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7-INJECTIVE SUBMODULES OF
INDECOMPOSABLE INJECTIVE MODULES

SEPTIMIU CRIVEI

ABSTRACT. Let 7 be a hereditary torsion theory and let p be a
prime ideal of a commutative ring R. We study the existence of
{minimal) 7-injective submodules of the injective hull of R/p.

1. Introduction and preliminaries

The problem of determining the structure of injective hulls of modules
has been approached since they were defined by Eckmann and Schopf [7].
In the past decades, several attempts have been made to deal with this
difficult problem and some results have been obtained in particular cases
(e.g., [12], [14], [19]). Connected to this, the study of indecomposable
injective modules (e.g., [8], [9], [10], [17]) is of a special importance.

We are interested in considering the injective hull E(R/p) of R/p
for some prime ideal p of a commutative ring R and using the torsion
theoretic framework in order to obtain information on E(R/p). In recent
years, there have been established results on the relationship between
injective hulls or indecomposable injectives and (7-closed) prime ideals
of some rings in the context of a hereditary torsion theory (e.g., [1],
[13]). The purpose of this paper is to study the existence of (minimal)
T-injective submodules of E(R/p).

We first consider arbitrary 7-injective submodules and, for a domain
R, we show that if E;(R/p) # E(R/p), then there exists a countable
family of proper 7-injective submodules of E(R/p) that strictly contain
the 7-injective hull E.(R/p) of R/p. Also, for a noetherian domain R, we
prove that 0 # p € Spec(R) is 7-closed in R if and only if Ann E(R/p)P"
is T-injective for every integer m > 1. As far as minimal 7-injective sub-
modules are concerned, we show that E(R/p) has at most one minimal
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T-injective submodule. If this does exist, then it is necessarily E(R/p)
and this happens if and only if R/p is either r-torsion or 7-cocritical.
Finally, we establish a direct sum decomposition theorem and we show
that every non-zero direct summand of a 7-completely decomposable
module has a minimal T-injective direct summand. Some of the present
results generalize for an arbitrary torsion theory properties established
in [2] and [3] for the Dickson torsion theory [6].

Now let us give some basic notation and terminology. Throughout
the paper we denote by R an associative ring with non-zero identity and
all modules are left unital R-modules. Also 7 will always be a hereditary
torsion theory on the category of left R-modules. For a submodule B of
a module A, B < A denotes the fact that A is an essential extension of
B. We denote by Spec(R) the set of all prime ideals of a commutative
ring R. For a prime ideal p of a commutative ring R, we denote by dim p
the (Krull) dimension of the ring R/p.

Let A be a module and let B be a submodule of A. Then B is called
7-dense (respectively 7-closed) in A if A/B is 7-torsion (respectively 7-
torsionfree). The 7-closure of B in A is the unique minimal 7-closed
submodule of A containing B. A non-zero module A is said to be 7-
cocritical if A is 7-torsionfree and each of its non-zero submodules is
T-dense in A.

A module A is said to be 7-injective if it is injective with respect
to every monomorphism having a 7-torsion cokernel. For any module
A, E(A) and E;(A) denote the injective and the T-injective hull of A
respectively. In this paper, a non-zero module that is the T-injective hull
of each of its non-zero submodules is called minimal T-injective. Such
modules are the torsion theoretic analogues of indecomposable injective
modules. It is clear that every minimal 7-injective module is either
T-torsion or 7T-cocritical. Also, a module is 7-torsionfree minimal 7-
injective if and only if it is 7-cocritical T-injective [11, Proposition 14.9].
A module A is said to be T-completely decomposable if it is a direct sum
of minimal 7-injective submodules (16, p.77].

For additional information on torsion theories the reader is referred
to [11] and [21].

2. t-injective submodules

We begin with several preliminary technical lemmas.

LEMMA 2.1. Let A be a r-injective module and let B be a proper
essential T-injective submodule of A. Suppose that it does not exist any
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proper T-injective submodule of A that strictly contains B. Then A/B
is T-cocritical.

