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FUZZY MULTIPLICATION RINGS
DoNGS0OO LEE*, CHULHWAN PARK AND JONGHEON KiMm

ABSTRACT. We will introduce the notion of fuzzy multiplication
ring using fuzzy ideal. In this paper we will show that a fuzzy
ideal I is primary if radf is prime. And we will investigate some
properties related the theorem.

1. Introduction

The theory of fuzzy ideals in rings is a generalization of theory of
ideals in rings. The notion of fuzzy ideals in rings was first introduced
by Liu[5]. The theory of fuzzy ideals has been futher developed by
several mathematicians such as Kumbhojkar,Malik and Mordeson.

P.Das[1] introduced the notion of fuzzy multiplication semigroups
induced by multiplication semigroups and studied some properties of
fuzzy multiplication semigroups.

In this background we will introduce the notion of fuzzy miltiplica-
tion rings and study some properties.

2. Preliminaries

Throughout this paper, R stands for a commutative ring with iden-
tity.

DEFINITION 2.1. A nonempty fuzzy subset I : R — [0,1] is
called a fuzzy ideal of R if
(i) I{x —y) > min{I{x), I(y)}, and
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(ii) H{ay) > I(x) vV I(y) for all x,y € R.

We easily know that if 7 is a fuzzy ideal of R then (0} > I(x} >
I(1) for all x € R. Two fuzzy ideals I and J of R are called equivalent
if and only if I{x) > I(y) & J(x) > J(y) for all x,y € R.

It is clear that two equivalent fuzzy ideals have the same properties
as fuzzy ideals. So in this paper we assume that every fuzzy ideals
has the property such that 7(0) = 1.

DEFINITION 2.2. Let A and B fuzzy subset of a ring R. We
define some operations between A and B. For every t € R
(i} (A+ B}(x) = sup {min{A{a), B(3)}}

r=a+8

(ii) (AxB){x) = ~ Sup {min{A(e ), , Alawm), B(th), -+, B(Bn) }}

m
x=312 i3

(iii) (AB)(x) = fzuc{)a{min{A(cr),B(ﬁ)}}

PROPOSITION 2.3. Let I and J be fuzzy ideals of R.
(i) I+ J is a fuzzy ideal of R
(i} Ix*.J is a fuzzy ideal of R.

Proof. (ii)

(Ixd)x—y) = __1;13) .b_{miﬂ{f(al)r oy Hag), J(by), - - () }}

> a sup {min{/{ca,).- - Hawm). I{Mm).
=370 B —y=3" 21 bk

T 31(7‘?‘3)1 J(ﬁl)~ MR J(ﬁﬂl)! J(él)~ AR J(an)}}
> sup{min{Z{a), - IHa), J(B31) - - J(Bn)}}
Asup{min{I(m), -, I{7n), J(81), -, J(Gu)}}
=1+ JxyANT = J{y)

(I xJ)zy) = :ZS#D __8_{min{f(a’1);' I (an), J(Br)y - J(Ba) 1)

> i sup {min{f(a1). - I{an), J(iy) -- - J{boy) } }

e=3"7 asbiay=3" a;(b;y)
2 Sl],p{lllill{f(a])? T, I(an)? J(bl)? e J(bﬂ)}}
= I x J{x)
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Similarly (I * J}(xy) > (I * J)(y). Therefore I * J is a fuzzy ideal
of R. O

A fuzzy ideal I contains a fuzzy ideal J(denoted : J C I ) if
J(xy < I[{x) for all z € R.

The following example show that 7 + .J may not contains I and J
where I and .J are fuzzy ideals.

EXAMPLE 2.4. Congsider the fuzzy subsets I, J of R defined by
1 ifae3z 1 ifbe2z
@) {0 ifagaz 470 {{] ifb¢ 27
Then I and J are fuzzy ideal of R. Now
I+ J(2)= sup {min{I(a), J(b)}}
2=a+b

1 1
< 5(’-'I(G)S 5 )
But J(2) = 1. Therefore I + J may not contain J.

But the following Lemma shows that 7 +.J always contain I and J
where I and .J are fuzzy ideals and 7(0) = J(0).

LEMMA 2.5. If I and J are fuzzy ideals satisfving 1{0) = J{(0),
then TUJC T4+ J.

