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A HYBRID METHOD FOR HIGHER-ORDER
NONLINEAR DIFFUSION EQUATIONS

JUNSEOK KIM AND JEANMAN SUR

ABSTRACT. We present results of fully nonlinear time-dependent
simulations of a thin liquid film flowing up an inclined plane. Equa-
tions of the type hy+fy (h) = —3V-(M(h)VAh) arise in the context
of thin liquid films driven by a thermal gradient with a counteract-
ing gravitational force, where h = h(x,t) is the fluid film height.
A hybrid scheme is constructed for the solution of two-dimensional
higher-order nonlinear diffusion equations. Problems in the fluid
dynamics of thin films are solved to demonstrate the accuracy and
effectiveness of the hybrid scheme.

1. Introduction

Thin coating flows are of great technical and scientific interest [5].
Practical examples include manufacturing processes such as the produc-
tion of videotapes, photographic films, and microchips [4].

Flows created by gradients in surface tension, whether induced by
temperature or concentration variations, are commonly called thermo-
capillary or Marangoni-driven flows. For very thin capillary driven films,
an experiment shows that the Marangoni stress causes a capillary ridge
to form and the film to finger (see Fig. 1(a)).

Equations of the type hy + fy(h) = —€3V - (M (h)VAR) arise in the
context of thin liquid films driven by a thermal gradient with a coun-
teracting gravitational force, where h = h(x,t) is the fluid film height.
We treat fy(h) with essentially non-oscillatory (ENO) scheme, which is
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good for shock capturing [6]. We combine this approach with a nonlin-
ear multigrid method for solving nonlinear system. Multigrid methods
are generally accepted as among the fastest numerical methods for solv-
ing this type of partial differential equations [8]. We use a nonlinear
multigrid method to solve resulting equations accurately and efficiently.

(a) (b)

FIGURE 1. (a) Thin film flow climbs up an inclined plate,
which is driven by Marangoni stresses against the gravity.
(b) A schematic diagram of the physical problem.

This paper is organized as follows. In Section 2, we review the gov-
erning equations. In Section 3, we derive numerical solution with a
nonlinear multigrid method. In Section 4, we present numerical results.
Conclusions are made in Section 5.

2. Governing equations

We consider the dynamics of a thin layer of liquid of thickness h on
an inclined surface driven by thermally created surface tension gradients
and influenced by gravity (see Fig. 1(b)). The spatial variables z and
y denote the direction normal to the flow and the direction of the flow,
respectively. Let «, p, g, 1, v, and 7 = dy/dy denote the angle from
horizontal of inclination of the plane, the density, the gravitational con-
stant, the dynamic viscosity, the surface tension, and the surface tension
gradient of the liquid.

We model the dynamics of the draining film using the lubrication
approximation with a “depth averaged” velocity [2],

- Th h?sina h2VAh
(1) V= (2 PR ER% ) 2T 2R
27 3n 3n
The coefficient of €, = (0,1) in Eq. (1) represents convection due to the
surface tension gradient and the component of gravity tangent to the
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surface. The component of gravity normal to the surface has a negligible
effect. We couple Eq. (1) with mass conservation, h; + V - (kV) = 0.
We rescale to dimensionless units as in [2]: h = H h, (z,y) = I(&,9),
and t = Tt, where H = m, [ = (——'HL)l/g' = (2T —)1/3, and

20292 sin” o
T= —”( 5TYpg sin «)'/3. Dropping the " gives the dimensionless equation
(2) hi + (% — h3), = =V - (R*VAR).

In the model, we take film thickness as a given constant height ho, and
zero third derivative hyy, = 0at y = 0. We choose the simplest boundary
condition consistent with complete wetting, that of a precursor model
in which h - b>0asy — oo [1, 7).

We can think of this traveling wave as a viscous regularization of a
shock wave, if we rescale the space and the time variables by (z/,y') =
¢(z,y) and ¢’ = €t, then Eq. (2) becomes after dropping the ’ notation

(3) he + (B2 — h3), = =V - (R*VAR).

This equation is a fourth order nonlinear singular perturbation of the
conservative law

h + (h? — B®), =0,

which has a nonconvex flux function f(h) = h% — h3 [3].

