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NORMALIZATION OF THE HAMILTONIAN
AND THE ACTION SPECTRUM

YoNG-GEUN OH

ABSTRACT. In this paper, we prove that the two well-known natu-
ral normalizations of Hamiltonian functions on the symplectic man-
ifold (M,w) canonically relate the action spectra of different nor-
malized Hamiltonians on arbitrary symplectic manifolds (M,w).
The natural classes of normalized Hamiltonians consist of those
whose mean value is zero for the closed manifold, and those which
are compactly supported in IntM for the open manifold. We also
study the effect of the action spectrum under the 7; of Hamilton-
ian diffeomorphism group. This forms a foundational basis for our
study of spectral invariants of the Hamiltonian diffeomorphism in

(8].

§1. Introduction

Unlike the classical action functional on the loop space of R?" whose
study of critical values plays such an important role in Rabinowitz’s
celebrated work [13] and its application to symplectic rigidity properties
[2], [6] on R?", the general action functional is not single valued on the
(contractible) loop space Qo(M) of non-ezact symplectic manifolds and
has to be considered on its covering space.

To set-up our notations, we first recall construction of this covering
space. Let (v, w) be a pair of v € Q¢(M) and w be a disc bounding -,
i.e., with w|gp2 = . We say that (v, w) is I'-equivalent to (y,w’) if and
only if

(1.1) w([w'#w]) =0 and c1([w'#w]) =0
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where W is the map with opposite orientation on the domain and w'#w
is the obvious glued sphere. Here I' stands for the group

_ m2(M)
ker (wlﬂ-2(M)) N ker (Cl|7r2(M))

We denote by [v,w] the I'-equivalence class of (y,w) and by p :
Qo(M) — Qo(M) the canonical projection. We also call Qo(M) the
I-covering space of Qo(M). For each given such pair (v, w), its action
is defined by

(1.2) Ao, w) = -—/w*w.

Two I'-equivalent pairs (v, w) and (v, w’) have the same action and so
the function Ay induces a well-defined function on Qo(M). We call this
the action functional on §2g(M) which we also denote by the same letter
Ao. When a periodic Hamiltonian H : (R/Z) x M — R is given, we

consider the perturbed action functional Ay : Q(M) — R by

(1.3) An(pu)) = Ao(l ) = [ H(tv(0)d.

and denote the set of critical values of Ay by Spec(H).

The mini-max theory of this action functional on the I'-covering space
has been implicitly used in the proof of Arnold’s conjecture in the liter-
ature starting from Floer’s original paper [4]. Recently the present au-
thor has developed this mini-max theory via the Floer homology further
and applied it to the study of geometry of Hamiltonian diffeomorphism
groups [11].

The less noticed and seemingly inessential nuisance in the study of
Hamiltonian diffeomorphisms via the Floer theory of the action func-
tional is that the action functional depends on the choice of Hamiltoni-
ans, not just on the final diffeomorphism. Even when we fix the path
of Hamiltonian diffeomorphisms generating the given Hamiltonian dif-
feomorphism, there still remains an ambiguity or freedom of choosing a
constant. The so called action spectrum, i.e., the set of critical values of
the action functional depends only on the homotopy «class of the Hamil-
tonian path but upto overall shift of a constant. The necessity of proper
normalization first arose in Viterbo’s construction [16], using the gener-
ating functions, of certain spectral invariants of Lagrangian embeddings
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in the contangent bundle T*N parametrized by H*(N). Viterbo [16]
proved that the difference of two such invariants is independent of the
choice of generating functions but the invariants themselves are defined
upto overall shift of a constant. To study change of such invariants un-
der the Hamiltonian isotopy, one has to deal with this normalization
problem and to eliminate this ambiguity. This is particulary so if one
would like to study the effect on the invariants under the Hamiltonian
loop.

There are two natural, both well-known, normalizations of Hamil-
tonians in symplectic geometry: the first one is the one obtained by
restricting to the class Coo (M) of Hamiltonians whose mean values are
zero, i.e., those A such that

(1.4) /M hdp =0

where dy = “’n—,l is the Liouville measure. This normalization is natural
for the case of closed M , i.e., compact M without boundary. The
second one is natural for the case of open M. It could be non-compact
or compact with non-empty boundary for the second case. In this case,
the natural class of Hamiltonians (or Hamiltonian diffeomorphisms) are
those which have compact support in the interior of M, which we denote
by C*(M).