Proof. Since B is a proper essential 7-injective submodule of A, A/B
is 7-torsionfree. Now let C' be a submodule of A that strictly contains
B and let C’ be the T-closure of C in A. Since C’ is 7-closed in A, it
follows that C’ is 7-injective. Then by hypothesis we have C' = A. Thus
A/C is T-torsion, showing that A/B is T-cocritical. O

For the rest of this section the ring R is assumed to be commutative.

LEMMA 2.2. [4, Lemma 2.1} Let A be a T-cocritical module. Then
for every 0 # a € A, Annga = AnngA € Spec(R) and R/AnngA is
T-cocritical.

LEMMA 2.3. Let A be a T-cocritical faithful module. Then E.(A) =
E(A) = E(R).

Proof. Let 0 # a € A. By Lemma 2.2 we have Annga = AnngA =0
and R & Ra is 7-cocritical. Then every 7-injective module is injective,

whence E(A) = E;(A) = E;(Ra) = E(Ra) & E(R). O

THEOREM 2.4. Let R be a domain, let A be a T-injective module
with AnngA = 0 and let B be a proper essential T-injective submodule
of A with AnngB # 0. Then there exists a countable family of proper
T-injective submodules of A that strictly contain B.

Proof. Suppose that it does not exist any proper T-injective submod-
ule of A that strictly contains B. By Lemma 2.1, A/B is r-cocritical.
Then by Lemma 2.2, p = Anng(A/B) € Spec(R). Suppose that p = 0.
Then A/B is faithful 7-cocritical and by Lemma 2.3 we have E(R) &
E.(A/B). It follows that R is 7-cocritical, hence every T-injective mod-
ule is injective. But then B is a direct summand of A, a contradiction.
Therefore p # 0.

Now let 0 # d € p and 0 # r € AnngB. Then dr € AnngA =0, a
contradiction. Therefore there exists a proper 7-injective submodule Dy
of A that strictly contains B. If AnngD; = 0, there exists a proper 7-
injective submodule Dy of D; that strictly contains B. If AnngD, # 0,
there exists a proper 7-injective submodule D5 of A that strictly contains
Dy. Now the result follows. O

For the reader’s convenience we recall the following result.

THEOREM 2.5. [4, Theorem 2.5] Let p € Spec(R) be such that R/p
is T-cocritical. Then E.(R/p) = Anngg/,p and there exists an R-
isomorphism between E.(R/p) and the field of fractions of R/p.



68 Septimiu Crivei

COROLLARY 2.6. Let R be a domain and let 0 # p € Spec(R) be
such that R/p is T-cocritical. Then there exists a countable family of
proper T-injective submodules of E(R/p) that strictly contain E.(R/p).

Proof. By Theorem 2.5, E-(R/p) =Anngg/pp- Then by [20, Lemma
2.31] we have Anng(E,(R/p)) = p. Since Anng(E(R/p)) = 0, we have
E.(R/p) # E(R/p) and the result follows from Theorem 2.4. O

Note that Theorem 2.4 is not suitable for obtaining a result as Corol-
lary 2.6 when p = 0. Indeed, then we have AnngE(R) = 0, but also
AmngE (R) = 0. In order to discuss that case, we need a variation of
the ideas from the proof of Theorem 2.4.

THEOREM 2.7. Let R be a domain and let B be a non-zero proper
T-injective submodule of E(R). Then there exists a proper T-injective
submodule of E(R) that strictly contains B.

Proof. Suppose that it does not exist any proper T-injective sub-
module of E(R) that strictly contains B. By Lemma 2.1, E(R)/B is
7-cocritical. Then by Lemma 2.2, p = Anng(E(R)/B) € Spec(R). Sup-
pose that p = 0. Then E(R)/B is faithful 7-cocritical and by Lemma
2.3 we have F(R) = E.(E(R)/B), hence E(R) is minimal 7-injective,
a contradiction. Therefore p # 0. Now let 0 # d € p. Seeing E(R)
as the field of fractions of R, let § € E(R)\ B. But then we also
have § = d- ;7 € B, a contradiction. Therefore there exists a proper
T-injective submodule of E(R) that strictly contains E. O

COROLLARY 2.8. Let R be a domain such that E;(R) # E(R). Then:

(1) There exists a totally ordered countable family of proper T-injective
submodules of E(R) that strictly contain E,(R).

