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INJECTIVE ENVELOPES OF SIMPLE
MODULES OVER POLYNOMIAL RINGS

ZHONGMING TANG

ABSTRACT. Let A be a polynomial ring over a field and M a simple
A-module. We generalize one result of Song about the description
of the injective envelope E4(M) in terms of modules of generalized
fractions.

1. Introduction

For any maximal ideal m of a polynomial ring K[X3,...,X,] over a
field K, if m = (X1 —a1,...,Xn—ay),a; € K,i=1,...,n, Song and
Kim ([8]) have given a very explicit description of the injective envelope
E(K[X1,...,Xn]/m) of the simple K[X1, . .., X,]-module K [X1,.. ., Xn]
/m in terms of modules of generalized fractions. For a general maximal
ideal m of K[X1,...,Xy], it is proved in [9] that there exists a finite nor-
mal field extension L of K such that all the maximal ideals my, ..., m;
of L[X},..., X,] which lie over m have the form

mi:(Xl—ail,...,Xn——ain), aijeL,izl,...,t,j:I,...,n.

Then one obtains a very explicit description of E/ = @5:1 E(L[Xqy,...,
Xy]/m;) in terms of modules of generalized fractions and an action of the
Galois group G = Gal(L/K) of L over K on E’. When the order of G is
not divisible by the characteristic of K and L is a Galois extension of K,
Song ([9]) have shown that the injective envelope E(K[Xj,...,X,]/m)
is isomorphic to the fixed submodule E’¢ of E’ which can be described
very explicitly in terms of modules of generalized fractions. In this note
we shall show that the condition on the order of G can be removed. For
a general finite normal field extension L of K, we will prove that E'C
is isomorphic to the direct sum of [L : KJ;, the inseparability degree of
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L over K, copies of E(K[X1,...,Xys]/m). As corollaries, if K is perfect

then E’C is isomorphic to E(K[X1,...,X,]/m) , and E'C is isomorphic

to E(K[Xy,...,Xn|/m) if and only if L is a separable extension of K.
I am grateful to Professor R.Y. Sharp for helpful discussions.

2. Preliminaries

Let K be a field and A = K[X;,...,X,) the polynomial ring in inde-
terminates X4, ..., X, over K. Let m be a maximal ideal of A. If there
exist a; € K, i =1,...,n, such that m = (X3 —a1,..., X, — an), one
can give a very explicit description of the injective envelope E4(A/m)
in terms of modules of generalized fractions (see [8]). In general, by [9,
2.5|, there exists a finite normal field extension L of K such that m splits
in L, i.e., all the maximal ideals my,...,m; of L[Xy,..., X,] which lie
over m are such that, for suitable a;; € L, ¢ = 1,...,t, 7 = 1,...,n,
m; = (X1 —aq,.-.,Xn —ain), ¢ = 1,...,t. Let L be a finite normal
field extension of K, L is called a splitting field for m if L is a minimal
element in the set of finite normal field extensions of K in which m splits.
Then it is easy to see that there exists a splitting field for m.

ProrosiTION 2.1. Splitting fields for m are unique up to isomor-
phisms over K.

Proof. Let K be an algebraic closure of K and L a splitting field
for m in K. Then there exist f1,..., fr € A such that m = (f1,..., fr).
Suppose that m; = (X1 —aq,..., Xpn —ain), a5 € Lyi=1,...,t,j =
1,...,n, are the maximal ideals of L[ X7, ..., X,] which lie over m. Then

{(aﬂ,...,am) ci=1,...,t}
= {(a1,...,an) € L": fi(a1,...,an) =0, =1,...,7},
and L is the normal closure of the field K({a;; : ¢ = 1,...,t,j =
1,...,n}) in K. Hence there is only one splitting field for m in K.
Since the algebraic closures of K are unique up to isomorphisms over

K, it follows that splitting fields for m are unique up to isomorphisms
over K. ]

Let L be a splitting field for m and m; = (X3 — a;1,..., Xn — i),
i=1,...,t, the maximal ideals of B := L[X3, ..., X,] which lie over m.
Let

U, = {(X1 —-ail)rl,...,(Xn—ain)rn,l) > 1= 1,...,71,}.
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Then E'(B/m;) := U;7""'B is an injective envelope of the B-module
B/m;. Set E' = @'_, E'(B/m;). Then the Galois group G := Gal(L/K)
of L over K can act on E’ in a natural way (see [9]).

Suppose that L is separable over K. Let o; € G such that o;(my) =
m;, @ =2,...,t. Set a;j = ay;, j =1,...,n, and K* = K(a1,...,an)-
Then, by [9, 3.1], the fixed submodule E'C := {¢/ € E' : o(¢') =
¢’ for all 0 € G} can be described very explicitly:

EC = {(6,0576),...,0(6) € B : 6 € U™ 1 K*[X1, ..., Xn]}

where agl) : E'(B/m;) — E'(B/m;) is the A-module isomorphism in-
duced from ;,7 = 2,...,t.
From the proof of [9, 3.2], we obtain the following

THEOREM 2.2. If L is a separable extension of K, then E'C is an
essential extension of A/m as A-modules.

For any finite normal field extension L of K, it is easy to prove the
following lemma.

LEmMA 2.3. If L is a finite normal field extension of K, then there
exists a subfield K’ of L such that K’ is a purely inseparable extension
of K and L is a separable extension of K'. If G = Gal(L/K) then K' =
Inv(G), the subfield of L over K of G-invariants, and G = Gal(L/K').

3. The results

Let K be a field. We firstly consider Noetherian K-algebras and their
tensor products with a finite purely inseparable field extension of K.

