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Thin-Shell Approach for Elastic Wave Propagation
in a Pipe with Liquid
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This paper presents the validity and limitation of the thin-shell approach for the analysis of
elastic wave propagation in a pipe with nonviscous liquid. The phase velocities calculated by
the thin-shell approach were compared with those calculated by the thick-cylinder approach. In

contrast to the case of the empty pipe, where only two modes were obtained and the first mode

was calculated in a limited frequency range, the results for the liquid-filled pipe exhibits a large

number of modes due to the large number of branches of the apparent liquid mass. Several of

the lowest modes of the waves in a liquid-filled pipe were calculated for various pipe thicknesses

in a low frequency range. The thin-shell approach was valid for a reasonable range of pipe

thicknesses.
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1. Introduction

Axisymmetric longitudinal waves in an elastic
pipe have been used to inspect pipelines (Rose,
2002) and also to measure fluid properties in a
pipe (Kim et al., 2003a ; Hwang and Kim, 2004).
In order to predict the propagation of elastic
waves and to compare with wave experiments for
a pipe with a flowing fluid, the development of a
simplified wave theory is desired in order to
investigate the fluid flow effect. Experiments for
guided waves are often reported (Ahn and Nam,
2003 ; Kim et al., 2003b).

A fully-elastic approach, which is referred to as
a thick-cylinder approach hereafter, for axisy-
mmetric wave propagation has already been de-

* Corresponding Author,
E-mail : jokim @ssu.ac.kr
TEL : +82-2-820-0662; FAX : +82-2-820-0668
Department of Mechanical Engineering, Soongsil Uni-
versity, Seoul 156-743, Korea. (Manuscript Received
September 10, 2004; Revised March 30, 2005)

veloped for an empty cylinder (Gazis, 1959) and
for a liquid-filled cylinder (Sinha et al., 1992;
Cho and Rose, 1996). Meanwhile, a thin-shell
approach has been developed as a simplified tool
for the analysis of wave propagation in a cylin-
der. For an empty cylinder, even non-axisy-
mmetric wave propagation has been described by
the thin-shell approach (Junger and Feit, 1986 ;
Gralff, 1991). Characteristics of wave propagation
and energy distribution have been derived for a
cylinder with internal stationary liquid (Fuller
and Fahy, 1982) and for a cylinder with internal
liquid flow (Brevart and Fuller, 1993). The phase
velocity of the axisymmetric wave in a water-
filled cylinder has been calculated from the equa-
tions derived by the thin-shell approach (Kim et
al., 2003), and it was compared with measurement
(Hwang and Kim, 2004).

The thin-shell approach is known to yield
reasonable results as long as the wall thickness is
small relative to the radius and the wavelength is
large compared to the wall thickness. It is neces-
sary to find the range of parameters for which the
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thin-shell approach for the analysis of elastic
wave propagation in a pipe is valid. Here, the
validity and limitation of the thin-shell approach
is presented by comparing the phase velocities
calculated by this approach with those calculated
by the thick-cylinder approach.

The major approximations in the analysis
were as follows : {1) the pipe is perfectly circular,
concentric, and infinitely long, (2) the liquid in
the pipe is ideal, that is inviscid, compressible,
irrotational, and stationary, (3) transverse shear
stresses and bending and twisting moments are
neglected, and (4) the pipe is not pre-stressed,
that is, static stresses due to liquid pressure, pipe
weight, and mounting are neglected, and all
stresses in the pipe are the result of the induction
of the elastic waves.

2. Thick-Cylinder Approach

In order to compare with the thin-shell ap-
proach, the equations of the thick-cylinder ap-
proach are briefly reviewed here. Consider elastic
waves propagating in a pipe having an inner
radius @ and an outer radius b as shown in Fig.
{. The pipe has a wall thickness #z=b—a and a
mean radius R={(a+b)/2.

