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A HIGHER ORDER MONOTONE
ITERATIVE SCHEME FOR NONLINEAR
NEUMANN BOUNDARY VALUE PROBLEMS

BasHIR AHMAD, UzZMA NAZ, AND RAHMAT A. KHAN

ABSTRACT. The generalized quasilinearization technique has been
employed to obtain a sequence of approximate solutions converging
monotonically and rapidly to a solution of the nonlinear Neumann
boundary value problem.

1. Introduction

The method of generalized quaslinearization introduced by Laksh-
mikantham ([4, 5]) has been successfully employed to obtain a sequence
of approximate solutions converging monotonically to a solution of the
nonlinear problem, see, for example, [1-3, 6-10]. In this paper, we con-
tinue the study of nonlinear Neumann problems addressed in [1} and im-
prove the convergence of a sequence of approximate solutions converging
monotonically to a solution of the nonlinear Neumann boundary value
problem. In fact, we establish the convergence of order k(k > 2).

2. Some basic results

We know that the linear Neumann boundary value problem
—u"(t) = u(t), teJ=[0,x]
v'(0) =0, u'(m) =0,

has a nontrivial solution if and only if A = m?,m = 1,2, ... and thus, for

A #m? and £(t) € C[0, 7], the corresponding nonhomogeneous problem
(1) — Au(t) = £(¢), teJ
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has a unique solution

m
ut) = [ Gt s)e(s)ds,
0
where G, is the Green’s function of the associated homogeneous problem
and is given by

Gy = 1 { cos[VA(r — )] cos[VAt], if0<t<s<m
r VasinvVar | cos[vAs)] cos[VA(m —t)], if0<s<t<m

for A > 0,

1
v —=Asinhv/—An

cosh[v/—A(m — s)]cosh[y/=\t], if0<t<s<m
{ cosh[v/—Xs]cosh[v/—A(m —t)], if0<s<t<m

Gy =

for A < 0. We observe that G) > 0 for A < 0. Now, we consider the
nonlinear Neumann problem
(1) ~u"(t) = f(t,ut), teJ

4/ (0) =0, v (7) =0,
where f : J x R — R is continuous. The problem (1) is equivalent to
the integral equation

(2) u(t) = u(0) - /0 (t — 5)£(s,u(s))ds
with
(3) /0 f(s,u(s))ds = 0.

We shall say that a(t) € C2%[J] is a lower solution of (1) if
=d'(t) < fteft)), telJ
o' (0) > 0, o (m) <0,
and B € C?[J] is an analogue upper solution of (1) if
—8"(t) > f(t,B(t)), teJ
pgy<o,  g(m>0.

The following theorem plays a crucial role in the forthcoming analysis
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and for its proof, see reference [11].

THEOREM 1. Let a, 8 € C*[J, R]| be lower and upper solutions of (1)

*[J,
respectively such that a(t) < B(t) on J. Then there exists a solution u(t)
of (1) such that a(t) < u(t) < B(t), t € J.

3. Higher order monotone iterative scheme

THEOREM 2. Assume that
(B1) o, B € C?[J, R] such that a(t) < B(t) on J are lower and upper
solutions of (1) respectively.

(B32)] g;{(t,u), i = 1,2,3,...,k exist and are continuous on §) =
{(t,u) € J x R} such that g%(t u) < 0, 6‘2:1 (f(t,u) + ¢(t,u)) > 0O for
some function ¢ € C%*[J x R, R] such that g—f(t u) > 0.

Then there exists a monotone nondecreasing sequence {u,,} of solutions
which converges uniformly to a solution of (1) with the order of conver-
gence k (k > 2).

Proof. Set
o(t,u) = Flt,u) — f(t,u),  tel.

Using (B2) and generalized mean value theorem, we have

EoiF  (u—v)

f(ta u) Z . auz (t,'l)) (’l)' - ¢(t’ ’U,),
where a(t) < v(t) < u(t) < ﬂ( ). Now, we define
S0P (u—v)
Klto) = 3 Gorlt) 5 - o)
2 Of, (o) akqs (u v)’“
where v <€ <uy,anda<v<u<fonJ
Observe that
(4) K(t,u,v) < f(t,w), Kt uu)=f(tu).
Now, set i, = a and consider the problem
(5) —u"(t) = K(t,u(t), po(t)), te€J

u'(0) =0, v (m) = 0.
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Using (Bj) and (4), we get
—Ho(t) < f(t, 1o(t)) = K(t, bo(t), o(t)),  tE€J
/L;(O) >0, “,o(ﬂ') <0,

and

—B"() 2 f(8,80) 2 K(t.B,po),  teJ

£'(0) <0, B'(m) >0,
which imply that p, and 3 are lower and upper solution of (5) respec-
tively. Hence, by Theorem 1, there exists a solution p; of (5) such that
o < p1 < B on J. Next, we consider the problem

(6) —u”(t) = K(t,u(t), u1(t)), teJ

2/ (0) = 0, v/ (7) = 0.
Employing the earlier arguments, it can be shown that there exists a
solution pg of (6) such that pu3 < ps < B on J, where p; and [ are

lower and upper solution of (6) respectively. Continuing this process
successively, we obtain a monotone sequence {u,} of solutions satisfying

po S pr Sp2 Spg <o Spp-1 S pn <0,
on J, where the element p,, of the sequence is the solution of the problem
—u'(t) = K(t,u(t), pna(t)),  t€J
4/ (0) =0, o' (m) = 0.