3. Numerical analysis

Straightforward explicit time-marching requires that time steps be
very small in order to maintain numerical stability; especially At must
be no larger than order Az, where Az is the space step or mesh size.
Fourth-order parabolic equations are very stiff; the stability constraint
on the time-step for explicit methods, At = O(Az*), is prohibitive,
hence implicit methods are necessary. We split the Eq. (3) into a system
of the following form

(4) hot fy(h) = V- (M(R)Vp),
(5) L = —Ah,
where f(h) = h2 — k3 and M (h) = h3.

Now we present fully discrete schemes for the Egs. (4) and (5) in two
dimensional space, i.e., Q = (a,b) x (¢,d). Let N; and Ny be positive
even integers, Az = (b — a)/N, be the uniform mesh size, and Qa, =
{(zi,y5) s @i = (1 — 0.5)Az,y; = (j —0.5)Ax, 1 <i < Ny, 1 <5< Ny}
be the set of cell-centers.
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Since the film thickness h and pu satisfy Neumann boundary condi-
tions, it is natural to define them at cell centers. Let h;; and pu;; be
approximations of h(z;,y;) and p(x;,y;), respectively. We first define
the discrete differentiation operators:

Az ity Ax
For a grid function h defined at cell centers, D h and Dyh are defined
at cell-edges, and we use the following notation

Vahij = (Dgh,1 5, Dyh,

Dyhi 1 ;= hivig —hi p o, hign — iy

i+3.4° ij+3 )

to represent the discrete gradient of h at cell-edges. Correspondingly,
the divergence at cell-centers, using values from cell—edges is

Vd'gij:(gil_,_%’j z_ijrngl— -1/ AT,

for a grid function g = (¢!, g*) defined on cell-edges. We then define the
discrete Laplacian by
Aghij =Va - Vghi;
and the discrete I inner product by
N, Ny

(6) (C, d)Am = AH?Q Z Z Cijdi]‘.

i=1 j=1
We also define discrete norms associated with Eq. (6) as [|h]|2 = (R, h) A
3.1. Discretization and properties of the proposed scheme

We present a semi-implicit time (Crank-Nicholson) and centered dif-
ference space discretization of Egs. (4) and (5).
+1
hii™ = R

(M g = Ve MO VT - A,

nti €
(8) Hij 2 = __Ad(hg+l+h%)a

+1

where Vg - [M(h)n+2vd oy 2] is described at Eq. (9) in detail and the
1

superscripts denote discrete time steps. fy(h;??) is treated by using a

second-order ENO scheme [6], i.e.,

— 1 — 1
n+2 n+2

R N



A hybrid method for higher-order nonlinear diffusion equations 183

1
where the half time values h:;+2 are computed using an extrapolation

1 il
from previous values, h?;? = (3hf; - h%‘l) /2. The edge values h +21
are computed as follows: ’

§ :{ i) 20

Jg+1 otherwise

n+i n+l n+1i n+i
. A = Pini1 — P gt aif la] < [b]
N Ax . Ax "7 1 b otherwise
—n—l—% . n-l—2 g _
UE = e SR 20- )

The quantities h, ;1 are computed in a similar manner.
* 2

3.2. Numerical solution - A nonlinear multigrid method

In this section, we develop a nonlinear Full Approximation Stor-
age (FAS) multigrid method to solve the nonlinear discrete system (7)
and (8) at the implicit time level. A pointwise Gauss-Seidel relaxation
scheme is used as the smoother in the multigrid method. See the ref-
erence text [8] for additional details and background. The algorithm of
the nonlinear multigrid method for solving the discrete system is :
First, let us rewrite Egs. (7) and (8) as follows.

N(R"1, 5+3) = (@™, ™),
where
N(hn+1, Mn-{—%)

1

ptl
=< S Vg (M(h);; Qle[H—z) AR A h”“)

At

and the source term is
7 n hn n+2 63 n
(o™, ¥") = fy( ) _EAdhij .

In the following description of one FAS cycle, we assume a sequence
of grids Q (Qx—1 is coarser than € by factor 2). Given the number
v of pre- and post- smoothing relaxation sweeps, an iteration step for
the nonlinear multigrid method using the V-cycle is formally written as
follows [8]:
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FAS multigrid cycle

KL U5y = FAScycle(k, B B %, N, 7, U
{ k s Mg }_ SC’yC 6( ’ s Ny Mg ) k7¢k7¢k7’/)-

1
That is, {h}" ,p,k 2} and {h*", ukm+2} are the approximations of A"*!

(zi,y;) and p™ (xi, y;) before and after an FAS cycle. Now, define the
FAS cycle.