(i) If every T-dense ideal of R is finitely generated, then E(R) is the
union of a totally ordered family of proper T-injective submodules
that contain E.(R).

Proof. (i) By Theorem 2.7.

(ii) Let F be the family of all proper 7-injective submodules A of
E(R) that contain E.(R). Clearly, F is non-empty. By Theorem 2.7,
F does not have a maximal element. Now suppose that E(R) is not
the union of a totally ordered subset of F. Let (D;)jcs be a totally
ordered subset of 7 and D = {J;c; Dj. Let I be a 7-dense ideal of R
and let f : I — D be a homomorphism. Since I is finitely generated,
f(I) C Dy for some k € J. By the 7-injectivity of Dy, there exists a
homomorphism g : R — Dy, that extends f. Thus D is 7-injective. We
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also have D # E(R). Hence D € F and D is an upper bound of (D;);e..
By Zorn’s lemma, F has a maximal element, a contradiction. Now the
conclusion follows. ’ O

By now we have worked under the hypothesis that, for p € Spec(R),
the 7-injective hull and the injective hull of R/p do not coincide. Let us
see what happens when they are the same.

THEOREM 2.9. Let p € Spec(R) be such that E.(R/p) = E(R/p).
Then E(R/p) is minimal T-injective.

Proof. Let A be a non-zero submodule of E.(R/p) and let 0 # a € A.
Then there exists € R such that 0 # ra € R/p. Hence Anng(ra) =p
and we have Rra = R/p. It follows that E,(Rra) & E.(R/p) = E(R/p),
whence we get E (Rra) = E(R/p). We also have E;(Rra) < E.(A) <
E.(R/p) = E(R/p). Thus E;(A) = E(R/p) and, consequently, E(R/p)
is minimal 7-injective. O

In the sequel we are interested in studying certain particular submod-
ules of E(R/p), where R is noetherian and 0 # p € Spec(R).
Following [22, p.83], for each integer m > 1 denote

A = {z € E(R/p) | p"a = 0}.

Note that A; C A4, C--- C A, € A1 C ---. If R is noetherian, then
we have E(R/p) = U;,_; Am [22, p.83]. If R is a domain, then each A4,
is a proper submodule of E(R/p), because otherwise p™ C AnngA,, =
AnngpE(R/p) = 0.

We have seen in Theorem 2.5 that if p € Spec(R) is such that R/p
is T-cocritical, then Ay = Anngg/,p = E-(R/p), hence A, is clearly
T-injective. In the case of a noetherian ring, we study the 7-injectivity
of the submodules A,, depending on the prime ideal p. Clearly, every
p € Spec(R) is either 7-dense or 7-closed in R.

THEOREM 2.10. Let R be noetherian and let 0 # p € Spec(R).
(i) Ifp is T-dense in R, then each proper submodule A,, of E(R/p) is
not T-injective.
(ii) Ifp is T-closed in R, then each Ay, is T-injective.

Proof. (i) Since R is noetherian and R/p is 7-torsion, we have E.(R/p)
= E(R/p). Then by Theorem 2.9, E(R/p) is minimal 7-injective and
the conclusion follows.

(ii) Let P be the set of all 7-closed prime ideals of R. Using [21,
Chapter VI, Corollary 6.15], it is easy to show that 7 is generated by
the class consisting of all modules isomorphic to factor modules U/V,
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where U and V are ideals of R containing a prime ideal ¢ of R with
9¢ P

Let m > 1. We show that F(R/p)/Am is 7T-torsionfree. Suppose
the contrary. Then there exists a non-zero submodule B of E(R/p)/Am
such that B = U/V, where U and V are ideals of R containing a prime
ideal q of R with ¢ ¢ P. Then qU C V, hence ¢B = 0. Note that ¢ Z p,
because otherwise ¢ C p and p € P imply ¢q € P, a contradiction.