However it is not obvious what overall effect on the action spectrum
will be when restricted to these subsets. For example, the following is
an obvious question to ask. We denote F' ~ G if and only if ¢} = ¢

and {¢%}o<i<1 and {¢4 }o<i<1 are homotopic with fixed ends.

QUESTION 1. Let F, G : M x [0,1] — R be two time-dependent
Hamiltonians with F' ~ G and satisfying one of the above normalization
conditions. Does this imply

(1.5) Spec(F) = Spec(G)

as a subset of R?

This question has been studied by Schwarz [14] and by Polterovich [12]
on closed manifold with normalization (1.4) for the case of symplectically
aspherical (M, w) i.e., with wl,, )y = 0 and ¢1 |, (ary = 0. In this case, as
far as the definition of the action functional is concerned, we do not need
to go to the covering space {1g (M) but to just work on Qo(M). One very
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interesting result proven by Schwarz [14] is that there is no monodromy
effect on the spectrum in this case and so he answered affirmatively
to the above question on Qy(M) without assuming F' ~ G as long as
b = Bl

The first result of this paper answers the question affirmatively for
both of the above two normalizations in general in the above setting on
the covering space Qo(M), which naturally appears in the Floer theory
on non-exact symplectic manifolds.

THEOREM 1. Let ¢ be a given Hamiltonian diffeomorphism and let
F, G be two normalized Hamiltonians such that ¢3 = ¢t = ¢ and
F ~ G. Then

(1.6) Spec(F') = Spec(G)

as a subset R.

This enables us to safely analyze the behavior of homologically es-
sential critical values of the action functional constructed via the Floer
theory for a family of Hamiltonians functions which appear in the study
of geometry of the group of Hamiltonian diffeomorphisms [14], [11]. For
example, combined with the fact that Spec(H) is of measure zero sub-
set (see [11]), the following is the prototype of results that are used
frequently in the mini-max theory of action functional.

COROLLARY. Suppose that {F°};co,1] is a one parameter family of
normalized Hamiltonians generating the same Hamiltonian diffeomor-
phism group ¢. If ¢: [0,1] — R is a continuous function with

(1.7) c(s) € Spec(F°) CR

for all s € [0,1], then ¢ must be a constant function.

One natural construction of such continuous functions is the assign-
ment of the homologically essential critical value p(H;a) for each quan-
tum cohomology class a € QH*(M, Q) which are constructed in [11, 8]
using the Floer theory (see [9], [10], [14] for the case without quantum
effect): e.g., the assignment

s = p(F*;a).

Theorem I will enable us to systematically study these invariants in [11].
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One notable fact in both of the above normalizations is that the
class of Hamiltonians for each case is invariant under the action by the
symplectic diffeomnorphism group. In the Lie algebra level, they form a
Lie sub-ideal of g = C*°(Al) under the natural Poisson bracket. More
precisely, let i C g denote any of the two subsets above and {-, -} be the
Poisson bracket on g associated to the symplectic form w. Then we have

(1.8) {b.gt Cb.

It appears that this fact is a crucial link between the normalization of
Hamiltonians and the action spectrum (see §3 for the relevant discus-
sion). For example, it is not difficult to see that (1.8) will not hold true
for the kind of normalization

(1.9) min H; =0

on closed manifolds, but whether (1.6) holds or not in general is much
less obvious to check. However once we have our normalization result,
it is easy to construct an example of two Hamiltonians £, G normalized
by (1.9) and for which F' ~ G but (1.6) fails to hold.