!
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Fig. 1 Schematic diagram of a pipe showing radii
and coordinates

2.1 Analysis procedure

Radial and axial displacements %, and u: in a
pipe and w, and w. in a liquid are used to de-
scribe the axisymmetric motion of the waves.
Normal stress ¢» and shear stress 7z in the pipe
are expressed in terms of the displacement com-
ponents #, and % as follows (Achenbach, 1975):

=i G

Ur ou, Bur
2y, af)+zc L (1a)

_ allr auz >
=G (T L (1b)
Here, A and G are the Lame elastic constants and
G is the shear modulus. Similarly, normal stress
0w in the liquid is expressed in terms of the dis-
placement components wr and wx as follows:

"Aw<az;1,err+3au;z> (1¢)

Coupling of the variables in the equations of mo-
tion can be avoided by introducing displacement
potentials @, ¥,, and ¢, which are related to the
displacement components as follows {Achenbach,
1975):
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For the waves traveling in the z direction, har-
monic wave motion is assumed to have the solu-
tion of the following form:

plr, 2, D=0 (»)expli(kz—wt)] (3a)
Vo7, z, ) =T (r)expli(kz—wt)]  (3b)
¢ulr, 2, t) =0u(v)exp(i(kz—wt)] (3¢

where w is the circular frequency and % is the
wavenumber.
The uncoupled equations of motion are re-
written as follows:
2
W
Gd=7FK (4a)
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where ¢, =+ (A+2G)/p and cr=VG/p are, re-

spectively, the velocities of Jongitudinal and trans-
verse waves in pipe material and ¢, is the veloci-
ty of a longitudinal wave in liquid. Here po re-

) - (4c)

presents the mass density. Equations (4a
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are typical Bessel equations and their solutions
have the following form :

O (r)=BiJo(qrr) + B2 Yo(qr7) (5a)
U (r)=BaJilqrr) + BJY1(qrv) (5b)
@w<7’) =Bsfo<qw7’) (5(3)

The following boundary conditions are applied
on the outer and inner surface of the pipe:

(6a,b)
(6¢c,d,e)

at 7’:b, Ur=0 and Trz:O
at ¥ =a, 0r=0w, Trz=0, and U= wy

Finally a system of equations is obtained as fol-
lows (Sinha, 1992 ; Cho and Rose, 1996 ; Rose,
1999) :

(D;1{B;}={0}
where { B;} consists of the unknown constants in

Eq. (5) and the elements D;; of the matrix [D;;]
are listed in the Appendix. When the pipe is

7, ]‘=1’ 2, 5 (7)

empty, the equations are simplified with 7, j=1,
2,3, 4.

2.2 Phase velocity

For nontrivial solutions of the unknown am-
plitude B;, the elements D;; of the matrix [D;]
must satisfy the following characteristic equation :

det| Dy;|=0 (8)

The solution of Eq. (8) is the wavenumber £k,
which may be a complex number (k=ks+ik;).
The imaginary part %; represents the attenuation.
The phase velocity c¢ is obtained from the real
part kg as:

__w
C—k—R (9)

As a demonstration, phase velocity of the wave in
an aluminum pipe was calculated with material
properties listed in Table 1 and displayed as a
function of frequency for various values of thick-
ness-to-radius ratio #/R in Fig. 2. The phase
velocity ¢ was normalized by the velocity c,=
VE/p of a longitudinal wave in a thin bar and
the frequency @ was normalized by ¢»/R. The
numbers 1, 2, 3, and 4 in the graph mean the
modes. The curves show the well-known fact that
the phase velocity ¢ approaches the transverse

Table 1 Elastic properties of aluminum (1100-H14)
and wave velocities calculated from the
elastic properties

Property Value
Mass density, o 2,710 kg/m?
Elastic Young’s modulus, £ | 70 GPa
property Shear modulus, G 26 GPa
Lame constant, A 58.5 GPa
Poisson’s ratio, v 0.346
Longitudinal wave, c; | 6,385 m/s
Wave L-wave in a plate, ¢p | 5,417 m/s
velocity | L-wave in a bar, ¢, | 5,082 m/s
Transverse wave, ¢r | 3,097 m/s

6/

Normalized Phase Velocity, ¢/c,

ey

i
e - /A= 0.133
----- WA =020
- h/R=0.30
OVOAx..I.‘.L‘..I..-I Ao da b 4
0 10 20 30

Normalized Frequency, R/,
Fig. 2 Dispersion curves of the longitudinal waves
in an empty pipe, calculated for various %/R
ratios by the thick-cylinder approach

wave velocity cr as the frequency @ goes to
infinity. The focus here is to understand the dis-
persion curves at low frequency, and modes 1 and
2 are considered in the next sections. It is noted
that at low frequency the phase velocity of the
axisymmetric longitudinal wave shows little dif-
ference according to the thickness of the pipe.