On the other hand, there exists an element z € E(R/p)\ A, such that
z + A, € B. Then p™z # 0 and gz C A,,, hence ¢ C Anng(p™z) C p
[20, Lemma 2.31], a contradiction. Therefore A,, is 7-injective. O

COROLLARY 2.11. Let R be a noetherian domain and let 0 # p €
Spec(R). Then:

(1) p is 7-closed in R if and only if each Ay, is T-injective.
(ii) Ifp is T-closed in R, then E(R/p) is the union of a totally ordered
countable family of proper T-injective submodules.
(iii) If R/p is T-cocritical, then E(R/p) is the union of a totally ordered
countable family of proper T-injective submodules that contain
Er(R/p).-

COROLLARY 2.12. Let R be a noetherian domain and let 0 # p €
Spec(R) be such that R/p is T-torsionfree, but not 7-cocritical. Then
for each m > 1, there exist T-injective modules By such that

An C--  CBy C---CBy CApqta-

Proof. Let us show first that A, # A, for each m. Suppose that
there exists m such that A,, = Am+1. Then A,y = Ay, for every
positive integer ¢, whence E(R/p) = Anm, a contradiction.

Now let B be a 7-injective module such that A,, C B C A,1.
Suppose that it does not exist any proper 7-injective submodule of B
that strictly contains A,,. By Lemma 2.1, B/A,, is 7-cocritical. Then
by Lemma 2.2 we have ¢ = Anng(B/A,) € Spec(R) and R/q is 7-
cocritical. Then q € p, because otherwise R/p would be either T-torsion
or 7-cocritical.

On the other hand, let b € B\ A,,. Then p™b # 0 and ¢gb C A,
hence ¢ C Anng(p™b) C p [20, Lemma 2.31], a contradiction. Now the
result follows. O
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3. Minimal T-injective submodules

Now let us continue our discussion on the existence of 7-injective sub-
modules of indecomposable injective modules by considering the minimal
T-injective ones.

LEMMA 3.1. Let A be an indecomposable injective module. Then A
has at most one minimal T-injective submodule.

Proof. Suppose that B and C' are minimal 7-injective submodules of
A. Then E(B) = E(C) = A. But B and C are 7-injective, hence they
are 7-closed in A. Then BN C is 7-closed in A, hence 7-injective. Thus
BnC=B=C. d

For the rest of this section the ring R is assumed to be commutative.
For E(R/p) we shall be able to tell exactly which is that minimal 7-
injective submodule. To this end, let us first decide when E, (R/p) is
minimal 7-injective.

THEOREM 3.2. Let p € Spec(R). Then E (R/p) is minimal 7-
injective if and only if R/p is either T-torsion or T-cocritical.

Proof. (i)==(ii) Clear.

(ii)=(i) Suppose first that B/p is 7-torsion and let B be a non-zero
submodule of E;(R/p). Then E.(B) is 7-dense in E;(R/p), hence it is
a direct summand. But E.(R/p) is uniform, hence we have E,(R/p) =
E.(B). Thus E;(R/p) is minimal 7-injective.

If R/p is T-cocritical, then clearly E.(R/p) is minimal r-injective. O

The following form of T-torsionfree minimal 7-injective modules will
be useful.

PROPOSITION 3.3. [4, Proposition 2.3] If A is a T-torsionfree minimal
T-injective module, then A = E (R/p), where p = AnngA € Spec(R).

COROLLARY 3.4. Let p € Spec(R). Then:
(i) If E(R/p) has a minimal T-injective submodule, then this is E-(R/p).
(ii) E(R/p) is minimal T-injective if and only if E.(R/p) = E(R/p).

Proof. (i) By Theorem 3.2 and Proposition 3.3.
(ii) By (i) and Theorem 2.9. O

Now we are able to discuss the existence of 7-injective submodules
inside the 7-injective hull of R/p. Note that by Theorem 3.2 this problem
makes sense if R/p is neither 7-torsion nor 7-cocritical.
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THEOREM 3.5. Let p € Spec(R) be such that R/p is T-torsionfree,
but not T-cocritical. Then there exist T-injective modules Dy, such that

- CDpCc---CD CET(R/p)
and Dy, = E.(R/p) for each k.

