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SUBORDINATION, SELF-DECOMPOSABILITY
AND SEMI-STABILITY

GYEONG SUK CHOI, SANG YEOL J0oO, AND YUN Kyong Kim

ABSTRACT. Two main results are presented in relation to subor-
dination, self-decomposability and semi-stability. One of the re-
sult is that strict semi-stability of subordinand process by self-
decomposable subordinator gives semi-selfdecomposability of the
subordinated process. The second result is a sufficient condition
for any subordinated process arising from a semi-stable subordi-
nand and a semi-stable subordinator to be semi- selfdecomposable.

1. Introduction and results

Denote the class of distributions (probability measures) on R¢ and the
class of all infinitely divisible distributions on R% by P(R?) and I(R?),
respectively. £(X) is the distribution of a random variable or vector X.
The characteristic function of € P(R?) is denoted by ji(z), z € R%.

A distribution pu€ P(R?) is called self-decomposable if, for every b > 1,
there exists a p, € P(R?) satisfying

(L1) fz) = a0 (=), 2 e RY).

The class of all self-decomposable distributions is denoted by L(R?).
It is called semi-selfdecomposable, if there are some b > 1 and some
€ I(R%) satisfying (1.1). This notion is introduced and characterized in
Maejima and Naito [5] as an extension of self-decomposability on one
hand and semi-stability on the other. Many distributions are known to
be semi-selfdecomposable and their importance has been increasing in
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mathematical physics. See Maejima and Naito [5] and Sato [7]. The class
of all semi-selfdecomposable distributions satisfying (1.1) is denoted by
L(b, R%).

A distribution u€ P(R?) is called semi-stable if, for some a > 1, there
are b > 0 and ¢ € R? satisfying

(1.2) i(2)* = p(b2)ei<e*>, 2 € R%2).

It is called strictly semi-stable if ¢ can be taken to be 0. If x is non-
trivial semi-stable, then b and c in the above definition are uniquely
determined by a, and there is o such that b* = a. The class of all semi-
stable distributions satisfying (1.2) and the class of all strictly semi-
stable distributions satisfying (1.2) with ¢ = 0 are denoted by S(b, )
and So(b, @), respectively. A distribution p is called (b, )-semi-stable
(or a-semi-stable having a span b > 0) or strictly (b, a)-semi-stable (or
strictly a-semi-stable having a span b > 0) if p € S(b, &) or p € So(b, @),
respectively.

A distribution p is called a-stable or strictly a-stable if, for any b >
0, p € S(b,a) or p € Sp(b, ), respectively. A Lévy process {Z(t)}
is called self-decomposable, semi-selfdecomposable, strictly a-stable, a-
stable, strictly (b,a)-semi-stable or (b, o)-semi-stable if L(Z(1)) is self-
decomposable, semi-selfdecomposable, strictly o -stable, a-stable, stric-
tly (b, o)-semi-stable or (b, or)-semi-stable, respectively.

A subordinator is an increasing Lévy process on R. Let {T'(t)} be
a subordinator on R and {X(t)} be a Lévy process on R%. Subordina-
tion is a transformation of {X(¢)} to a new process {Y (t)} defined by
composition as Y (t) = X (T(t))through random time change by {T'()},
where {X(t)} and {T'(t)} are assumed to be independent. It is exten-
sively studied in Sato 7, Chapter 6]. Its importance has been increasing
in mathematical finance. See Barndorff-Nielsen, et.al [1] and Barndorff-
Nielsen and Shephard [2]. An interesting problem is what properties of
{X(t)} and {T(t)} give certain desirable properties of {Y'(¢)}. In this
paper, we treat this problem in association with self-decomposability,
semi-stability and stability.

Our basic results are the following two theorems.

THEOREM 1.1. Let {X(t)} be strictly semi-stable on R*. If {T(t)}

is a self- decomposable subordinator on R, then the subordinated Lévy
process {Y (t)} is semi-selfdecomposable on R®.

