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Abstract

In this paper, we 1nvest1gate some characterizing theorems for fuzzy (r, s)-semicontinuous, (r, s)-semiopen and (r, s)-
semiclosed mappings on the intuitionistic fuzzy topological space in Sostak’s sense.
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1. Introduction

The concept of fuzzy set was introduced by Zadeh [11].
Chang (2] defined fuzzy topological spaces. These spaces
and its generalizations are later studied by several authors,
one of which, developed by Sostak [10], used the idea of
degree of openness. This type of generalization of fuzzy
topological spaces was later rephrased by Chattopadhyay,
Hazra, and Samanta {3], and by Ramadan [9]."

As a generalization of fuzzy sets, the concept of intu-
itionistic fuzzy sets was introduced by Atanassov [1]. Re-
cently, Coker and his colleagues [4,5,7] introduced intu-
itionistic fuzzy topological spaces using intuitionistic fuzzy
sets. Using the idea of degree of openness and degree of
nonopenness, R. Erturk and M. Demirci [6] defined intu-
itionistic fuzzy topological spaces in Sostak’s sense as a
generalization of smooth fuzzy topological spaces and in-
tuitionistic fuzzy topological spaces.

In this paper, we investigate some characterizing the-
orems for fuzzy (r,s)-semicontinuous, (r,s)-semiopen
and (r, s)-semiclosed mappings on the intuitionistic fuzzy
topological space in Sostak’s sense.

2. Preliminaries

Let I be the unit interval [0, 1] of the real line. A mem-
ber p of IX is called a fuzzy set of X. For any p € I X
¢ denotes the complement 1 — . By 0 and 1we denote

Ha=alX}: 20054 128 2
2tz eix}: 20064 28 8
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constant maps on X with value 0 and 1, respectively. All
other notations are standard notations of fuzzy set theory.

Let X be a nonempty set. An intuitionistic fuzzy set A
is an ordered pair

A= (/'LAa’YA)

where the functions 14 : X — I and y4 : X — I denote
the degree of membership and the degree of nonmember-
ship, respectively, and g4 + v4 < 1.

Obviously every fuzzy set 4 on X is an intuitionistic
fuzzy set of the form (p, 1 — ).

Definition 2.1. ([1])Let A = (u4,v4) and B =
be intuitionistic fuzzy sets on X. Then

(1B, YB)

1. ACBiff us <pugandys > vs.
.A=Biff AC Band B C A.

2

3. A= (va,pa)-

4. ANB=(uaApp,vaVyB).
5. AUB = (ua Vi, 74 \YB)
6

. 0. =(0,T)and 1. = (1,0).

Let f be a map from aset X toasetY. Let A =
(4,74) be an intuitionistic fuzzy set of X and B
(1B,7vp) an intuitionistic fuzzy set of Y. Then:

1. The image of A under f, denoted by f(A):is an in-
tuitionistic fuzzy set in Y defined by ‘

FA) = (f(ma), 1= (1 = 7).



2. The inverse image of B under f, denoted by f ~1(B)
is an intuitionistic fuzzy set in X defined by

S7HB) = (F (1), FHvB)).

A smooth fuzzy topology on X isamap T : IX — I
which satisfies the following properties:

o 2. T(pa A pa) 2 T(p1) AT (p2).
3. TV pi) 2 AT (o)

The pair (X, T) is called a smooth fuzzy topological space.
An intuitionistic fuzzy topology on X is a family T of

intuitionistic fuzzy sets in X which satisfies the following
properties;

1. 0,1 eT.
2. If A1, As € T, then A N Ay eT.
3. If A, € Tforalli, then|JA4; € T.

The pair (X, T) is called an intuitionistic fuzzy topological
space.

Let I(X) be a family of all intuitionistic fuzzy sets of
X and let I ® I be the set of the pair (7, s) such thatr, s € T
andr+s < 1.

Definition 2.2([6]) Let X be a nonempty set. An infu-
itionistic fuzzy topology in Sostak’s sense (SolFT for short)
T = (71, T;)on X isamap 7 : I(X) - I ® I which
satisfies the following properties:

1. T,(0.) = (1) = 1 and T3(0..) = T3(1..) = 0.

2. T,(AN B) > Ti(A) A Ti(B) and T:(AN B) <
To(A) V T2(B).

3. iU A) 2 ANTi(A) and To(U A) <V To(A)).