In §4, we analyze the action by 7 (Ham(M,w), id) on the action spec-
trum where Ham(M,w) is the group of Hamiltonian diffeomorphisms of
(M,w). Let h be an arbitrary loop in Ham(M,w) based at the identity
and [h] € m(Ham(M,w)) be its fundamental class. To describe the
result in §4, let us recall some basic facts. Let

Rt Qo(M) — Qo(M)

be a lifting of the action h : Qo(M) — Qo(M) (see [15]). This lifting
always exists but is not unique. According to Seidel [15], the set of lifts
forms a group

G C G x Homeo(Q(M))

which is the set of pairs (h, h) such that k is a lift of the h-action on
Qo(Al). And it has one-one correspondence with the set of normalized
Hamiltonian fiber bundle with fiber (M, w) over S2 with a I-equivalence
class of section [Lemma 2.13, 15]. Here G = Q(Ham(M,w),id), the
space of loops based at the identity. There exists an exact sequence

0TI —>G—G—0.
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A standard calculation (Lemma 2.3 below) shows
R*(dAngr) = dAF

and so the difference E*(AH#F) — Ap is constant on (M), which
depends on F, H and the lifting h in general. The following theorem
describes the dependence of this constant precisely.

THEOREM II. Let h € Q(Ham(M,w)) be a loop and let (h, 1) be any
lift. Denote [h,h] € 7o(G). Then we have

(1.10) R (Auyr) = Ap + L([h, h])
for any F — ¢ and H generating the loop h, where L, ([h, TL]) is a constant
depending only on [h,h] € mo(G) but independent of F. The shift is
induced by a homomorphism

I,: ’/To(é) - R
that satisfies

(1.11) L.([id,7]) € T

for any lift ~ of the identity.

We have a natural action of 7o(G) on ﬁ?n/n(M,w) x Qo(M)
(1.12) (BB : (8, [z, w]) = ([B] - 6,1 - [, w)]).

Evaluating I, at [id, 0] € %(M, w), we obtain
- 1
(113)  L(id,0) = Au(h- ) = = [wjw— [ H0,0d
0

where [2,, wp) = R -[p, 7] for any p € M.
It follows from (1.11) that in the weakly exact case these values de-

pend only on the loop A not on h. Therefore we have a map

(1.14) 1, : m(Ham(M,w)) — R.
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This is precisely the monodromy map considered by Schwarz in [14]. In
the aspherical case, i.e, for those (M,w) with w|r,ar) = c1lman = 0,
he proved that (1.14) is trivial, by relating the question to the geometry
of Hamiltonian fibrations [14]. The following is an interesting question
to ask.

QUESTION 2. Is the map (1.14) trivial for the general weakly exact
case?

We would like to thank the Institute for Advancd Study for the ex-
cellent research environment and hospitality during our participation of
the program “Symplectic Geometry and Holomorphic Curves”. We also
thank M. Entov and L. Polterovich for useful e-mail communications,
and the referee for careful reading of the original version of the paper
and making many suggestions to improve presentation thereof.

§2. The loop space and the action functional

Let (M,w) be any symplectic manifold, compact or not, and Qo (M)
be the set of contractible loops and (~20(M ) be its the covering space
mentioned before.

Let a periodic Hamiltonian H : M x (R/Z) — R be given and denote
by Per(H) the set of periodic orbits of the Hamiltonian vector field X .

We consider the action functional Ay : (M) — R.

DEFINITION 2.1. We define the action spectrum of H, denoted as
Spec(H) C R, by

Spec(H) := {Au([z,w]) e R | [z,w] € QQ(M),Z € Per(H)},
i.e., the set of critical values of Ay : §~2(M ) — R. For each given
z € Per(H), we denote
Spec(H;2) = {An([z,w]) €R | [z,w] € p™(2)}

where p : (~20(M) — (M) is the covering map.

Note that Spec(H; z) is a principal homogeneous space modeled by
the period group of (M, w)

T, ={w(A) | A€ m(M)}=wll)
and
SpeC(H) = UzEPer(H)SpeC(H; Z)'

Recall that T',, is either a discrete or a countable dense subset of R. The
following was proven in [11].
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LeMMA 2.2. Spec(H) is a measure zero subset of R for any H.

For given ¢ € Ham(M,w), we denote by F +— ¢ if ¢L. = ¢, and
denote

H(g) = {F | '~ ¢}.