THEOREM 1.2. Let {X(t)} be strictly (b1, a1)-semi-stable on R* and
let {T'(t)} be a (bs, az)-semi-stable subordinator on R with aylogb:i/
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logby € Q, the set of rational numbers. Then the subordinated Lévy
process {Y ()} is semi- selfdecomposable on R®.

It is known that if subordinand {X(¢)} is strictly stable and sub-
ordinator {7'(t)} is self-decomposable, then the subordinated process
{Y' ()} is self-decomposable. This is studied by Sato [8] and Bondesson
[3]. A multivariate generalization of this fact is given in Theorem 6.1
of Barndorff-Nielsen et al. [1]. In Theorem 1.1, we consider this fact to
the case where the subordinand {X(¢)} is a strictly semi-stable process.
Proofs of Theorems 1.1 and 1.2 are given in Sections 2 and 3.

If {X(t)} is strictly a- stable and subordinator {T'(t)} is strictly -
stable, then, as is well-know, the subordinated process {Y'(t)} is strictly
af3-stable. It is an interesting problem to see whether this can be gener-
alized to semi-stable case. Proposition 3.1 is the answer to this problem
under the additional assumption in Theorem 1.2, which is treated in
Section 3. Theorem 1.2 is an extension of Proposition 3.1 to the case
where the subordinand {X(¢)} is strictly semi-stable and subordinator
{T(t)} is semi-stable. In the case when «;logb;/logbs is an irrational
number, we do not know whether Theorem 1.2 holds.

2. Proof of Theorem 1.1

Any p € I(R%) has the Lévy representation (A,v,~), which means
that A is a symmetric nonnegative-definite operator on R v is a mea-
sure on R satisfying v({0}) = 0 and fRd_{O}(\xlz A Dv(dz) < oo, and
~ € R% such that

1
f(z) = expli <7,z > -3 < Az, z >+ [ G(z,z)v(dr)]
Rd

for z € R?, where G(z,x) = €'<**> —1—i < z,& > Ijs|<1}. These A, v,
and ~ are uniquely determined by u, A is called the Gaussian variance
and v is called the Lévy measure of u. Here Ip(z) is the indicator func-
tion of D. A Lévy process {Z(t)} is said to have the Lévy representation
(A,v,v) if £L{Z(1)) has the Lévy representation (A,v,v).

A distribution pe P(R?) with (A,v,7) belong to L(R?) if and only
if the Lévy measure v has the expression

(2.1) V(B):/SA(dg) /OOO g%]g(ug)du, B e B(R* - {0}),
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where B(R® — {0}) is the class of Borel subsets of R¢ — {0}, S = {¢ €
R%: |¢| = 1}, X is a finite measure on S, and k¢ (u) is measurable in &,
decreasing in u, and nonnegative. We are using the words increase and
decrease in the weak sense. The condition (2.1) is equivalent to saying
that, for every B € B(R%) and b > 1,

v(B) —v(bB) > 0.

See Sato 7] for review on self-decomposable distributions.
It is a necessary and sufficient condition for ue P(R?) with (A,v,7)
to be in L(b, R%) for some b > 1 that v is expressed as

(2.2) v(B)—v(bB) >0 for some b > 1,

which is given in Sato [7] and Maejima and Naito [5].

It is well-known (see Theorem 30.1 of Sato [7]) that {T'(¢)} is a sub-
ordinator with the Lévy representation (A4, p, 3) and k = L(T'(1)) if and
only if

(2.3) R(z) = exp [/ (€** — 1)p(ds) + iBoz
(0,00)
with Bo = 8 — [,y sp(ds) > 0. Let k" = L(T'(t)). We note that (2.3) is
equivalent to
E[e_”T(t)] = / e Ukt (ds) = et¥(-w), u > 0,
[0,00)

where, for any complex w with Rew < 0,

(2.4) W(w) = fow + / (6% — 1) p(ds).

