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This paper is concerned with the question of servicing warranties for repairable items. During the warranty
period, each time an item fails the manufacturer has the obligation to restore the item to operational condition
either by repairing the item or by replacing it with a new item. In this paper, we consider repair-replacement
strategies based on the condition of the failed item. For products with phase-type lifetime distributions where the
phases represent the condition of the item, we develop algorithms to determine the expected cost of servicing a
warranty and use it in making the repair-replacement decision. Illustrative numerical examples are presented. We
also propose a dynamic strategy by taking the expected remaining warranty cost into consideration.
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A EH Z(warranty) Al =5 A7} A ES T gk & B2
b Ee B EE o] tete 2] e wA 5o 2HE
sErhe ARk op o)tk BSsto] dulHE AlFo] i
A w), 2Bk Aakatoll A B3 E| y(warranty servicing)
£ a7g Ate g AlFe] 8] e AlEY
$ 1A A F9] ZZ(condition)S A & 25 % & &
S-(operating) 2 A2 3 EAZ AV} = A AFOE W
A AJWFE 27 olglg o - WA WS IVJ“;}

AF2 1 B ] BF 7|71 a1y of Fofl w4 Astatic)
Z 2K (Iskandar et al., 2005; Jack and Murthy, 2001; Kim, 1997,
Murthy and Nguyen, 1988; Nguyen and Murthy, 1986)3} 524
(dynamic) X 2K(Jack and Van der Dyuyn Schouten, 2000; Zuo et

4= 1tk Nguyen and Murthy(1986)= X
7130 F 7RO E UL ] e uAE ’“630 = Hl
e 7 7HA Ak st RS HI2H RS H Ao
ote A SAIRES 28T Kim(1997)& AlF
4= o] PH(phase-type) #X & wWE 3¢ 1FE Fejo o}
gt 919 7 7R A g dT-stAth Murthy and
Nguyen(1988)& &< VPH% | A4 H HE3AZ R
A& W £t o] Fo A H-§ AR A& AL F
o7l AL gt EZHH 12085 Haslste HE3
AZe AA AT Jack and Murthy(2001)E EZ 71742 Al

71707 ol 27 B g7 ol M= e rE A Al Aol gha A
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Jack and Van der Duyn Schouten(2000)-2 LA oA 127
AFS] FHS agfste] 7o BE7)7F 52k 7)) HEH|§
& H&s} ok SRS aestginh A A AF
Fel(state)oll 7125 2] - WA HFE O AT dUE
© 2 v$- At} Zuo et al.(2000)2 Al &) AJH] 2 Fo BV
Zboll 7123k 2 - WA ks Agketa, ]%9] e s
of BF717He] dAE ARSI AEY +F3E7t F 7t

AY B4 A 14 9] Haaert A7 }515 el 2
oA e] Aol HF o] A g @ FE oA e 2y B4
o] rtsitt. B 2R F B FANHE S A
oA o, AlE] AEidel e o A e 1L H TS
2 Akt sith

URHA o 2 A F9] &S
E|3te 1 e H &2 Sk Eok - Al E
o 718k & —’Fil - 1A AP S SlElAE Al
L ojsEE 7
SHA| A oF ?5“3} %E—t— AEY +&20S FAE
o L 7lsste o Ay ELEEA 3 vt
ol(Markov chain)oll A &4 el 2 whd wj 72 7 331 A7k
2 Ao = chNeuts, 1989). A|F2] +EZ21S F3F vpa A
Q19 E 2 YEPH 0. ZH A7 Fhofl e A F9] Hhe fr
3wk AQle FeistE 18 E 4 ok A A%
o & & e FAE T F—%‘ﬂr AFY 21E o=
AETA IJAD & s AJMAE APste 78 e
AN, £ AFolM e 2d7] A L2 UNOE 3 E5A
AF= Hag=g(minimal repair) T+ 11213} 7] 2 3t