3. Thin-Shell Approach

For the pipe shown in Fig. 1, the pipe wall is
treated as a thin shell. Shell theory has the benefit
of providing simpler expressions than the ones
generated using the full equations of linear elas-
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ticity described in the previous section.

3.1 Modeling

In the special case of an axisymmetric, cylin-
drical membrane shell, the general thin-shell the-
ory (Junger and Feit, 1986) is simplified by eli-
minating the terms representing circumferential

variations to-:
14 aur _ 1— VZ azuz

FPu: | v
0z~ 2 o

2 TR (10)

and

Ur vV 0Uz

- q(l—yz>_l_“1/2 azur
R* R 0z -

ohct ¢k ot (tn

In the above ¢ is the radial load and v is the
Poisson’s ratio of the pipe material.

The liquid pressure p satisfies the wave equa-
tion (Kinsler et al., 2000):

Fp, 1 op Fp_ 1 Fp
or? Yy or + 022 % o (12)

where cy is the sound velocity in the liquid
medium. The radial pressure ¢ in Eq. (11) equals
the pressure p at » =g, that is:

C]:p{‘r=a (13)

Once the pressure equation is solved, the radial
liquid velocity v, can be computed utilizing the
linearized radial momentum equation :

ovr _ 1 dp (14)

ot 0w OF

At the surface of a pipe:

2
r=a=% (15>

ovr
ot

Equations (14) and (15) are combined to obtain
the relation between #, and p:

82ur

ol __
Ou™5p

or

(16)

r=a

3.2 Solutions
Solutions for the wave propagation are sought
as the following forms :

ur(z, ) =U,expli(bz—wt)] (17a)
u(z, t) =Uzexp[i(kz—wt)] (17b)

and
p(r, z, ) =P(r)expli(kz—wt)]  (17c)

Upon substituting Eq. (17c) in Eq. (12), a typi-
cal Bessel equation is obtained for the pressure
amplitude P(#).

d*P 1 4P

a7 dr

g»P=0 (18)

where gu was defined in Eq. (4c).
Equation (18) admits a solution of the form :

P(r) =CiJo(qur) + C: Yo qur) (19)

In Eq. (19) Jo and Y, are Bessel functions of
the first kind and of the order 0. J,(0) is finite
while Y,(0) is infinite. Thus, to assure bounded
solutions at »=0, C, is set to 0.

Since

dP =C dJo(qur)

A7 lr=a Y dr r=a (20)
=—Cigu/r (de)

the boundary condition (16) can be rewritten as :

Dlr=a=CiJo(qua) expli(kz—wt) ]
Jolqua) Pu, (21)
o wal(qwd) or?

Equation (21) includes the apparent mass of the
liquid per unit area (Kim et al., 2003b):

fO(de>
Y gu] i (qua)

M(quwa)=—p (22)

Upon expressing the liquid pressure in terms of
the radial displacement of the wall, Eq. (11) can

be rewritten as:

(23)

_Ur v Qu._ (., Mlgwa) \ 1= Pu,
_(H- oh >c§ o

The above expression suggests that the effect of
the liquid increases as the solid density o and the
shell thickness % decreases.

Upon substituting Eqgs. (17a) and (17b) into
Egs. (10) and (23) and assuming @~ R, one ob-
tains :



Thin-Shell Approach for Elastic Wave Propagation in a Pipe with Liquid 1091

[kZ— (1—12) (%)2} U—ik-5 U, =0 (242)

M{guR)
oh

ik%Uz-l-[%—(H )(1—;/2) (c%ﬂ Ur=0 (24b)

3.3 Phase velocity

In general, the axial wavenumber % can be a
complex number, and the imaginary part repre-
sents the attenuation. When a pipe is surrounded
with a liquid, the elastic wave in the pipe is leaky
and the attenuation is not negligible. Since this
work considers a liquid confined in a pipe, £ is
assumed to be real, and A=w/c. Requiring the
equations to admit non-trivial solutions, one can
obtain a characteristic equation :

1—(1+%)<%>2 .
)

Equation (25) represents the dispersion relation
between the normalized phase velocity ¢/cs and
the normalized frequency wR/cs.