1) Presmoothing

- _1 _1
Compute {A}?, ﬁ;n 2} by applying v smoothing steps to {h}’, ;LZL 2}
v m m—% n _n
{hk:’ Mk } SMOOTH ( kMg 7Nka¢k’¢k)7

which means performing v smoothing steps with the initial approxi-
m_1

mations A}, h', ;. ?, source terms ¢y, ¢p, a?d SMQOOTH relaxation

operator to get the approximations }_LZL, /jkmfi. One SMOOTH relax-

ation operator step consists of solving the system (11) and (12) given
below by 2 x 2 matrix inversion for each ¢ and j.

Here, we derive the smoothing operator in two dimensions. Rewriting
Egs. (7) and (8), we get

+1 M 2 n+2 M n+§
(9) h::; i z+§, +M ga] T 1]+2 +Mi,j—% n+% _n
At A2 Mg " = P
n+i n+i 77-+ n+i n+l n+i n+
]\41.4_12 2+12] + M ] H;_ 12‘7 + M 21 114_21 + M1]_2~ﬂ'i,j 21
+ Ax?
and
2¢? 28 _pntt ntz o _ pntl 4 pntl
T A2 +'“ij = Y- 2A ozl + R g)
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1

Next, we replace hji! and ;LZ;-Q in the Egs. (9) and (10) with
_ 1 _1
hy; and ,HZ; 2 if k <iandl < j, otherwise with hf; and :“Z 2, ie.,

1
A M’”2+M 2+M RN
(11) i FRNES NI BT P ogn
At A2 Hig = =%
m—1 m-— m -1 m—1 m-1
A[H_l «u1+1] +‘A[ Hi— 1,5 +M 21“’19—\—1 +A[Z’J 2éﬂu‘i,j—zl
Ax? ’
where 1\[ = M((hf} + RT3, j + Rl + iy, ;)/4) and the other terms
2
are snnllarly defined.
(12) _2e3hm+“ %-_—_ no_ (hﬂ—ly'*'hz 1J+hl]+1+h1] 1)
Az? K 2Az2

Now, we obtain the smoothing operator (11) and (12).
2) Compute the defect

(d7, d5t) = (O, ¥E) — Nk(ﬁm,ﬁzﬁl_ﬁ).

_ m—1
3) Restrict the defect and {A]}, i, *}

m

1 1
- _ k—is/5m T - m-1 e m=l
(diptr dageg) = M (i doy), (B g y®) = IEH RS By, 2)-
The restriction operator I;;“l maps k-level functions to (k — 1)-level
functions.

- 1
dp—1(zi,y5) = If ' di(ziyy) = 7 |y Y1) +dil(@io 1, v 1)

+dk( Tipl ay] )+dk( 1+%ayj+%)il .

That is, coarse grid values are obtained by averaging the four nearby
fine grid values.

4) Compute the right-hand side

1

(P 1, WP_1) = (dP 1 d3y 1) + Nioa (R y iy 1),

I

. _1
5) Compute an approximate solution {h]" |, [LZlf} of the
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coarse grid equation on Qk_l, i.e.

(13) N l(hk 1>Hk 1 ) (d’k 1a¢k 1)

If £ = 1, we explicitly invert a 2 X 2 matrix to obtain the solution. If k >

_ 1
1, we solve (13) by performing a FAS k-grid cycle using {h}" ;, ﬂ;n_lg}
as an initial approximation:

N _1
{h’zilvﬂzl_ﬁ}:FASCyCle(k—]-ahZ-l’ ke— 17Hk 1 7Nk 1a¢)k 17wk 1V )
6) Compute the coarse grid correction (CGC):

A= 1 m—l _m—1

N _Im 2
h—1 = Ry — Py, Do T = ey — Hp_q®-

7) Interpolate the correction

funy

m—1 _1

'Ulk_Ik 10Tk—1+ Doy —Ik 10p

)—‘l\)

The interpolation operator I¥ , maps (k — 1)-level functions to k-level
functions. Here, the coarse values are simply transferred to the four

nearby fine grid points, vg(z;, y;) = I,’g_lvk_l(mi,yj) = vk_l(xi+%,yj+%)
for ¢ and j odd-numbered integers. The values at the other node points
are given by

Uk(Zit1,Y5) = Ok(@i, Y1) = Ve(@ir1s Y1) = ve-1(2i4 1, 9541),
where ¢ and j are odd.