£ dFoXe PH £XE o83t & &
(Neuts, 1989; Rao, 1995) .24 4] 71538k A|Fo] the+ A
2 524 - wA dE AXNEtaL EA ekt gtk
2] - A W& vp A0 8 54 3}stal 7
2 H8-& AR st £ - wA| GAbAA o] &8t} gk
= 73 et 2o PH 329 A E mpiH]
ZJ(MAP; Markovian arrival process)< 27l A 7+
Stk 3o A= 71t F HFAJH 2 B 8-& AlLketa
= 2788k MATLABC.E T3 X o A9 2%
o 4ol M e FAASS Agstal 5 E 2
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2. PHEEEX

U3} 22 A 0]&-8) Y(infinitesimal generator) Q& %7]
& P E(row vector) a = 2= m + 1719 A EIE 7HA
A|ZF B Z A R1(CTMC : continuous time Markov chain)
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oJ7]M, T® =— T,e © Qul g
(column vector)o] ™, & =&l YElU= H5& 4= 9H

£ ofp|@} wokm 24919 A 7,,0] 4 (nonsingular)

ol g, 49 2TV HNAN Ax& HElm+ 12 F
g Aot PH 22 FF4EH 2 whd wj712] 7 75k A1)
TEZ AYEY (a,7,) 02 FHET ] a,,., =00]H
FTETE Azl A 0RY At AS oStk PH X
o] WS X o FXFFE thy 202 FolAa 7|z
2 EX)=—a T,'e 2 Ao]Z tHNeuts, 1981).

F(x)=1-aexp(T,x)e, x>0 (1)

A AY(renewal) 7+o] AJ7ko] PH E32Q1 A A AA S PH A4
FJrX*(phase -type renewal process)©] 2} gck @A (phase) 71d <
3H0 2 Neuts(1989)°ll 2l 27 vl H|oF = 239} (MAP)
& 7] (underlying) PFZ A Q19 Ho]A|F oA 9] ZRAE 3}
Z(point process) ]t} Aol & E DE Zt= 7| & vlmZ A<l
o AJZH 004 el i ol itkal 78 ek A i oA A
(exponential) Al FEHE # i & TF2 A j & Holstal, o] o
7“0] )i o} joll FEH0E Folzl FEEN &3

0}71] g} o] =& & MAPE Stk MAPE D= D,
+D, % F7he] AE 9} Dol o) A = ek FE
= Ef—‘."] sle Pt ZAR19 Hol & YEf 1, }E D&
o] Y& vt A Q19 Aol & Ehdt) nfi W % Fo}
ZJ(Markov modulated Poisson process)@} PH #j A 2} &
2 0 2 A5 = MAP2| 790l t(Lucantoni, 1994).

FEEAS o] o)A EAHA B F ol F
T BT U T8 7R 4 ok AH Y 7R

A 7 AL AN B EFES HE T
T e AFF ol 2 4 Atk ofd Al A AlF
Lx10] 190X m7HA] A3k Sle ml Y] dH &
2yt & slka 7Pgeiak o 714 e 12 H4d
(best possible) <] °%§_Zi 238l 2 2 2Hworst possible) 2]
S2E VER, AlF2 4 E 104 8 m A 88 5
Atk AREFOl e AFS o HYESE) dEHE Mol H
71 7R ZF dAl A A AR W F20, ol 1%
S kel & gk whetbA Al BEka, ’;‘ el o] Wt
PEH%’— FS={,..mm+1}2 Z=nmZzo=z &