When the pipe is in vacuum (or in air), M =0
and Eq. (25) can be solved explicitly to obtain
the normalized phase velocity ¢/c¢s as a function
of the normalized frequency wR/cs :

(26)

L:\/ 1_‘(CUR/Cb)2
Co 1—(1—=1%) (wR/c»)?

4. Results and Discussion

Based on the solutions derived by the thick-
cylinder and by the thin-shell approaches, phase
velocities of the axisymmetric longitudinal wa-
ves were calcuilated for an empty pipe and for a
water—filled pipe. The material properties of the
aluminum pipe (Beer and Johnston, 1995) are
listed in Table 1 with water density of 998 kg/m?®
and wave velocity ¢, in water at 1,481 m/s.

4.1 For an empty pipe

The phase velocity ¢ of a longitudinal wave in
an empty pipe was calculated from Eqs. (8) and
(9) for the thick-cylinder approach and from Eq.

e — U

- - gylinder (/R = 0.133)
----- cylinder (h/A = 0.20)

- —— cylinder {h/R = 0.30}
thin shell

<l
T

&%

Normalized Phase Velocity, o/c,
P

o
o

0.0

Normalized Frequency, wR/c,
Fig. 3 Comparison of the dispersion curves cal-

culated by the thick-cylinder approach and
by the thin-shell approach for an empty pipe

(26) for the thin-shell approach. The phase ve-
locity ¢ normalized by the propagation velocity
¢, of a longitudinal wave in a thin bar was dis-
played in Fig. 3 as a function of the normalized
frequency wR/c¢,. The numbers | and 2 in the
graph mean the modes. In Fig. 3, dashed lines
present the dispersion curves for various J/R
ratios obtained by the thick-cylinder approach,
and the solid lines represent the dispersion curves
obtained by the thin-shell approach. Comparison
of the two results reveals that the thin-shell ap-
proach is valid within a limited range of frequen-
cy. Thin-shell approach yields only two modes.

The first mode calculated by the thin-shell
approach is valid when the frequency w is less
than the thin-bar wave velocity ¢, divided by the
mean radius R of the pipe. The phase velocity ¢
of the first mode approaches ¢ as the frequency
or the pipe radius decreases to zero. It is un-
derstood from the comparison that when the fre-
quency or the pipe radius is small (wR/cs<1)
the thickness deformation of the pipe is negligible
as if it were a thin shell. It is also understood that
when the frequency or the pipe radius is very
small (wR/c»<1) the wave motion in the pipe is
similar to that in a thin bar.

The second mode calculated by the thin-shell
approach is valid when the frequency w is larger
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than the thin-bar wave velocity ¢, divided by the
mean radius K of the pipe. As observed in Eq.
(26), it is shown that the cut-off frequency of the
second mode is ¢p/R, where cp=yE/p(1—1%)
is the propagation velocity of a longitudinal wave
in a thin plate. The phase velocity of the second
mode approaches ¢p, as the frequency or the pipe
radius becomes very large, which is anticipated
from Eq. (26). As shown in Fig. 2, the phase
velocity of the second mode maintains at ¢, in
the range of low frequency and drops to ¢r in
higher frequency. The second mode calculated by
the thin-shell approach is valid in the frequency
range where the phase velocity is maintained at
¢p. Finally, the thin-shell approach does not
yield the dispersion curves of the modes higher
than the second.