Proof. Note that E;(R/p) is not minimal 7-injective by Theorem 3.2
and we have E-(R/p) # E(R/p) by Theorem 2.9.

Now let D be a non-zero proper 7-injective submodule of E,(R/p) and
let 0 # a € D. Then there exists r € R such that 0 # ra € R/p. Hence
Anng(ra) = p and we have Rra = R/p. Put D, = E.(Rra). Then
Dy, € D C E-(R/p) and D; = E.(R/p). Now repeat the argument
for Dy instead of E.(R/p). The requested modules Dy are obtained
inductively. N

In what follows we consider 7-completely decomposable modules, that
is, direct sums of minimal 7-injective modules. An important result con-
cerning direct sum decomposition theorems for the 7-injective hull of a
module is [18, Proposition 2|, where it is given an equivalent condition
for the T-injective hull of a finitely generated module to be a direct
sum of uniform submodules. We shall establish conditions under which
the T-injective hull of a module, not necessarily finitely generated, is a
direct sum of minimal 7-injective modules. Recall that every minimal
T-injective module is uniform, but the converse does not hold in gen-
eral. For instance, if p € Spec(R) is such that E,(R/p) # E(R/p), then
E(R/p) is uniform, but not minimal 7-injective. The next result gener-
alizes the corresponding one for indecomposable injective modules [20,
Theorem 4.9].

THEOREM 3.6. Let A be a module and let B = BN ---N B, be an
irredundant intersection of submodules of A such that each E.(A/B;)
is a minimal T-injective module. Then E.(A/B) is T-completely decom-
posable.

More precisely, E.(A/B) = @, E-(A/B;) and any two such direct
sum decompositions are isomorphic.

Proof. Let f : A — @}, E;(A/B;) be the homomorphism defined
by f(a) = (a+ Bi1,...,a+ By). Then f induces a monomorphism g :
A/B — @ | E-(A/B;). For each i € {1,...,n}, let ¢; : E-(A/B;) —
D}, E;(A/B;) denote the canonical injection. Since the intersection
B = B;nN---NB, is irredundant, for every i there exists b; € ByN---N
B;i_1N0Bjyi1N---N By, such that b; ¢ B;. Then g(bi + B) = qi(bi -+ Bz) is
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a non-zero element of g(A/B) N ¢q;(A/B;). But E;(A/B;) is minimal 7-
injective, hence so is ¢;(E-(A/B;)). Then ¢;(E,;(A/B;)) is a 7-injective
hull of g(A/B) N qi(A/B;). Hence

P E-(A/B;) = @qz +(A/By))
i=1
= ET(@(g(A/B) Ng:(A/Bi)))

= E.(g(A/B)) = E-(A/B).

Since the endomorphism ring of a minimal T-injective module is lo-
cal [11, Proposition 8.16], the Krull-Remak-Schmidt-Azumaya Theorem
finishes the proof. d

Now let us illustrate this decomposition result.

EXAMPLE 3.7. Let n be a positive integer and consider the hereditary
torsion theory 7,, generated by all modules of Krull dimension at most n.
Then a prime ideal p of R is 7,,-dense (respectively 7,,-closed) in R if and
only if dim p < n (respectively dimp > n+1) [4, Lemma 3.1]. Also, for R
noetherian, a module A is 7,-torsion (respectively T,-torsionfree) mini-
mal 7,-injective if and only if A = E(R/p) (respectively A = E. (R/p)),
where p is a prime ideal of R with dimp < n (respectively dimp = n+1)
[4, Theorem 3.5].