2 &9tk Cﬂﬂ/ﬂ Al m +1& 1] OQ_A}EH Z AR
UERRTE ARE-Z21 AlE 9 82 310] J]d = A gttt
7 g, AREEQ) AlE 9] e st AR AR e E
(upper triangular matrix) 7;,°] ©th M2 AEL] 2714
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AT A2 5 Qe §52 3T 5 YT B EE @ AE] YR 98 FEoM ngdsrE Hareuge
5709] -8 El(m =5) B WFECIE 6)F ZHe AFL Z7Veke, AF el 4o wAu &R} A7) B,
o 2e P, nE zen @ WA & HAaFEE FYshe A FAE 5
Y-h A Ay Ae s AE FeisE 7Eshe 384 L e wA )
200 o s Ay s 99 A4 JelA 2980 52 - wA WY F nEA
152310 0~ Ja s Mz §2 AR 4t BaAnE ATela A4 At
000 A o] WA 2 B8-S 6|28 5 A Bk 5 - 1A
Lo 000 % o thew g Az ez 4§l Hck
A7 N, i=1,2,..m< § Y& A2 Ho|= 7] A7} (i:sil,siz,...,sim);i=O,1, , O<sij§|
A A iolA R ;_% A=At sEtelEol Tt A,
1<z‘<j<mL e i ol = AlFol BH = HEEHE S o)A, s B j,1<j<mo1]1 o]Foj el ¢ 1
= HEA, 70G) = A -2 i= L2 meHH A 358 e £ 2 aAY F 348 Jeidg S
i9 AZ 9 B 7153 1S it} Al g o & m - N
s 1-;—0144 el e A g g | el TR A, 0 A5 2
gx7h02 3udrh 2o A2 AFoE wAHgGE T o] Folin
27] E9E o o 23] FEl7t 242 Aotk
i+m-1) .
i:{ m—1 J, I—O,l,
Z) A 7 -k
3. 4 i 2 - (evel)ol 2 317, 7t S ElAE e MR T
A 4L 9ete] e AHEES 7P B W2z 47t 2k 2 WAz e AEFY X
D AZEFHL A4S SEAHE 2EPH E22 A, o mA @A) g mo e 7pE e BE vio] 223
(a.7,) 05 TR, 7} 2 B, AES) Az Wale e Eitol
@ 1AG AZ o) A= BEMu A A HA) A Akl o] {8,820 85,) 10 =0,1,,0<s,;<i}3] CTMCE 3%
AR oA, 1A4d AE A dejrt1~rod & B2 F Ak <Figure 1> m =303 FH) 1 8 27k
S r+ 1 ~mo|d WA E A 3] B, el 30] WA Y 7 9(r = 2) ¢ CTMC Wi gk Hol&
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Figure 1. Infinitesimal generator 5(3).
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B S(m)S BAFTE FF i A9 n, 7] w227 AL
74 (lexicographic) <A 2 vl G =lof a1, 7 vj a2 43
o B3t mlol AR ElE FHEEY HAEOE gt
mxm3YE A, A, A, oFS} o] FolAH, 7°(;) %}
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T°(1) 0 0 0o 0 ©
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0 00 0 0 0

0 0 0

A= 0 0 0
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0 0 0
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0 0 0
m (1) & AT A28 FelE YEide SEHE
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7 () EE AEEHi=0,1,-,k=1,2,-,n;). Z} AHH
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3.1 At A

2 ()94 AG=E 5V g Axbel] HsliA T 37
(uniformization) A Elgtc) o= F14 A LaF Ao
g Ade o] gol g Wi ol wpR A1 AZFEEEA o el
AHEEE WOl tHGross and Miller, 1984; Melamed and
Yadin, 1984; Stewart, 1994). T4 37| WA ErE 2= X
ol Aol FEEE o] AT HtREZARICE FPHE 7
T AolEBE S(m) Y] =9 84 F Ho Aok o]
A GoTA A7IMe A Adigs AR 12
m (W)= T 2ol AlLts o zith

o]

aw)- 3 ZPEWICW) 7 g)pr -3 a6 (n)
n=0 n: n=0 (4)
714, P =(1/7)8(m)+1 & A5 3
exp (*TW)(TW)"/H!%n]ﬂ FolE7lo]
¢ (n)=m(0)P "&nHl XolF7o] Fo] 54|
P71 Adsty] S8t A (@)dlMe Tt
series) o} H o] & & S(m) o] T3 FejF7to] HH
A Aetelofof gtk A (4)ol| A FegE NHA oA A
gt ttar sk ek Vo] g 2 5]
of thgh A xb= ¢, ol o3 Al g th(Stewart, 1994).
- exp(—2W ) (=W )"
2