We say that two Hamiltonians F' and G are equivalent and denote
F ~ G if they are connected by one parameter family of Hamiltoni-
ans {F°}o<s<1 such that F* +— ¢ for all s € [0,1]. We denote by [F]
the equivalence class of F. Then the universal (étale) covering space
%(M, w) of Ham(M,w) is realized by the set of such equivalence
classes. Note that the group Q(Ham(M,w)) of based loops (at the iden-
tity) naturally acts on the loop space Q(M) by

(h-7)(t) = R(t)(x(t))

where h € Q(Ham(M,w)) and v € Q(M). An interesting consequence
of Arnold’s conjecture is that this action maps Q¢(M) to itself (see e.g.,
[Lemma 2.2, 15]). Seidel [Lemma 2.4, 15] proves that this action (by a

based loop) can be lifted to the covering space Qo (A).
Next if a Hamiltonian H generating the loop h is given, the assign-
ment

(2.1) z+—h-z
provides a natural one-one correspondence
(2.2) h: Per(F) — Per(H#F)

where H#F = H + F o (¢%)~ %

When the loop h : S! — Ham(M,w) with h(0) = id is contractible,
the above mentioned lifting to $o(M) of the action of & on Qo(M) can
be described explicitly: Let h:D? — Ham(M,w) be a contraction of
the loop h to the identity, i.e., EI@DQ = h, ZO) = ¢d. This contraction
provides a natural lifting of the action of the loop h on Qo(M) to (M)
which we define

(2.3) he[y,w] =[h-v,h-w
where h - w is the natural map defined by

(2.4) (- w)(y) = h(y)(w(y))
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for y € D?. We call this lifting the canonical lifting associated to the
contraction h. Then the assignment

[z, w] — h- [z, w]
provides a one-one correspondence
(2.5) h: Crit(Af) — Crit(Agur).
Let F,G — ¢ and denote
(2.6) fi = 0%, 9. = ¢, and he = fiog "

Let {F*}o<s<1 C H(¢) with Fy = F and Fy = G. We denote f§ = ¢%,.
h provides a natural contraction of the loop h to the identity through

hisw foog™h frogTl(t)=flog

where h can be considered as a map from D? because h(0,s) = id. This
contraction in turn provides a canonical lifting of the action of the loop
h, which we again denote by &, on Qo(M) to (M) as in (2.6). For
non-contractible loops h : S — Ham(M, w), the lifting is related to the
notion of normalized Hamiltonian bundles (see §2 [15]).

LEMMA 2.3. Let F, G be any Hamiltonian with F, G + ¢, and f;, g;
and h; be as above. Suppose that H : M x [0,1] — R is the Hamiltonian
generating the loop h. We also denote the corresponding action of h on
Qo(M) by h. Let h be any lift of h to Homeo(€(M)). Then we have

(2.7) R*(dAR) = dAg
as a one-form on Qo(M). In particular we have
Ap oh = Ag +C(F,G, h)

where C(F, G, ﬁ) is a constant depending only on F, G.
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Proof. We recall that d.Ao is the pull-back p*« of the closed one form
a on (M) by the natural projection p : Qo(M) — Qo(M) defined by

1
a()(©) = | w0 de
0
for any vector £ € T,Qo(M). Therefore we first compute
h*a(y)(§) = a(h - YWTh(E))
1
= [ (G . o) a
0

=Awmmmmm+ﬂmmmmwmmet

(2.8 + [ AT b8 Ty helE(e) .

For the first term, we recall that the Hamiltonian H generating h; is
given by

H(z,t) = F(z,t) + G(f7 (z), 1)
= F(z,t) = G(gr 0 f; 1,1) = F(,t) = G(h; " (2),t)

and so H(hi(z),t) = F(hi(x),t) — G(z,t). Recall that
G(z,t) = ~G(¢"(G)(2), ¢)

is the Hamiltonian generating ¢~!. Therefore since h; is symplectic, we
have

w(Xa (he(v(1))), Tyyhe (§(2)))
= w(hi (Xu,) (7)), £(#) = (X, (n) (7)), £(2))
= W(X(F,(h)-c) (V(1)), §(1)) = (d(F 0 hy) — dGe)(£(2))-

For the second term of (2.8), we have

/MWWMW&M%WW=/MWHW%
0 1]
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Combining all these, we derive

~ _ 1
RrdAR()(E) = B (p"a)(€) ~ / d(F o he) (+())(€(1)) dt
1
_ / (d(F; 0 he) — dG) (V(£)(E(X)) dt
1
+ / W(H(2),E(1)) dt
- [ ar e o)) a

- / W), £(1)) dt — / 4G (E(t) dt = dA(7)(€).
0 0
which proves (2.7). d

COROLLARY 2.4. Suppose F, G are two Hamiltonians such that F, G
+— ¢. Then the action spectra of F' and G coincide up to an overall shift
by a constant C = C(F,G,h).