Proof. TUJ is defined by 1U J{x) = I(z)V J(x) for all z € R. For
all v € R

(I+ J)x) = migliﬁ{min{f (), J(B) 1}
> min{{0}, J(x)} > J{x)
and

(I 4+ J}{x) = sup {min{i(«), J(B)}}
x=a+3
> min{Z{x), J(0)} > I{z)

Thus I+ J)21U0U.J O
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DEFINITION 2.6. A fuzzy ideal I of R is called prime ideal if for
any two fuzzy ideals JJ K of R, Jx K C I, implies that J C I or
KClI.

DEFINITION 2.7. Let I be a fuzzy ideal of R. The fuzzy radical
of I, denoted by radl, is defined by (radl}{x) = sup{I{z") | n € N}
for all xr € R.

It is well-known that rad/ is a fuzzy ideal of R if I is a fuzzy ideal.

DEFINITION 2.8. A fuzzy ideal I of R is called primary ideal if
for any two fuzzy ideals JJ K of R, Jx K C I, implies that J C I or
K Cradl.

DEFINITION 2.9. Let x, be a fuzzy point of R (i.e. x.(x) =r
and x,{y) = 0 if y # x ). The principal fuzzy ideal generated by x,
denoted by < x, > Is defined by
1 ify=0
<z >{y)=<Kr ifyecxzR\{0}
0 ifye R\zR.

The following Propositions are well-known and proofs of those are
shown in [2],[3].

PROPOSITION 2.10. A fuzzy ideal I of R is called prime ideal if
and only if for any two fuzzy points x,,y. of R.x,y, € I, implies that
x, €I ory, €1 for somen > 0.

PROPOSITION 2.11. A fuzzy ideal I of R is called primary ideal
if and only if for any two fuzzy points x,,ys of R.x,ys € I, implies
that x, € I or y® € I for some n > 0 where .2 = y.¥s.

PROPOSITION 2.12. If [ is a prime fuzzy ideal then I = radl.
PROPOSITION 2.13. For any fuzzy ideal I of R,
radl = N{J | J is a prime fuzzy ideal of R such that I C J}.

PROPOSITION 2.14. If [ is a primary fuzzy ideal of R, then radl
is a prime fuzzy ideal of R.
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3. Fuzzy Multiplication Ring

DEFINITION 3.1. R is called a fuzzy mutiplication ring if for any
two fuzzy ideals I and J of R, satisfying I C J, there exists a fuzzy
ideal K of R such that I = J« K.

THEOREM 3.2. If I be a prime fuzzy ideal of S and .J is any fuzzy
ideal of R such that I C J, thenI =IxJand I =J%orI =1%J°,
where J* = N{J*| i >0} and J* = J = J.

Proof. Since I C J, and R is a fuzzy multiplication ring, there exist
a fuzzy ideal K of R such that I = J* K. By primeness of f, we know
that K € I. But / = J* K C K implies I = K. Thus I = J % I.
Thus I =J“xTor I = Jv. O

LEMMA 3.3. [4] Let I, J, K be fuzzy ideals of R. Then
() Tx ) x K = I+(J+K)
(i) Ix(J+K)=(UIxJ)+ (IxK)

LEMMA 3.4. [2, P.80] Let x.y € R and «, 8 € [0,1]. Then
L Lo >k < Yg >=< Ty >< Yg >=< TalYp > .

THEOREM 3.5. Let I be a fuzzy ideal satisfying the sup proper-
ties. If radl is a prime, then I is primary.

Proof. 1t is easily prove that J = radl has the sup property if
has the sup property. Let J = radl Now, if J = yg, then clearly 7 is
primary. Next let J # xg. Assume that 7 is not primary. Then there
exist fuzzy points x,.,v: suth that 9 € 1,2, € J, but z, € I and
yr g Iforalln > 0. Let U = I+ .Jx < x, >. Clearly, U is a fuzzy ideal
of R. If possible let . € U. Since (Jx < x, >)(a) << ax, > {a) £ 1
for all @ € R,

r=a.(x) <Uz) =[I + Jx <z, >){x)