n=0

21-g

T3 Aol &3 5(m)e] AL 1 (W)olA At <3
dol vg] A8 E FEH BT A HES Stk FF L
A5 e Az 2 ol 5 FAlske L9 HHE
Az S AATHs Zolth ole A 2 235
7} L& 238 BEo] FAE F AL AER F7] wjiEel 1
A e F 3FE AZE AEES ovlgitt Gross
and Miller(1984) = Adtd ZE A ES @Y FFAHZ &
A sHcollapsing) A 71= 7S AISF3ISAT) v Al2Elo]
F5d 0l AS HE FES FFE T g e o
AAE AEste Foh ¢ T o= FEET R FHLEHTT
o] Akl o) =PH =H < %
Qb e gt AT €, + 6,7t HE T BEAEE

T Atk
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=
o] H
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[RZAE] SFLAF ol i FAE ¢, +e, 0T

(5] 733 S(m)S Adste] Hojd ¢ (n) o F3
AEE 67 (n), n=1,2,..,N0|2} 3, 6 (n)=¢(n)—
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Repair-Replacement Strategies for Warranted Items with Phase-Type Lifetimes

EREE!
||1t(W)—n*(W)||w =1 g(na,-> 4" (n)a,
n=0 n=0 oo
© N N
= Zgb(n)an —Z‘/ﬁ(n)an +Z:¢9(n)an
n=0 n=0 n=0 %0
© N
= z #(n)a, +Z:¢9(n)an
n=N+1 n=0 o0
© N
<) > s(ma +[D (),
n=N+1 0 n=0 0
< i an+i£2an
n=N+1 n=0
<g+é&

QA e & HF8L7] flalM e SA SR 27t HE
% e, 7} e Efojof gt} 73 E S(m)o] G A4 EAE

ZETHAER ¢ (n)=¢"(n),n=1,2,..,N°|] I} me}
A AA QatE BTk WS Ths Al o] BTk dErH o R A4
AlLtol o] Fo| A7) Hellx (W)l M e &AL w2 A4 H g
& oo AGNATE FF L& AFse 42 f4A 4tk
a2y FEi N EEn A A2 E shte] T
FHE FEAOEM, .5 QA BAs= 135 vlE] 2
g 4= ok B39 2334 (resulting process)S 541 &
Dy=T,% D= A+ Ay++ A4, S Zt= MAP7L 25 ¢
= Ak b D o} o) &P F 5 (m)-2 <Figure 2>l 4] 9}
S (m) 0.2 7HAsME T v £ Lol A A {Th,
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Figure 2. Condensed infinitesimal generator S (3).
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BoAFoA fdE daese AYS dAslr] s

m=5% PH FEEELE AMESTE Q2 ¢y =¢, =107
O 2 3o MATLAB Ver. 7002 43S F3)stgom,
a =1[0.975,0.015,0.008,0.002,0.000], & 7;= o3 2

o 45 ssrk

1| -2.0 0.9863 0.6548 0.2991 0

2| 0 -3.0 1.4519 0.9688 0.4661
Ts=3| 0 0 -4.0 19022 1.2834

4 0 0 0 -5.0 24271

5 0 0 0 0 —6.0

PH 29 stetr|y g2 e} E3t245 17359
7VIEE AT, A2 AlFS] gAY 7]hgke] 1
] 273tk A AlF WH o 2H 571 AH T
Arshn, ks W AA o a1 A A
WA 7E o] FI A 2 AFS HH o A AA
3taL, FEj7t o] Fol AW g A0 AH =2 HEHA M
o 24 AN 01714 a A9} 48 j WA
ATH1E 7P YA =09 mAH WE o]t BZo] Az
= ) o] A FZZA(IC: initial condition)oll W& HF 1A A 7to]
<Table 1> YER 1tk Af A (IC=0)°] WH o of] EA1E O]
23 2, 3, 4914 o} ARIFAFE F 9o, e 1914 Al
A& o] FFd 1 GA RGO S & g Ak
57/H(m =5)2 +FFEHE Z=PH EXA 2] - AA S
936714 7153 A el o] <Table 2>9) VreRL giTh A€ 0(5)
& At AEl e 3 JI[TE]](always replace[repair])
e FPIT. UYeiA) duseNE o wE wAdYR
TEHH S MFr0<r < mf’—i’ﬁ A e %
B AL 2B E S BEAATE TR E o, 0, 00 B oo
H $10, $20, $30, $40 % $50.0.& F=o} 7t} <Table 3~5>
£ ¢, 7} $50, $100 2 $200 o] 7]t HFH] 8-S
ojm, Z}7}o] BF- 7|7kl A 7|t BFH|8-& HA s}
o] 3|0 & FA|F o itk
EO1 Fgug-o] $1004 ﬁﬂ<TabIe 4> Fx)
wW<059 Woll= A& 5 05 < W< 1.0Y wol= A
47} HAolth AFEH ¢; H ¢, 9] 7holl whet EepR| AR 4
SH UE WA RG FEE Fste o] o AAA ol
Z7)7v0] S W 3t e, = 5)0] A
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Table 1. Mean time to failure based on the initial condition of