Consider the polynomial ring R = K[Xq,...,Xn42], where K is a
ﬁeld and n Z 2. Letp = (XlXQ,X1X3). prl = (Xl) and Do = (XQ,X3),
then p = p1 N p2 is an irredundant intersection of the prime ideals p;
and py of R. We have dimp; = n+ 1 and dimps = n. Then R/p; is
Tp-torsion. Since R is noetherian, it follows that R/p; is 7,-cocritical
[4, Corollary 3.3] and E,, (R/p2) = E(R/p2). Also, E; (R/p1) and
E. (R/p2) are minimal 7,-injective. Then by Theorem 3.6,

Er, (K[X1,. .., Xnto]/ (X1 X2, X1.X3))
= Ern(K[Xb cen ,Xn+2]/(X1)) &5 E(K[Xl, R Xn+2]/(X2,X3)) .
Using the ring isomorphisms K[X71,..., Xp12]/(X1) 2 K[Xs, ..., Xnyo]

and K[X1,...,Xnt+2]/(X2,X3) =2 K[X1,X4,...,Xn4o], it follows by
Theorem 2.5 that we have the R-isomorphism

E. (K[X1,..., Xnt2]/(X1X2, X1 X3))
= K(Xa,..., Xnt2) @ E(K[X1, Xy, ..., Xnia]),



74 Septimiu Crivei

where K(X,...,Xpy2) is the field of fractions of K[Xa,..., Xn1a)
Moreover, K(Xs,...,Xpn+2) is Tp-torsionfree minimal 7,-injective and
E(K[X1,X4,...,Xni2]) is T-torsion minimal 7,,-injective.

In [15] it was proved that every non-zero direct summand of a di-
rect sum of indecomposable injective modules has an indecomposable
injective direct summand. We shall generalize this result to the torsion
theoretic context, but first we need several preliminary lemmas.

LEMMA 3.8. [5, Lemma 3.5] If A is a 7-completely decomposable
module and B is a T-injective submodule of A, then B is a direct sum-
mand of A.

LEMMA 3.9. Let A be a r-completely decomposable module, let B
be a direct summand of A and let C be a T-injective submodule of A
such that BN C =0. Then B @ C is a direct summand of A.

Proof. Write A = B & D for some submodule D of A and let p :
A — D be the canonical projection. Since BNC = 0 we have p(C) = C.
Hence p(C) is a 7-injective submodule of A. Now by Lemma 3.8, p(C) is
a direct summand of A and, consequently, of D. But B&C = B&p(C).
Therefore B @ C is a direct summand of A. O

LEMMA 3.10. [15, Lemma 2.1] Let X,Y, Z be submodules of a module
such that X @Y = X @& Z. Then there exists an isomorphism f : Y — Z
such that f(B)NC = (X @ B)NC for every submodule B of Y and for
every submodule C of Z.

THEOREM 3.11. Let A be a T-completely decomposable module. Then
every non-zero direct summand of A has a minimal T-injective direct
summand.

Proof. Let A = ,; A, where each A; is a minimal T-injective sub-
module of A and let B be a non-zero direct summand of A. Denote by
P the family of all finite subsets J of I such that (€,c;4;) N B # 0.
Note that P is non-empty. Denote by k the least (finite) cardinal of
the elements of P, say k = |K| and take K = {i1,...,ix}. Also write
A = B & C for some submodule C of A.

Suppose first that kK = 1. Since (4;, NB)N(A;,; NC) =0, A; "B #0
and A;, is uniform, we have A;, NC = 0. Then by Lemma 3.9, it follows
that A;, ®C is a direct summand of 4, say A = A;; $C®D. But we also
have A = B @ C. Then there exists an isomorphism f : 4;, & D — B.
Hence B = f(A;, ® D) = f(A;;) ® f(D). Therefore f(A;,) is a minimal
T-injective direct summand of B.
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Suppose now that £ > 1. Denote M = A;, @---® A;,_, and L =
@iel\{il,...,ik_l} A;. Clearly, M N B = 0 by the choice of k. By Lemma
3.9, since M is 7-injective, M @ B is a direct summand of A, say A =
M @& B@® N. On the other hand, we have A = M ¢ L. By Lemma 3.10,
it follows that there exists an isomorphism ¢ : L — B @ N such that
g(A;) N B = (M @ A;,) N B. But since (g(A;,) N B) N (g(A4;,) N N) =
0, 9(A;,) N B = (@i Ai) N B # 0 and g(A;,) is uniform, we have
g(A; ) NN = 0. Now repeat the argument used for k = 1. Then B will
have a minimal 7-injective direct summand isomorphic to g(4;,). O
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