The (X,7) = (X,71,77) is said to be an intuitionis-
tic fuzzy topological space in Sostak’s sense (SoIFTS for
short). Also, we call 71(A) a gradation of openness of A
and 7(A) a gradation of nonopenness of A.

Let (X, 7) be an intuitionistic fuzzy topological space
in Sostak’s sense. Then it is easy to see that for each
(r,8) € I ® I, the family 7, , defined by

Tirsy = {A€I(X) | T1(A) > r and To(A) < s}

is an intuitionistic fuzzy topology on X.

Fuzzy (r,s)-semicontinuous mappings in Sostak’s sense

Let (X, T) be an intuitionistic fuzzy topological space
and (r,s) € I® I. Thenthe map T : [(X) - I @ I
defined by

(1,0) if AZONalN
TC)(A) =4 (r,s) if AeT—{0.,1.}
(0,1) otherwise

becomes an intuitionistic fuzzy topology in Sostak’s sense
on X.

Definition 2.3 ([8]) Let A be an intuitionistic fuzzy set
in a SOIFTS (X, T;,73) and (r,s) € I ® I. Then A is said
to be

1. fuzzy (r, s)-semiopen if there is a fuzzy (r, s)-open
set B in X such that B C A C cl(B,r,s),

2. fuzzy (r,s)-semiclosed if there is a fuzzy (r,s)-
closed set B in X such that int(B,r,s) C A C B.

Definition 2.4 ([8]) Let (X, 77,72) be a SoIFTS. For
each (r,s) € I ® I and for each A € I(X), the fuzzy
(7, s)-semiclosure is defined by

scl(A,r, s)
= ﬂ{B € I(X) | A C B, Bis fuzzy (r, s)-semiclosed }

and the fuzzy (r, s)-semiinterior is defined by

sint(A, r, s)

= U{B € I(X) | A D B, Bis fuzzy (r, s)-semiopen}.

Lemma 2.5([8]) For an intuitionistic fuzzy set A in a
SoIFTS (X,7;,72) and (r,s) e I® 1,

1. sint(A,r, s)¢ = scl(A¢, r, 5).

2. scl(A, 7, s)¢ = sint(A°,r, 3).

109



HX| U x| A|AE 88| =2 X| 20086, Vol. 16, No. 1

3. Fuzzy (7, s)-semicontinuous mappings

Definition 3.1 ([8]) Let f : (X, 71, T2) — (Y,U1,Us)
be a mapping from a SoIFTS X to another SoIFTS Y and
(r,s) € I®I. Then f is said to be

1. a fuzzy (r,s)-continuous mapping if f~'(B) is a
fuzzy (r, s)-open set of X for each fuzzy (r, s)-open
set BofY,

2. afuzzy (r, s)-open mapping if f(A) is a fuzzy (r, s)-
open set of Y for each fuzzy (r, s)-open set A of X,

3. a fuzzy (r,s)-closed mapping if f(A) is a fuzzy
(r, s)-closed set of Y for each fuzzy (r, s)-closed set
Aof X.

Definition 3.2 ([8]) Let f : (X, T1,T2) — (Y, U, Us)
be a mapping from a SoIFTS X to another SoIFTS Y and
(r,s) € I ® I. Then f is said to be

1. fuzzy (r,s)-semicontinuous if f~(B) is a fuzzy
(r, s)-semiopen set of X for each fuzzy (r, s)-open
set BofY,

2. fuzzy (r,s)-semiopen if f(A) is a fuzzy (r,s)-
semiopen set of Y for each fuzzy (r, s)-open set A
of X,

3. fuzzy (r,s)-semiclosed if f(A) is a fuzzy (r,s)-
semiclosed set of Y for each fuzzy (r, s)-closed set
Aof X.

It is clear that every fuzzy (r,s)-continuous ((r,s)-
open, (r, s)-closed, respectively) mapping is a fuzzy (r, s)-
semicontinuous ((r, s)-semiopen, (r,s)-semiclosed, re-
spectively) mapping for each (r, s} € I ® I. However the
converse need not be true, which is shown by the following
example.

Example 3.3 Let X = {z,y} and 4; and A be intu-
itionistic fuzzy sets of X defined as

Ai(z) = (0.6,0.3), Ai(y) =(0.3,0.5);
and
As(z) = (0.8,0.1), Aa(y) =(0.5,0.4).

