Lemma 3.6. If A is a transitive intuitionistic fuzzy matrix, then A4
is irreflexive, so nilpotent. Moreover, V.A is symmetric and transitive,
so idempotent.

Theorem 3.7. For a transitive intuitionistic fuzzy matrix 4, there
exists a permutation matrix P such that 7 = [(u;j,v;5)] =P x A x PT
satisfies Usj > Uji and Vij < Vji for i > 3

Proof. By Theorem 3.5, Lemma 3.3 and 3.6, we have this result. O
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