§3. Normalization of Hamiltonians and the action spectrum

Now we go back to the one-correspondence (2.5) and study its effect
on the action spectra. Naturally one hopes that A preserves the action,
i.e., satisfies

(3.1) Anpr(h-[z,u0]) = Ap((z, w])

for any [z,w] € CritAp for any F and for any lifting h of h, provided
h is contractible. The main theorem in this section is to prove that
this is indeed the case, if we use a sub-class of Hamiltonians which are
normalized accordingly depending on whether M is closed or open. On
closed M, we consider

cxOn) = (s ec=un| [ fdu=0)
M
and on open M, we consider

C(M) :={f € C®°(M) | f has compact support in IntM}.

For a given Hamiltonian diffeomorphism ¢ € Ham(M,w), we denote by
Hm () (resp. Ho(p)) the set of H : M x [0,1] — R with H +— ¢ such
that H, € C2(M) (resp. C*(M)).
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THEOREM 3.1. Let F, G be two normalized Hamiltonians in H,,(¢)
on closed M (resp. in H.(¢) on open M) with F ~ G. Then (3.1)
holds and so the correspondence (2.5) is action-preserving which in turn
implies

(3.2) Spec(G) = Spec(F)

as a subset R.

Since the proof will be almost identical in both cases, we will focus on
the closed case and consider the set C2°(M). In the course of studying
this case, we will also indicate the modification we need for the open
case.

This theorem in particular proves that the spectrum Spec(G) is indeed

an invariant of ¢ € %(M,w).

DEFINITION 3.2. [Universal Action Functional] The universal action
functional

A Ham(M,w) x Qo(M) — R
is defined by

(3.3) A, [z, w]) :== Ap([z, w])

for any normalized representative F' with 5 = [¢, F).

DEFINITION 3.3. [Action Spectrum Bundle] For
&= 16, G] & Ham(M,w),

we define the action spectrum of 5 by

Spec(¢) := Spec(Q)

for a (and so any) G € Ho(M) with ¢ = [¢, G]. We define the bundle of
action spectrum of (M,w) by

Spec(M,w) = {(¢, A($, [, w])) | dAz([z,w]) = 0} € Ham(M,w) x R

and denote by 7 : Gpec(M,w) — %(M,w) the natural projection.
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It remains to prove Theorem 3.1. We first need some preparation
following Polterovich’s discussion in [Proposition 6.1.C, 12] but clarify-
ing the role of (1.8) in the discussion. Let f;7 be any two parameter
family of Hamiltonian diffeomorphisms. Denote by X, ; and Y, ; be the
Hamiltonian vector fields

Oft

o (f)7 =X
(9f
‘ (ft) =Ysu.
Then the following is the key formula below (see [1] for its derivation):
aXs' i aY; t
3.4 - = . Xst, Yol
(5:4) 95 = g T Kew¥adl

Now we represent the vector fields X, ; and Y, ; by the corresponding
normalized Hamiltonians F(s,t,-) and K(s,t,-) which are uniquely de-
termined by X,; andY,, respectively. Since (3.4) does not constrain
anything on the direction of (s, 1), the Hamiltonian F' and K will satisfy

OF 0K
(3.5) —(s,t, &) = —(s,t,@¢) — {F, K}(s,t,x) + c(s, 1)

0s ot
for some function ¢ : [0,1]> — R which depends only on (s,t). Here
{F,K} is the Poisson bracket, i.e., {F, K} = dF(Xg) which satisfies
the relation

[XF, Xk] = —X(pK)}-

Recall that the Poisson bracket {F, K'} is automatically normalized by
Liouville’s theorem. Therefore integrating (3.5) over M proves ¢ = 0 if
F, K are normalized . Hence F, K satisfy

or oK

(3.6) ds ot

—{FK}.