= sup min{/(a),Jx <z, > (b))} <r
r=a+b
Thus there exist some a,b € R such that x = a+ b and Jx < z, >
(by = r < I{a). In this case b = > a;f; such that 3, €< # > and
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Ja A AJ{ag) Zr. Thus b= > o = > aulwsi) = O ausi)r =
lx where | = 3" ays:.
Thusz=a+b=a+taxl=at+{(at+al)l= - =a(l+I1+1+ -+
" 1) + zi™ for every positive integer n. Since
J(1} = radI{l) = sup{I{I") | m € N}
= J{oas + -+ + agsy)
> pun{J{ars1}, -, J(crse)}
> mun{J{ay), -, J(ox)} > 7,
there exist n such that I{I”) > r by the sup property of 1. Thus
) =Ia(l+14+ P+ -+ 1" + 2l
>min{l{a(l + 1+ P+ -+ 1", I(xl™)})
> min{/(a}), I{I")}
>r=ur.(r)
Hence z, € 1. This is a contradiction. Thus, x, € U. Now I+ <
xrr >C J since I C J and x, € J. Then there exist fuzzy ideal K of
R. such that I+ < x, >= J* K. Since 4, & I,J C Jx <y, > . Then

by theorem 3.2 J = Jx (J+ < y >).
Now

g€+ <, >=JxK
S (T T+ <y >N K
=Jx((J+ <y >)x K)
=Jx (K x{J+ <y >))
={J+ K)x(J+ <y >)
={I+ <w, >)*x(J+ <y >)
ClsJ4++ <, >xJ+Ix<yy>+ <, > <y >
Cl+<az, >xJ=U (<, >x <y >=< 2.4 >C I).

Thus @, € U, a contradiction by z, ¢ U. Hence [ is primary O

COROLLARY 3.6. Let P be prime. Then for all positive integer
n, P" is primary and its fuzzy radical is P
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Proof. We first prove that radP" = P foralln > 0. If n = 1,
the result is obvious. Let n > 1. Now radP"(r) = sup{P"*{z™) |
m > 0} > P*(x"™) > P(x) Since P is prime, P{x) = radP{x) =
sup{ P(z™) | m > 0} > sup{P"™(z™) | m > 0} = radP"(x) for all
r € R. Hence radP" = P. Now the result follows from Theorem
3.3. O

THEOREM 3.7. Let P be prime and P # P"*! for all n > 0.
Then P¥ iz a prime.

Proof. Let x;, vy, be fuzzy points such that x; ¢ P¥ and y,, € P“.
We shall show that xyy,, € P* If &y € Py, € P then since P is
prime, Ly, € P and so 2y, € P¥. Next, let 2, € Py, € P, since
; € P“, there exist a positive inter p such that z; € PP, ¢ PP+
Since, by Corollary 3.3, PP*! is primary fuzzy ideal with fuzzy radical
P, 21y & PP and so 2y, € P“. The case when 2; € P, ym € P may
be similarly disposed of.

Finally, Let x;, % € P. Then there exist positive integer ¢, r such
that 2y € P4y € P and ym € P 9 &€ P'T!. Then, < oy >C
Pt <y, >C P7. Since R is a fuzzy multiplication ring, there exist
fuzzy ideal 7, .J of S such that < a; >= P9I, <y, >= P"'xJ, J I &
P. Now, if 233, € P47 then P9t s Jx I = (P4xD)x (P '+ J) =< 11 >
* < Uy >C PP Qince P4 is primary fuzzy ideal with fuzzy
radical P and since P is prime, J + [ € P so P9t C PP+l Also
patr > patrtl G potr — patrtl g contradiction. Hence, iy, &
Pl e xyym & P, Thus, P¥ is prime ideal. O

DEFINITION 3.8. A ring R is said to be a fuzzy principal ideal
ring if every fuzzy ideal of R is a principal fuzzy ideal.

THEOREM 3.9. If R is regular or a fuzzy principal ideal ring,
then R is a fuzzy multiplication ring.

Proof. Let R be a regular ring. Let I and .J be any two fuzzy ideals
of R such that 7 € .JJ. Then I x J C I. Next, let x € R. Then there
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exists @ € R such that xax = z. So
I« J(x)= sup {min{l{e), - H{zn), Jy), - I(yn)}}
T= Gy Tl
> min{I{z), J(ax}} (.. * = zax)
> min{/(x), J(x)}{." J is a fuzzy ideal )
=Hx)(-1CJ)

So I CIxJandthus IxJ =1 Hence R is a fuzzy multiplication
ring. The case when R is a fuzzy principal ideal ring is obvious. [
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