8) Compute the corrected approximation on

, after cac 1 . m—2, after cGc m—3 m—1
h;cn = hy' + U1 Ky ? = +U2k 2

9) Postsmoothing

m+3 —1 aft
{hkm+1?/1’k+2} — SMOOTHV( Z?h;cm after CGC’MZ1 3, atter CGC,

Nk7 ¢z}¢g)

This completes the description of a nonlinear FAScycle.

3.3. Local Fourier analysis

To analyze the behavior of the multigrid method, we linearize the
nonlinear scheme and perform a local Fourier analysis (e.g.see [8]). In
particular, we analyze the smoother since the performance of the multi-
grid method depends strongly on the smoother.
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We “freeze” the coefficient, M (h), at a representative value M, =

1
M(€), for some 0 < & < hpgy. Substituting ,u?fQ into Eq. (7), the

scheme becomes
hn+1

LAI -~ 8A:1:7
where
+1 h?J+1 € +1 +1 + +1
n — n n n n
Lazhy,, = At + AL [hz‘-—2,j + hi—|—2] h 2t hz]+2
1 1
+2(h il + R i T TR )
(14) —8(h:l+1lg hZH h:irllg + h?ﬁﬁ + 20’%“]
and
n 63 21n n n+—
Sar = — 5 Aghl )
Ar T T + At]tfg M; i y(hy )

For Gauss-Seidel iteration with a lexicographic ordering of the grid
points applied to the above Eq. (14), we have the following operator
decomposition.

BRI = b g 4 2+ )
#8(hzn+11] h“+11)—|~20hr§+1],

LR = 5 e 20 R )
_8(]1?:113 h?ﬁm

Thercfore, this relaxation method can be written locally as
(15) LXIZAJC + szZAz = SZxa
where za, corresponds to the old approximation of ha, (approximation
before the relaxation step) and Za, to the new approximation (after
the step). Subtracting Eq. (15) from the discrete equation Lazhaz =
sar and letting 9az = har — Za2 and var = haz — 2Az, we obtain the
equation

LY, 0az + Ly, vas =0,
or, equivalently,

UAz = SAzVAz,

where Say = —(LZI)_IL&C is the resulting smoothing operator. Ap-

plying sz and Ly, to the formal eigenfunctions el012/ Az ilay/ AT e
obtain
LZIewlz/AxezOgy/Az — szewlaL‘/A:::ez@zy/Aa:7
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Lzzeielz/AxeiGQy/Aa: — I:erielx/Axei%y/Ax,
where I:Z . and ﬁ;z are the formal eigenvalues of the operators sz and
L., respectively:
1 €3
AtMg QAJZ
+2(eH01702) | omiO1+02)) _ g1 | emi02) 4 90),

-iXx(01)62) — [e—2i91 + e—2i92

ﬁgz(al’ 02) = 2i6, + 62i92 + 2(ei(01+92) + ei(01—92))

63
2Az4 le
___8(ei91 + €i92)].

The amplification factor of the relaxation scheme is

A

. L (61,6
SAz(Hl,OQ) = _7%95(1—’2).
LA, (61,62)
Define the smoothing factor:

Hioe(Saz) = sup{|Saa(61,62)| -

Table 1 shows po.(Saz) factors with M = 1.0 and different mesh
sizes. This result suggests that the multigrid method with time step
At ~ Az converges uniformly with respect to increasing resolutions.
Correspondingly, this would impose a first order time step constraint on
our discrete scheme to solve the equation.

<161, [62] <}

TABLE 1. Convergence factors for different mesh sizes.
Ax =1/Ng, At =0.1Az, and € = 1.

Case | 16 x 16 32 x 32 64 x 64 128 x 128
tioe | 0.669433 | 0.669521 0.669532 0.669534
Case | 256 x 256 | 512 x 512 | 1024 x 1024 | 2048 x 2048
Lioc | 0.669534 | 0.669534 | 0.669534 0.669534

4. Numerical experiments

In this section, we validate our scheme by verifying the second-order
convergence. We then perform numerical simulations of thin film prop-
agation.
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4.1. convergence test

To obtain an estimate of the rate of convergence, we perform a num-
ber of simulations for a sample initial problem on a set of increasingly
finer grids. The initial condition is

h(z,y) = 0.5(hy — b)(tanh(—y + 20 + cos(27x/40))) + b
(16) +0.5(hf — hoo)(tanh(y —3)+ 1)+ hoo — hf,

on a domain, [0,40] x [0,40], heo = 0.75, hy = 0.75, and b = 0.005. The
numerical solutions are computed on the uniform grids, Az = 40/2™ for
n=25,6,7,8, and 9. For each case, the convergence is measured at time
t = 0.1. The uniform time steps, At = 0.4Az, and ¢ = 1.0 are used to
establish the convergence rates. We define the error to be the discrete
lo-norm of the difference between that grid and the average of the next
finer grid cells covering it:

hazg; o5+ Taey 195t hasgig; 1+ hasy g9 1
1 :