LEMMA 3.1. Let A be a commutative Noetherian K-algebra and K’
a finite purely inseparable field extension of K. Let A" = AQy K'.
Then, for any prime ideal p of A, there exists only one prime ideal of A’
which lies over p.

Proof. Suppose that p; and py are two prime ideals of A’ which lie
over p. Since, for any z € K’, there exists an integer e > 0 such that
zP° € K, where p = char(K), and p; is finitely generated, it follows that
there exists an integer m > 0 such that p7* C pA’. Then p7* C po, hence
p1 C py. Similarly pa C pj, then p; = po. O

LEMMA 3.2. Let A, K’, A" and p be as in 3.1 and p’ the unique prime
ideal of A" which lies over p. Then the injective envelope E 4/ (A'/p’) of
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A'-module A'/y’ is, as an A-module, isomorphic to the direct sum of
[K' : K] copies of the injective envelope EA(A/p) of A-module A/, i.e.,

Ea(A /) = @IK' : KIEa(A/p).
Proof. By [6, 4.3], E4(A'/p’) = De(p'/p)f(p'/p)Ea(A/p) as A-

modules, where e(p’/p) is the generalized ramification index of p’ over p
and f(p'/p) is the residue class degree of p’ over p. Again, by [6, 4.4],
e(p’/p) f(»'/p) = n(p), the rank of the finitely generated free A,-module
AL 'Since A2 A'®, Ay = (AR K') ® 4 Ap = A, @ K, it follows
that n(p) = [K’ : K], as required. O

Next, we return to consider polynomial rings. Let A = K[X;, ..., X,)]
and m a maximal ideal of A. Suppose that L is a splitting field for m. Let
K’ be the subfield of L which is such that L is a separable extension of
K' and K' is a purely inseparable extension of K and G = Gal(L/K).
Then L is a Galois extension of K’ and G = Gal(L/K’). Let m’ be
the unique maximal ideal of A’ = K'[X},..., X,,] which lies over m
and m; = (X7 —as1,...,Xn — @), ¢ = 1,...,t, the maximal ideals of
B = L[X;,...,X,] which lie over m. Then L is a splitting field for w/
and my,..., m; are the maximal ideals of B which lie over m’.

THEOREM 3.3. As A’-modules, E'C is isomorphic to E 4 (A’ /m').

Proof. By [6, 3.5], E' is an injective A’-module. Since, by 2.2, E'¢
is an essential extension of A’/m’ as A’-modules, it follows that in order
to prove E'C = E 4 (A’'/w') it suffices to show that E'C is a maximal
essential extension of A’/m’ in E'.

Let x € E'\ E'®. We want to show that E'C + A’z is not an essential
extension of E'C. Suppose that x = (61, 0y, .. .,8) (cf., [9] for notations).
If 61 € UT" 1 K*[ X1, ..., X,] where K* = K'(ay,...,a,), then

&=z — (O, 057(01), .., oV (61)) £ 0

and 2’ € E'C + A’z. Since the first component of 2’ is zero, we see that
A'z’ N E'® = 0. Then E'C + A’z is not an essential extension of E’C in
this case. Now suppose that §; & Ul'"'lK*[Xl, ..., Xyn| and

w
L
61 = i
1 Z ((Xl —al)ail,_..,(Xn —Qn)ai",l)

i=1
where w > 1, Iy,..., L, € L\ {0}, oy > L, i =1,...,w, 5 =1,...,n,
and (a;1,...,Qn), @ = 1,...,w, are distinct. We may assume that all
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the l; ¢ K*. Suppose that the set
{(Oéﬂ,...,am) i=1,...,w}

has been ordered lexicographically by <: (a1, ..., o) < (Qj1,...,qjn)
if and only if there exists an integer A such that

1<h<n, o0 =qj1,...,00h 1 = Qjp_1, o <
and (oa1,...,000) < (@21,...,00,) < ... < (01, - -y 0yn). For any
f#0c A,
f= 3 fam(Xi—a) (X~ an)?, fi in € K

Since we are going to consider f§;, we may assume that 3;; < Qijy
J=1,...,n. Suppose that

f=f0n(X —a)P (X, =~ )P 4
+ fr1,wn (X1 — a1)PR0 o (X, — ay, )P

where (b11,...,81n) < (B21,---,B2n) < ... < (Ba1, .-, Bnn) and fi1,....in
#0,7=1,...,h. Note that

(qw1 = Bun, -y qwn = O1n) > (i1 — Bj1, - - Qin — Bjn)
for all (4, j) with ¢ # w or j # 1 and
fé1
l/
= Z (X1 —ag)7, .. (X, —a,)Yin, 1)

('Yilyu-a'Yin)((awl*ﬂll,myawn“ﬁln)

Lo f11,..1n
((Xl —_— al)awl_all’ N (Xn — an)awn_ﬁln’ 1)’
Since lyfi1,.1n & K*, it follows that fo1 ¢ Ur" 'K*[Xy,...,X,).
Then fz ¢ E'C, hence A’z N E'C = 0 and E'C 4+ A’z is not an es-

sential extension of E’C. Therefore E'C is a maximal essential extension
of A'/m' in E', as required. O

+

li e L.

THEOREM 3.4. As A-modules, E'® = @[L : K|;Eo(A/m), where
(L : K|; is the inseparability degree of L over K.

Proof. By 3.3, E'® = E4(A'/w’) and by 3.2, Ea(A4'/m’) = DK :
K|EA(A/m). But [K': K] = [L: K];, the result follows. O

COROLLARY 3.5. As A-modules, E'° is isomorphic to E4(A/m) if
and only if a splitting field for m is separable over K.
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COROLLARY 3.6. If K is perfect, then E'C is isomorphic to E4(A/m).

REMARK. It is easy to see that if L is an arbitrary finite normal field
extension of K in which m splits then above results remain true.
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