the item
Initial condition 0 1 2 3 4 5
Meaf';”t:le 11000 |1.01130.6615|0.4371|0.2809 | 0.1667

Table 2. Repair/replacement options

O

HelA] gorz AA Aoz B 4 9l 1

HE713Eet
AU QAR HSAH 2 AN A Ao et ohg et
o] BF7IZbe 1 g3 22 T4 Mol ¢ A8
4 Aotk Al o] AFAE (G = 1.2,.om) A IRo] 2
ARE W v 20E S WA S FH6a OPé‘ 35
d<= Fes Fdshe Aot

TC; (W —t)+¢; >TC(W —t)+¢, )

A71M 7C; (1) AF] A 00M el j=2 AZS o
0. )%+ 71t F BEHlgolth P{TC,(W—1t)+c; >
TC(W—t)+c ol gt FH Aol e 54 & &7|e
E7Fs AW, B A ks A3 g4 Hs 28
afo] A O 2 T4 A q3  t

Aol WG 27] FENEq Sta B 0= HIS7HE Wt
A A BHF o2 HFet re(W—t)%F TC,(W—1)7}t

T3 A & gtk 22y ARE-E HE o] 5 glu ofof HTh
¢ =50, 100, 20091 7 $-of] 3+ ZE AelE9] Zo] HZo
gt 710 B (r = 3)H-&-S 73 Z7}7} <Table 6~8>] A
5] Stk vkl A 3E ARS8t WA HE ¢, =50
(<Table 6> =), A H]&-0] =2 H]&of B3] ”Eﬁmi
2+7] uﬂ*v‘oﬂ Ao HE7)17vwW—¢=0.25,0.50 2 0.75Y
EF wAE FPse Ao BAALS & F 915}.

oﬂ—g—% Aol HE71b -t =0259 o), uﬂ T Al
o A EE 7]t BEH]-8-$52.726(50+2.726)0] 1L, 2] &
& Alof] A B 7] o) S H] 82 $64.773(40+24.773) 2.2 A
WA EH= Ao] B} A A A o]t <Table 7>2 ¢, = 100, <Table
8> ¢y =200% 7359 AHE UEPA ALE o] Ffoll& 1
iﬂﬂ fol AHo g A7) g Eodr=30X W—t=0252

TS F85t= Ao, w—t =050 2 0.75¢] B+

Xﬂ‘:’H'ZT"C Aol Bty A A NS & 5 Utk o] &} o] 53
go M= 2t BZF 7|7 whe 2] 9 wA apAA o
FoAAA "ot s B A9 3(r=3)& AFE8EAL
W=1.0,c,=1009 7% A 40 A G =1L = AFol
7o) AT, A A A Zhof BZF 7|t s
WA E & Aot} 2y T4 A B M e Jo 1S
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Table 6. Expected cost of warranty during (W — ¢) for ¢, = 50

W—t=0.25 W—1t=0.50 W—t=0.75

Replace | Repair | Replace | Repair | Replace | Repair
($50) | ($40) | ($50) | ($40) | ($50) | ($40)

r=0| 3.482 | 26.261 | 11.963 | 58.624 | 22.609 | 82.381

Option r Repair states Replacement states
Option 0 1,2 3, 45
Option 1 1 2,3,4,5
Option 2 1, 2 3,45
Option 3 1, 2,3 4,5