(0,00)

Let {X(t)} be a Lévy process with the Lévy presentation (A, v,~y) on
R? and {T(t)} be a subordinator with the Lévy representation (4, p, 3)
on R. Then, from Theorem 30.1 of Sato [7], the subordinated process
{Y(t)} = {X(T(t))} is a Lévy process with the Lévy representation
(A" 4, ~*) on R? such that

Aﬁ - IBOA’
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(25)  ¥H(B) = fov(B) + /(0 W(B)plas), B e (R~ (o)),

0 /(0’ ) ( 8) /|x'<1 ( )a
where p® = L(X(s)).

Proor oF THEOREM 1.1. Let {X(¢)}, {T(¢)}, and {Y(¢)} be as
above. By (2.5), we see that, for some b > 1,

VA (bB) = fov(bB) + / u$(bB)p(ds), B € B(RE ~ {0).

(0,00)

Let {X ()} be strictly (b, o)-semi-stable with b > 1. Then, we have that,
for B € B(R? — {0}),

p(bB) = u**" " (B),

which is equivalent to (1.2) with v = 0. Suppose that {T'(¢)} is self-
decomposable. Then (2.1) shows that

C’/ fo (u (u)du, B € B(R(0,00)),

where C = A(1), ki(u) is decreasing in u and nonnegative. Thus, we
have that

/ p*(bB)p(ds) = C " (B)k (s)s™ ds
(0,00) (0,00)

=C 15 (B)ky (sb*)s™1ds,
(0,00)

which leads to saying that, for some b > 1, v#(B) > v#(bB) from the
facts that v(bB) = b=*v(B) and k1(sb®) < ki(s). By (2.2), this means
{Y(¢)} is semi-selfdecomposable. O

3. Proof of Theorem 1.2

Let {X(¢)}, {T(¢t)}, and {Y(¢)} be as in section 1. Let ~, p, Bo,
(A,v,7), (A%, V¥ 4%) and p° be as in section 2. We use C for constant.
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PROOF OF THEOREM 1.2. Let {X(#)}, {T(¢)}, and {Y(t)} be pro-
cesses in Theorem 1.2. Then there exist some positive integers M and N
such that b2** = b). By equation (2.3) and Proposition 2.3 of Choi [4]
(see also Proposition 14.5.3 of Sato [7] and Theorem 3.2.2 of Ramachan-
dran and Lau [6]), the Lévy measure p of {T'(t)} is written as

h(s)

s%2

p(ds) = df

3, 0<ag <1,

where h(s) is nonnegative, right-continuous in s and h(s)s™*2 is de-
creasing in s, h(b2s) = h(s) and h(1) = C. Using this and the fact that

o1

pf(bMB) = pu*b " " (B), we see that

/ 1* (6M B)p(ds) = / u (B oty
(0,00) (0,00) §
_ 3—Nao s —h(S)
=i [ W

for B € B(R? — {0}). This leads to
VAo B) = foby M v(B)

sote [ Blptds), B e B - (o)),
(0,00) '

where we recall that v is the Lévy measure of p = L£(X(1)). Noticing
that v(bM B) = b7™*y(B). Thus we have that v#(B) > (WM B) for
B € B(R?® - {0}). This says that {Y'(t)} is semi-selfdecomposable by
(2.2). O

ProprosITION 3.1. Let {X (¢)} be strictly (b1, a1)-semi-stable and let
{T(t)} be a strictly (b, arp)-semi-stable subordinator. If o log b1/ log ba
is a rational number, then the subordinated Lévy process {Y (t)} is
strictly o as-semi-stable.

Proor. Let {X(t)}, {T(t)}, and {Y(t)} be the processes in Propo-
sition 3.1. Then we have that

E[e<Y®>] — exp(t¥(log i(2)), z € RY,

where g = £(X(1)) and ¥ defined by (2.4). This is shown in Theorem
30.1 of Sato [7]. Let M and N be as in the proof of Theorem 1.2. Then,

we have that
b52 ¥ (w) = W(bow)



Subordination and semi-stability 793

for w € C with Rew < 0. Using the fact that, for some b, ;}(z)blal =
f(b12), we get that

by 2 W(log i) = U(by' log f1(2))
(677" log fi(2))
(log (b7 2))-

LY
v

I

This shows that {Y(t)} is strictly ;- semi-stable having a span b .01

(1]
(2]
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