Define 7 : I(X) — I ® I by

(1
T(4) = (Ti(4), (4)) = Eo
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Definelf : I(X) - I ®Iby
1

UA) = (h(A),Us(A) = (3,3) if A=A,
0

Then clearly (77,72) and (Ui,U) are SoIFTs on X.
Consider the identity mapping 1x (X, 1, T) —
(X,U;,Uy). Then itis afuzzy (3, 3)-semicontinuous map-
ping which is not a fuzzy (1, 1)-continuous mapping.

Theorem 3.4 Let f : (X,71,73) — (Y’,Ul,%) be a
mapping and (r, s) € I ® I. Then the following statements
are equivalent:

1. fis a fuzzy (r, s)-semicontinuous mapping.

2. f~Y(B) is a fuzzy (r,s)-semiclosed set of X for
each fuzzy (r, s)-closed set Bof Y.

3. f(scl(A,r,s)) C cl(f(A),r,s) for each intuitionis-
tic fuzzy set A of X.

4. scl(f~Y(B),r,s) C f~1(cl(B,r,s)) for each intu-
itionistic fuzzy set B of Y.

5. f~Yint(B,r,s)) C sint(f~(B),r,s) for each in-

tuitionistic fuzzy set B of Y.

Proof. (1) < (2) It is obvious.

(2) = (3) Let A be any intuitionistic fuzzy set of
X. Since cl(f(A),r,s) is fuzzy (r,s)-closed set of Y,
FYcI(f(A),r,s)) is a fuzzy (r, s)-semiclosed set of X.
Thus

scl(A,7,8) Cscl(f~' f(A),r,s)

C scl(f1(cl(f(A),7,8)),T,8)
= [THA(F(A), 7, 8)).
Hence
F(scl(A,7,5)) C ffHCl(f(A), 7, 8)) C lf(A),7,3).

(3) = (4) Let B be any intuitionistic fuzzy set of Y. By
3, :

f(scl(f~Y(B),r,s)) C cA(ff(B),rs) C Cl(B,T, o)
Thus
scl(f(B),7,) € £ f(sellf 7 (B), 7, )

C fHel(B,T,5)).

(4) = (5) Let B be any intuitionistic fuzzy set of Y.
Then B¢ is a intuitionistic fuzzy set of Y. By (4),

sel(f~(B)°,r,3) = scl(f ™' (B®), , )

C f7He(BE,1,)9))-



By Lemma 2.5,
f7H(int(B, 1, 5)) = 71 (cl(B®, 7, 5))°

C scl(f~Y(B®),r, s)¢ = sint(f"1(B),r, 3).

(5) = (1) Let B be any fuzzy (r, s)-openset of Y. Then
int(B,r,s) = B. By (5),

FYB)= £ H(int(B, 7, s)

- sint(f_l(B),r, s) C f‘l(B).

So f~1(B) = sint(f~!(B),r,s) and hence f~1(B) is a
fuzzy (r, s)-semiopen set of X. Thus f is a fuzzy (r, s)-
semicontinuous mapping.

Theorem 3.5 Let f : (X,7;,72) — (Y,U;,Uz) be a
bijection and (r,s) € I ® I. Then f is a fuzzy (r,s)-
semicontinuous mapping if and only if int(f(A),r,s) C
f(sint(A,r, s)) for each intuitionistic fuzzy set A of X.

Proof. Let f be a fuzzy (r,s)-semicontinuous
mapping and A any intuitionistic fuzzy set of
X. Since int(f(A),r,s) is fuzzy (r,s)-open in Y,
fH(int(f(A),r, s)) is fuzzy (r, s)-semiopen in X. Since
f is one-to-one, we have

f_l(int(f(A),r, s)) C sint(f‘_lf(A),r, s) = sint(A,r, s).

Since f is onto,

int(f(A),r,s) = ff " (int(f(A),r,s)) C f(sint(4,r,s)).
Conversely, let B be fuzzy (r,s)-open in Y. Then
int(B,r,s) = B. Since f is onto,
f(sint(f~1(B), 7, ) 2 int(ff~'(B),r,5)
= int(B,r,s) = B.

Since f is one-to-one, we have
fH(B) C f7 f(sint(f7Y(B), 7, 5))

=sint(f~'(B),r,s) C f'(B).

Thus f~'(B) = sint(f~*(B),r,s) and hence f is
fuzzy (r, s)-semiopen in X. Therefore f is fuzzy (r,s)-
semicontinuous.

Theorem 3.6 Let f : (X,7;,T;) — (Y,Uy,Uz) be a
mapping and (r, s) € I ® I. Then the following statements
are equivalent:

1. fis afuzzy (r, s)-semiopen mapping.