Note that the same argument applies to prove (3.6) for the subset
C2°(M) on open M, this time using the fact that

supp{F, K} C suppF Nsuppk

and considering the value at a point p € M \ (SuppF USuppK) in (3.5).
Now we are ready to prove Theorem 3.1.
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Proof of Theorem 3.1. Let F = {F*}¢[0,1) be a path in Hp(#) (resp.
H.(¢)) such that FO = G and F' = F. Denote h{ = ff o g; ' and
B - [z,w] = [h® - z, A - w] for any z € Per(G) as in (2.5)-(2.6). We will
prove that the function x : [0,1] — R defined by

x(s) = Aps(h® - [z, w])
is constant.

Let F, K : M x [0,1]2 — R be the unique normalized Hamiltonians
associated to {ff} as in Theorem 3.1. Since f{ = ¢ and f§ = id for all
s € 10,1], K(s,1,z) and K(s,0,z) must be constant for each s and in
turn

(3.7) K(s,1,")=K(s,0,-) =0
by the normalization condition. We now differentiate x(s)
= 9 ~ ' OF
' _ 5 (1S . _ el s,
X(5) = A (0 [z,ul) (o (B [myul)) = | 5 (oot (0% 2)(0)

The first term vanishes since h* - [z, w] is a critical point of Aps. For the
second term we note z(t) = ¢¢(p) for a fixed point p € M of ¢ since z is
a periodic solution of & = X, (z). Therefore we have

(h° - 2)(t) = hi(2(t)) = (ff e 9t ") 0 ge(p) = £ ().

Hence we have

1 oF . LoF s
| et awnd= [ Feriea

The vanishing of this integral is precisely [Lemma 12.4B, 12]. For the
completeness’ sake, we give its proof here. We derive from (3.6)

aF 0K

2ot F2 ) = o (5ot £20)) = (B K s, 1, 15 0)
= O (st S (0)) + K (XR) (7 ()
0

= 2 (K(5,, /i (9)).
Integrating the total derivative over [0, 1] and using (3.7), we derive

laF s s s
0 g(s,t,(h 'Z)(t))dt:K('Svl?fl(p))_K(S’O?fo(p)):0'

This proves that x must be constant. Therefore (3.1) immediately fol-

lows from x(0) = 0. (3.2) follows from the fact that both G and H#F
generate ¢g; and are normalized, which in turn implies G = H#F. [0
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84. Action of 7(0(6’) on the action spectrum

From now on. we will always assume that our Hamiltonians are nor-
malized. In this section. we study effects of the action of non-contractible
loops h on the action spectrum. Consider the action spectrum bundle

7 Gpec(M,w) — %(J\/I,w).

We recall G = Q(Ham(M,w), id) is the based loop space of Ham(M. w)
and let G be the covering space as described in the introduction.
Let h € G and [h] € m1(Ham(M,w)) be its fundamental class and

(4.1) B: Qo(M) — Qo(A)
be a lifting of the canonical action h : Qo(M) — Qo (M) defined by
(h-2)(t) = h(t)(z(2))-

Let H — h and (h.z) € G be a lift of h. For any ¢ = [, F. we
consider the action of (h, k) on Qy(M),

[z, w] — k- [z,w].

We now study how this acts on Spec((;). Since l~1*(dAH#1:) = dAp by
Lemma 2.3, the difference

Angpr (b [z.0]) = Ap([z,w])

is independent of [z.w]. We denote the common value by I, (h. b F ).

LEMMA 4.1. The value Iw(h,ﬁ; F) is independent of F' but depends
only on (h.h). We define

(4.2) I,(h.h) = I,(h, h; F)

for any F (e.g.. FF = 0). Then the action (4.1) induces a canonical
isometry between Spoc(g) and Spec(l~1 . [5) which is just the restriction
of translation by I,(h,k) on R. Furthermore, I,([id.~]) = 0 for any
canonical lift v of id.
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Proof. A straightforward computation uding the identity
H#F(h-z,t)— F(z,t) = H(h - 2,t),

shows

Lo(h, b F) = Agarp(h - [2,w]) — Ap([z,w])

:_/(E-w)*w/ﬂ(h-z)—-/w*w

= An(h-[z,w]) = Ao([z,w]) = Iw(h,ﬁ)