Option 4 1,2 3,4 5

Option 5 1, 2,3 4,5
Table 3. Expected cost of warranty (¢, = 50)

w r=0|r=1|r=2|r=3 |r=4 |r=5
0.10 | 0.706 | 0.497 | 0.480 | 0428 | 0.397 | 0.401
0.25 | 3482 | 3.015 | 2.942 | 2.726 | 2.636 | 2.786
0.50 | 11.963 | 11.154 | 10.968 | 10.468 | 10.227 | 13.115
0.75 | 22.609 | 21.538 | 21.248 | 20.430 | 22.479 | 36.004
1.00 | 33.448 | 32.185 | 32.518 | 31.792 | 37.000 | 70.585
Table 4. Expected cost of warranty (¢, = 100)

w r=0|r=1|r=2 |r=3 | r=4 | r=5
0.10 | 1413 | 0.942 | 0.896 | 0.709 | 0.478 | 0.401
025 | 6.965 | 5914 | 5716 | 4.880 | 3.672 | 2.786
0.50 | 23.925 | 22.107 | 21.595 | 19.415 | 15.606 | 13.115
0.75 | 45.218 | 42.809 | 42.002 | 38.444 | 34.917 | 36.004
1.00 | 66.896 | 64.054 | 62.969 | 61.310 | 57.938 | 70.585
Table 5. Expected cost of warranty (¢, = 200)

w r=0 | r=1 r=2 r=3 | r=4 | r=95
0.10 | 2.825 | 1.831 | 1.728 | 1.271 | 0.639 | 0.401
0.25 | 13.930 | 11.711 | 11.264 | 9.189 | 5.742 | 2.786
0.50 | 47.850 | 44.013 | 42.848 | 37.311 | 26.366 | 13.115
0.75 | 90.437 | 85.350 | 83.509 | 74.473 | 59.793 | 36.004
1.00 |133.792|127.793 | 125.324 | 118.894 | 99.812 | 70.585
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r= 3.015 | 25.868 | 11.154 | 57.905 | 21.538 | 81.882

r= 2.942 | 25.019 | 10.968 | 57.116 | 21.248 | 80.067

r=3| 2726 | 24.773 | 10.468 | 56.491 | 20.430 | 78.771

r=41 2636 | 24.152 | 10.227 | 55.967 | 22.479 | 79.493

r= 2.786 | 39.872 | 13.115 | 153.847 | 36.004 |297.404
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W—t=10.25 W—t=10.50 W—t=0.75

Replace | Repair | Replace | Repair | Replace | Repair

($100) | ($40) | ($100) | ($40) | ($100) | ($40)
r=0| 6.965 | 52.374 | 23.925 |117.216 | 45.218 |164.581
r= 5.914 | 51.855 | 22.107 |115.388 | 42.809 |160.848
r=2| 5716 | 51.216 | 21.595 |114.633 | 42.002 |159.773
r= 4.880 | 49.884 | 19.415 |112.619 | 38.444 |156.119
r=4| 3.672 | 49.197 | 15.606 |113.891 | 34.917 |160.318
r=25| 2786 | 39.872 | 13.115 |153.847 | 36.004 |297.404

Table 8. Expected cost of warranty during (W — ¢) for ¢, = 200

W—t=0.25

W—t=10.50

W—t

=0.75

Replace
($200)

Repair
($40)

Replace
($200)

Repair
($40)

Replace
($200)

Repair
($40)

r=0] 13.930

104.481

47.850

234.448

90.437

329.171

r=1] 11711

103.519

44.013

230.706

85.350

321.661

r=2|11.264

102.408

42.848

229.219

83.509

319.612

r= 9.189

99.610

37.311

225.381

T4.473

312.308

r= 5.742

98.308

26.366

228.013

59.793

320.640

r= 2.786

39.872

13.115

153.847

36.004

297.404
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