4.2 For a water-filled pipe

The phase velocity ¢ of a longitudinal wave in
a water-filled pipe was calculated from Eqs. (8)
and (9) for the thick—cylinder approach and from
Eq. (25) for the thin-shell approach. The phase
velocity ¢ normalized by the propagation velocity
Cy of a longitudinal wave in a thin bar was dis-
played in Fig. 4 as a function of the normalized
frequency wR/cs. The numbers 1 and 2 in the

2.0 T

T T

--—— cylinder (/R = 0.133)
~~~~~ oylinder (WA = 0.20)

- — cylinder (/R = 0.30)
thin shell

3~ ¢/Cy

Normalized Phase Velocity, ¢/,

= ¢/

Normalized Frequency, whR/c,

Fig. 4 Comparison of the dispersion curves cal-
culated by the thick-cylinder approach and
by the thin-shell approach for a pipe con-
taining stationary water

graph mean the modes and 2a, 2b, and 2c mean
the branches of the second mode. In Fig. 4,
dashed lines represent the dispersion curves for
various %/ R ratios obtained by the thick-cylin-
der approach, and the solid lines are the dis-
persion curves obtained by the thin-shell ap-
proach. Comparison of the two results reveal that
the thin-shell approach is valid within a limited
range of frequency.

In contrast to the case of the empty pipe (Fig.
3), Fig. 4 exhibits a large number of modes. The
presence of a large number of modes could be
anticipated based on the large number of bran-
ches of the apparent liquid mass in Eq. (22)
(Kim et al., 2003b). The phase velocities of the
second and higher modes approach c¢p in some
frequency range and then ¢y in higher frequency
range.

5. Conclusion

The phase velocities of the axisymmetric longi-
tudinal wave propagating in an elastic pipe were
calculated by the thin-shell approach and com-
pared with those calculated by the thick-cylinder
approach. The two results showed good agree-
ments for the first mode of the wave in the cir-
cular frequency range less than the longitudinal
thin-bar wave velocity divided by the mean radi-
us of the pipe. The two results for the second
mode also showed good agreement in the range
from the cut-off frequency up to the frequency
where the phase velocity is maintained at the
longitudinal thin-plate velocity. The validity and
limitation of the thin-shell approach was quanti-
tatively investigated in this paper.

In contrast to the case of the empty pipe, where
only two modes were obtained and the first mode
was calculated in a limited frequency range, the
results for the liquid-filled pipe exhibits a large
number of modes due to the large number of
branches of the apparent liquid mass. Several of
the lowest modes of the waves in a liquid-filled
pipe were calculated for various pipe thicknesses
in a wide frequency range. In the low frequency
range, the thin-shell approach is valid for rea-
sonable pipe thicknesses when considering the
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effect of a stationary liquid on the wave propaga-
tion in a pipe. The results of this paper support
the possibility of using the thin-shell approach in
the theoretical prediction of the effect of fluid
flow on the wave propagation in a pipe.
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Appendix
The elements of the matrix [D;;] in Eq. (8) are

as follows :

Du=—[A(g} +£) +2Ga}1]o(qLb)
+ZG%]1<CIL[7)

D= —[A(g} + k) +2Ggt] Yo(qrb)
+2G-2- 1i(g1b)

D= *2Z'GkI:£IT]0<CITb) _%II(QTb)}

Di=—2iGk|ar¥ilarb) = Yilarb) |

Dis=0

Doy=—2iGkq.]:(q.b)

Da=—2iGkq.Yi(g:b)

Du=G(k*—q%) J1(q.b)

Dau=G (k*~4q%) Y1(qrb)

Das=0

Da=—[A(g} +£° +2Gqgi1]o(qra)
+2G%]1<QLQ)

Dp=—[A(g? + k) +2Ga}] Yo(qra)
+ZG‘% Yi(qra)

D33=—2z'Gk[qT]o(qm) —%Jl(qm)}

Du=—2iGk| ¢+ Yo(gra) =L Vi(gra)
a

Dss=2w (g% + k) Jo(qua)
Dn=—2iGkqr]\(q.a)
D=—2iGkq.Yi(q1a)
Di=G(k*—q%) J1(qra)
Du=G(k*—q%) Yi(gra)
D=0
Dsi=—q.J:(qra)
Dsy=—q.Y1(q1a)
Dss=—1ik]\(qra)
Dsy=—ikY1(qra)
Dss=qu/1(qua)

where g1, gr, and g, were defined in Eq. (4).
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