This proves the first statement. Then the second iramediately follows
from

L(h,1s F) = Augr(h- [2,w]) — Ar([z,0)).
Finally I, (id,v) = 0 for any canonical lift v of id is just a restatement

of Theorem 3.1. ]

PROPOSITION 4.2. Let qg € %(M,w). Iw(h,ﬁ; qg) depends only on
[h, h] € mo(G), ie., if there is a continuous path {(h®,h*)}sejo,1) in G,
then

(4.3) I,(h° h%) = I,(h', h").
The induced map
I, : Ham(M,w) — R

defines a group homomorphism and satisfies
(44) Iw([haﬁ]) - Iw([h:’};,]) S Fw

where (h,h) and (h, 1) are the lifts of the same h.

Proof. The same proof as that of Theorem 3.1 proves (4.3). For the
homomorphism property, it is enough to consider I, (h, h; F). In this
case, we have

e —

I,(ho-hy,hg-hy); F)
= A ar(hy I - [z,0]) — Ap((z,w))
= (Amympr(hz - [2,w]) = Ay pr (b - [2,0]))
(4.5) + (An (- [2,w]) — Ap([z,w])
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for any (ha.ha) - (hy, hy) = (ha - hi, m) The second term of (4.5)
gives rise to I,([h1, h ] ¢). On the other hand, we have

o —

Anyprpr(ha - hy - [2,0]) = Apgr(hy - [2,w])
= A m (b - (B - [2,0])) = Ay e (b - [2,0])) = Lo(ha, o)
where the last identity comes from definition of I, (A, E; F) and its inde-
pendence of F' (Lemma 4.1).
For the proof of (4.4), we just note that
[h’};,] = [id7 7] - [ha’fl]

where v = ' o (ﬁ)_l. Then it follows from the homomorphism property
of I, that

L([h, i) = L([h h]) = L.([id, 7))-

On the other hand, we have

L,([id.~]) = L,([id,7];0) = Ao(v - [p,P]) = —w([y - P]) € T,
where v - p is a disc with the constant boundary map p and so defines a
map from the sphere. This finishes the proof of (4.4). O

From the construction, I,([h,k]) is the amount of the shift in R for
the isometry

(4.6) b : Spec(¢) — Spec([h] - ¢); [z,w] — k- [z, w]
for any ¢ € %(.M ,w). What we have established by now is the
following generalization of Theorem 3.1 for non-contractile loops.

THEOREM 4.3. Let h € Q(Ham(M,w}) be a loop with [h, h] € mo(G).
Then the amount of shift is independent of the lift h but only on its
homotopy class [h, k] € mo(G). In other words, we have

(4.7) B (Anwr) = Ap + L([h, 1))

for any F — ¢, H generating the loop h and for any lift (h,ﬁ).

Now let us consider the values I, ([id,~]). In the weakly exact case
where T, = 0, (4.4) implies that I, _depends only on [A] € m (Ham(M,

w)), but not on the lift & € Homeo(€ (M )). Therefore it defines a map
1, : T (Ham(M,w)) — R
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defined by

To(a) = Lu({h,7]) = Au(h- [p.7) = /ww—/Hzp

for a = [h] and (k, h) is any lifting of h, and [2p, wp] = h- [p,p]. This is
precisely the monodromy map considered by Schwarz [14] on the weakly
exact (M,w). He proved that this is trivial for the symplectically as-
pherical case, i.e., under the additional assumption ¢; = 0. It would be
interesting to see if this holds true for arbitrary weakly exact (M,w).

REMARK 4.4. It turns out that the homomorphism
I, :m(G) = R

has the interpretation in terms of the Hamiltonian fibration: Each Ham-
iltonian loop h associates a Hamiltonian fibration 7 : P — S? with h as
the gluing map. Then each lift h corresponds to a section s : §2 — P
(see [15]). We consider a symplectic connection of P and its associated
coupling form wp. According to Seidel [15], the pair (P,s) is called a
normalized Hamiltonian bundle. We normalize the area of S? to be 1.
Then we have the identity

I([h,h)) = /52 s*wp

(see [14]). In terms of this picture, the homomorphism property can be
understood as the gluing formula for the integral [ s*wp of the normal-
ized Hamiltonian bundles (P, s) (see [7], [15] for the discussion of the

gluing).
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