Since the sequence{u,} is monotone, it follows that it has a pointwise
limit p. To show that p is in fact a solution of (1), we observe that u,
is the solution of the following Neumann problem

—u"(t) = fuld), telJ

u'(0) =0, o' (m) = 0.

where f(t) = K(t, pn(t), pn-1(t)). Since fr(t) is continuous on 2 and
a < pp < Bonforn=1,2.. it follows that the sequence {fn(t)}
is bounded in C[J, R]. This together with the the monotonicity of {un}
implies that the sequence {uy} uniformly converges to p. Letting n —
00, and using the uniform convergence of {yuy,}, we find that y satisfies
the integral equation (2) and (3) and hence y is a solution of (1).

To show that the convergence of the sequence is of order k (k > 2),
we set e, = [ — fin, On = fntl — Un, N = 1,2,3,---. Clearly, a, > 0,
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en >0, e, — an = €nt1, Gn < € and aﬁ < e'fl. Using the mean value
theorem repeatedly, we have

—en(t) = uZ(t) — ')

( —ap_1)
:Zazt“"1 (1)1 :

k k k k
+%<t,c<t))e’;j 20 ncon™

Za (s pin-1) )126;11 tal_,)

k:
€n—

VAN

ok f ak¢ 1

+ [ CH) +

S qn( )e'n. + Nen—la

a3k (GO,

where
i—1

i—1—
Za i f(t 1)(Z)|Z€ s
3=0

and N > 0 provides bound for ( ¢(t)) on Q. As limpoeqn(l) =
fu(t,) < 0, we can choose A < 0 and n, € N such that for n >
No, gn(t) < A, we have

—e!(t) ~ Mt)en(t) < (an(t) — Nen(t) + Nek_; < Nej_s,
(0)=0,  em)=0,
whose solution is

=/ Ga(t, S)Neﬁ_lds, te J
0

Taking maximum over [0, 7], we obtain
llenl] < C“en—luk’

where C provides a bound on N f07r Gi(t,s)ds.
This completes the proof. O

References

[1] Bashir Ahmad, J. J. Nieto, and N. Shahzad, The Bellman Kalaba Lakshmikan-
tham quasilinearization method for Neumann problems, J. Math. Anal. Appl.
257 (2001), 356-363.



22

Bashir Ahmad, Uzma Naz, and Rahmat A. Khan

[2] Bashir Ahmad, Rahmat A. Khan, and S. Sivasundaram, Generalized quasilin-

earization method for nonlinear boundary value problems, Dynam. Systems Appl.
11, 3 (2002), 359-370.

[3] Albert Cabada, J. J. Nieto, and Rafael Pita-da-veige, A note on rapid conver-

(4]

[5]

[6]
7]

gence of approximate solutions for an ordinary Dirichlet problem, Dyn. Contin.
Discrete Impuls. Syst. 4 (1998), 23-30.

V. Lakshmikantham, An extension of the method of quasilinearization, J. Optim.
Theory Appl. 82 (1994), 315-321.

, Further improvement of generalized quasilinearization, Nonlinear Anal.
27 (1996), 315-321.

V. Lakshmikantham, S. Leela, and F. A. McRae, Improved generalized quasilin-
earization method, Nonlinear Anal. 24 (1995), 1627-1637.

V. Lakshmikantham and N. Shahzad, Further generalization of generalized quasi-
linearization method, J. Appl. Math. Stochastic Anal. 7 (1994), 545-552.

V. Lakshmikantham, N. Shahzad, and J. J. Nieto, Method of generalized quasi-
linearization for periodic boundary value problems, Nonlinear Anal. 27 (1996),
143-151.

V. Lakshmikantham and A. S. Vatsala, Generalized quasilinearization for Non-
linear Problems, Kluwer Academic Publishers, Dordrecht, 1998.

J. J. Neito, Generalized quasilinearization method for a second order ordinary
differential equation with Dirichlet boundary conditions, Proc. Amer. Math. Soc.
125 (1997), 2599-2604.

J. J. Neito and A. Cabada, A generalized upper and lower solutiuons method for
nonlinear second order ordinary differential equations, J. Appl. Math. Stochastic

Anal. 5 (1992), 157-166.

BASHIR AHMAD, DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE, KING AB-
DUL Aziz UNIVERSITY, P. O. Box. 80203, JEDDAH 21589, SAUDI ARABIA
E-mail: bashir_gau@yahoo.com

UzMA NAZ AND RAHMAT A. KHAN, DEPARTMENT OF MATHEMATICS, QUAID-I-AZAM
UNIVERSITY, ISLAMABAD, PAKISTAN
E-mail: unaz@yahoo.com & rahmat_alipk@yahoo.com