2. f(int(A,r,s)) C sint(f(A),r, s) for each intuition-
istic fuzzy set A of X.

3. int(f~*(B),r,8) C f(sint(B,r,s)) for each in-

tuitionistic fuzzy set B of Y.

Fuzzy (r,s)-semicontinuous mappings in Sostak’s sense

Proof. (1) = (2) Let A be any intuitionistic fuzzy set
of X. Clearly int(A,r, s) is a fuzzy (r, s)-open set of X.
Since f is a fuzzy (r, s)-open mapping, f(int(A,r,s)) is a
fuzzy (r, s)-semiopen set of Y. Thus

f(int(A, r, s)) = sint(f(int(4,7,s)),r, s)

Csint(f(A),r, s).

(2) = (3) Let B be any intuitionistic fuzzy set of Y.
Then f~1(B) is an intuitionistic fuzzy set of X. By (2),

f(int(f~1(B),r,s)) C sint(f f~*(B),r, )

C sint(B, r, 3).

Thus we have
int(f~1(B),r,s) C ffGnt(f~Y(B),r, 3))

C f!sint(B, 7, s)).
(3) = (1) Let A be any fuzzy (r, s)-open set of X. Then
int(A,r,s) = A and f(A) is an intuitionistic fuzzy set of

Y. By (3),

A=int(A,r,s) Cint(f' f(A),7,s)

C 7 (sint(f(4), 7, 5)).

Hence we have

F(A) C ff7 (sint(f(A),, 5))

C sint(£(A), 7,5) € £(A).
Thus f(A) = sint(f(A),r,s) and hence f(A) is a fuzzy

(r, s)-semiopen set of Y. Therefore f is a fuzzy (r,s)-
semiopen mapping.

Theorem 3.7 Let f : (X, T;,T2) — (Y,U1,Us) be a
mapping and (r, s) € I ® I. Then the following statements
are equivalent:

1. fis afuzzy (r, s)-semiclosed mapping.

2. scl(f(A),r,s) C f(cl(4,r,s)) for each intuitionis-
tic fuzzy set A of X.
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Proof. (1) = (2) Let A be any intuitionistic fuzzy
set of X. Clearly cl(A,r,s) is a fuzzy (r, s)-closed set
of X. Since f is a fuzzy (r,s)-semiclosed mapping,
F(cl(A,r, 8)) is a fuzzy (r, s)-semiclosed set of Y. Thus
we have

scl{( f(A4),7,s) C scl(f(cl(A,r,s)),7,3)

= f(cl(A4,r,3)).
(2) = (1) Let A be any fuzzy (r, s)~closed set of X.
Then cl{ A, r, 5) = A. By (2),
scl(f(A),r,s) C f(cl(4,r,s))

= f(4) C scl(f(A),r,s).

Thus f(A) = scl(f(A),r,s) and hence f(A) is a fuzzy
(r, s)-semiclosed set of Y. Therefore f is a fuzzy (r, s)-
semiclosed mapping.

Theorem 3.8 Let f : (X,71,7T2) — (Y,U1,U;) be a
bijection and (r,s) € I ® I. Then f is a fuzzy (r, s)-
semiclosed mapping if and only if f=(scl(B,r,s)) C
cl(f~1(B),r, s) for each intuitionistic fuzzy set B of Y.

Proof. Let f be a fuzzy (r, s)-semiclosed mapping and
B any intuitionistic fuzzy set of Y. Then f~1(B) is an
intuitionistic fuzzy set of X. Since f is onto, we have

scl(B,r,s) = scl(ff~Y(B),r, s)
C f(el(f~H(B),T,5)).

Since f is one-to-one, we have
“Uscl(B,r,8)) C fHF(l(fY(B),r,s))
=cl(f~}(B),r,s).

Conversely, let A be any fuzzy (r, s)-closed set of X.
Then cl(A4,r, s) = A. Since f is one-to-one,

FHsCl(f(A),r,8)) Cel(f1 f(A),m,5)
=cl(A,r s) = A
Since f is onto, we have
scl(f(A),r,s) = ff " (scl(f(A),7,5)) C f(A)
C scl(f(A),r,s).

Thus f(A) = scl(f(A),r,s) and hence f(A) is a fuzzy
(r, s)-semiclosed set of Y. Therefore f is a fuzzy (7, s)-
semiclosed mapping.
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