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GRAPH REPRESENTATIONS OF NORMAL MATRICES

SANG-GU LEE AND HAN-GUK SEOL

ABSTRACT. We call the bipartite graph G is normal provided the
reduced adjacency matrix A of G is normal. In this paper we give
graph representations of normal matrices. In addition we shall have
the characterization of signed bipartite normal graphs.

1. Introduction

For an integer n > 2, an n x n matrix A is said to be reducible if there
is a permutation matrix P and some integer r with 1 <r < n — 1 such
that

O A

where Aj; is an r x r matrix. Otherwise A is called irreducible. In
particular, if A19 = O then A is separable. The matrix A is inseparable
if A is not separable. A real matrix A is said to be normal if A commutes
with its transpose AT. Clearly, any symmetric matrix is normal, and
any reducible normal matrix is permutationally similar to a direct sum of
irreducible normal matrices. So we start with nonsymmetric, irreducible
normal matrices.

Results on graph representations of matrices can be found in detail
from {1]. And a large number of characterizations of normal matrices
were given by Grone et al. in [3]. The combinatorial structure of nonneg-
ative normal matrices, in particular, (0, 1)-normal matrices, was investi-
gated in [4] (also see [5]). Normal graphs can be considered as a closure
of perfect graphs by means of co-normal products [6] and graph entropy
[2]. In this paper, we define bipartite normal graphs and consider the
properties of this bipartite normal graphs.
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Let G be a bipartite graph with a partite vertex sets X = {1,2,...,n}
and X' = {1',2,...,n’}. The neighborhood of a vertex z in G, denoted
by N(z), is the set of vertices in G adjacent to x, and the co-degree of
two vertices z and y in G, denoted by ¢(z,y), is the number of vertices
in N(z) N N(y). Consider the matrix product AAT (or ATA). In AAT,
the (i, 7)-entry of AAT is the inner product of ith row and jth row of
A (respectively, (i,7)-entry of AT A is the inner product of ith column
and jth column of A). Now we apply this fact to the combinatorial
properties of its related graph. Since we know the inner product of rows
of A are same as the cardinality on intersection of neighborhoods of
vertices. We can have the following definition.

DEFINITION 1.1. A bipartite graph G is said to be normal if (i, j) =
c(?', 3") for any two vertices 4, in X and corresponding 7', " in X’ of G.

Normal graphs and (0, 1)-normal matrices are closely related. Since
any symmetric matrix is normal, so that we can concentrate on non-
symmetric (0, 1)-normal matrices. It is easy to see that for n < 2 there
is no nonsymmetric (0, 1)-normal matrix of order n. If G is a bipartite
graph with bipartition X = {1,2,...,n} and X’ = {1',2/,...,n}, then
G determines an n x n (0, 1)-matrix A = [a;;], where a;; = 1 if and only
if {1,7'} is an edge of G. We call A the reduced adjacency matriz of G.
Then we obtain the following.

THEOREM 1.2. A bipartite graph G is normal if its reduced adjacency
matrix A(G) is normal.

THEOREM 1.3. [1, Theorem 4.2.7] Let A be a nonzero (0, 1)-matrix
of order n with total support, and let G be the bipartite graph whose
reduced adjacency matrix is A. Then A is fully indecomposable if and
if only G is connected.

Any normal matrix is permutationally similar to a direct sum of ir-
reducible normal matrices. And any irreducible matrix is fully inde-
composable. So in this paper, in view of Theorem 1.3, we consider the
properties of a connected bipartite normal graph.

2. Bipartite normal graphs

Throughout this paper, let G denote a bipartite graph with a partite
vertex sets X = {1,2,...,n} and X' = {1',2/,...,n'}, and let E(G)
denote the set of edges in G. We can easily show that, if G is normal
then for each i = 1,...,n, the degrees of the vertices i and ¢ are equal
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as deg(i) = deg(?'). As usual, K, , denotes the complete bipartite graph
with bipartition X = {1,2,...,n} and X' = {1/,2/,...,n'}. We say that
the complement of a graph G is K, \ G, and denote the complement
of G by G¢. We now have the following theorem.

THEOREM 2.1. A bipartite graph G is normal if and only if G¢ is
normal.