The rate of convergence is defined as the ratio of successive errors:

df_fh .
BAJE/%U = NAzxij —

loga(llearazll/llea  ax [])-

The errors and rates of convergence are given in table 2. The results
suggest that the scheme is indeed second order accurate.

TABLE 2. ls-norm of the errors and convergence rates.

Case 32-64 rate 64-128 | rate | 128-256 | rate | 256-512
ly 4.9663e-3 | 2.05 | 1.1983e-3 | 2.02 | 2.595e-4 | 2.00 | 7.377e-5

4.2. Marangoni-stress-driven flow - fingering instability

We are concerned here with the slow flow of thin liquid layers on a
solid or substrate. Slight perturbations of the base state, applied along
the front, initiate the fingering instability. The mathematical model (Eq.
(3)) will be used for numerical simulation of fingering flows. There is
no well-defined perturbation of the contact line at ¢ = 0; it is perturbed
by noise. We model this noise by perturbing the contact line by small
random numbers.
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~ o) B s

FigURE 2. The effect of ho on the finger shape for
Marangoni-driven flow. (a}) hee = 0.175, (b) he = 0.2,
and (c¢) hoo = 0.225. The evolution of the fluid front is
from bottom to top. The times are at ¢ = 1250, 1500,
1875, and 2500.

4.2.1. The effect of h.. The effect of hs on the finger shape for
Marangoni-driven flow is studied in this section. The initial condition is

h(z,y) = 0.5[hoo + b~ (hoo — b) tanh(3(y — 7) + rand{z, y))]

where b = 0.002 and rand(z,y) is a random number in [—1,1]. These
perturbations model deviations from the straight front in the experi-
ments. The computational domain using a spatial mesh of 128 x 256 is
Q = [0, 200] x [0, 400]. The uniform time step, At = 0.5 and €3 = 100 are
used. Fig. 2 shows the evolution of the fluid front with (a) he = 0.175,
(b) heo = 0.2, and (¢} he = 0.225, respectively. The times are at
t = 1250, 1500, 1875, and 2500 from bottom to top. As shown in [3],
with € = 0 limit, the Eq. (3) has a single Lax shock solution

hoos < st,
e ={ 1= 1S
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where the shock speed s is given by
(17) S:ﬂwzmgﬁ(lwb)hmm—b?

Boo — b
Different front evolution speeds with three hy, values in Fig. 2 can be
explained by Eq. (17). The shock speed is an increasing function of s
until heo = 57,

Fi1GURE 3. The effect of b on the finger shape for
Marangoni-driven fow. (a} b = 0.001, (b) b = 0.007,
and (c) b = 0.013. The evolution of the fluid front is
from bottom to top. The times are at £ = 1500, 1800,
2250, and 2700.

4.2.2. The effect of b. We now investigate the effect of b on the finger
shape for Marangoni-driven flow. The initial condition is

h(z,y) = 0.5[heo + b — (heo — b) tanh(3(y — 7) + rand(z, y})]

where hy = 0.2. The computational domain using a spatial mesh of
128 x 256 is © = [0, 200] x {0, 400}. The uniform time step, At = 1.0 and
€3 = 100 are used. Fig. 3 shows the evolution of the fluid front with (a)
b= 0.001, (b) b = 0.007, and (c) b = 0.013, respectively. The times are
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at t = 1500, 1800, 2250, and 2700 from bottom to top. Again different
front evolution speeds with three b values in Fig. 3 can be explained by
Eq. (17). The shock speed is an increasing function of b until b = %‘i

5. Conclusions

In this study we have developed a hybrid numerical method for a
mathematical model for flow in thin fluid layers including the influence
of capillarity. The numerical scheme combines ENO method for treating
convection term and a nonlinear multigrid method for the nonlinear high
order term to solve the governing equations efficiently and accurately.
The resulting scheme is robust and second order accurate in space and
time. We also have demonstrated the effects of hy, and b on the front
evolution of the thin films and found qualitative agreements with the
Lax shock speed.
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