Proof. Let ¢(1,7) and (1, ) be the codegrees of the bipartite graphs
G and G°. By normality of G, c(i,j) = c(i/,5') for each 4,5 € X and its
corresponding ¢/, 7' € X'. Since G¢ is Kn 5 \ G,
c(4,5) = IN(i)° N N (5)]
= [[N(@) UN(H)]
=n—[N(i) UN(j)|
=n—[[N@)|+[N(G)| = [N(@) N N(G)|]
=n — {deg(i) + deg(j) — c(2,5)}
and
d(#,5") = n — {deg(i’) + deg(j") — c(i', ) }-
So one can obtain
c(4,7) = n — {deg(¢) + deg(j) — c(i,4)}
=n — {deg(¢') + deg(j’) — (¢, 5)}
=d(@, ). O
For example, let G be the bipartite graph with a partite vertex sets
X ={1,2,...,5} and X' = {1',2/,...,5'} in Figure 1.
Then G has reduced adjacency matrix

10100
11010
AG)=10 0 1 1 1
01100
01001

Since the complement graph G of a graph G is as in Figure 2, the
reduced adjacency matrix of GC is

01011
001 01
AG)Y=J—-AG)=1[1 100 0
1 0 01 1
1 01 10
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FIGURE 1. The bipartite graph G with a partite vertex
sets X ={1,2,...,5} and X' = {1",2/,...,5'}

In fact,
31 1 21
12011
AGHAGEHYT =1 0 2 1 1] = AGHTA(GE).
2 113 2
1 11 2 3

C

Hence the complement graph G“ is a bipartite normal graph.

We know that the set of n x n nonsymmetric normal (0, 1)-matrices
is closed under three operations which are permutation similarity, trans-
position and complementation. Two (0, 1)-matrices A and B are called
equivalent if B is obtained from A by finitely many these operations|7].
We note that if a (0, 1)-normal matrix A is equivalent to (0, 1)-matrix
B, then B is also normal. Let G be a bipartite normal graph. If the
number of edges in G is less than or equal to 2, then G is a symmetric
graph. If G and G° have both irreducible reduced adjacency matrices,
then N (i) and N(¢)° are both nonempty for each i. Now we have the
following proposition.

PrOPOSITION 2.2. Let G be a nonsymmetric bipartite normal graph
of order 2n. Then the number of edges in G is between 3 and n? — 3.
If, further, G and G° both have irreducible normal reduced adjacency
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FIGURE 2. The complement graph G of G

matrices, then the number |E(G)|of edges in G satisfies the following:
n < |E(G)| < n? —n.

We call that {i,j'} is a symmetric edge of G provided either both
{i,5'} and {j,7} are adjacent or both are not, otherwise {i,;'} is a
nonsymmetric edge of G. In particular if N(i) = {i],45,...,4}} and
N(i') = {i1,%2,...,ixk}, then we call N(i) a symmetric neighborhood of
G. Clearly, the graph G is normal if it has symmetric neighborhood for
each vertices in G.

THEOREM 2.3. Let G be a connected bipartite normal graph such
that N(i) and N(j) are symmetric neighborhoods of G for some i and
J- If {3, 5"} (thus {j,7'}) is not an edge of G, then the graph G' obtained
by adding edges {1, j'} and {j,7'} to G is normal.

Proof. Let c/(s,t) be the co-degree of the vertices s and ¢ in G’
and N'(k) be the neighborhood of k in G’. Since c(s,t) = c¢(s',t') for
each s,t = 1,2,...,n, and d(s,t) = (¢,t') for each s,t # 4,7, it is
sufficient to show that ¢/ (¢, k) = ¢/(¢/, k') and (j, k) = (5, k) for each
k=1,2,...,n and k # i,j. First we show that ¢/(i,k) = (i, k) for
each k = 1,2,...,n. Let N(i) = {4},45,...,i,}, N(4) = {41,55,.--, J;}
and N(i') = {i1,42,...,4p}, N(j') = {j1,J2,---,7q}- Then our condition
implies that N'(6) = N(i) U {7'}, N'(¥) = N(#) U (3}, N'(j) = N(j) U
{i'}, and N'(j') = N(5') U {i}. Since N'(k) = N(k) and N'(¥') =
N(K'), for any k = 1,2,...,n,k # i,j. And for each k = 1,2,...,n,
{7} N N(k)| = {5} N N(k')| by the symmetricity of the neighborhood
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of j, we get

(2)

(@) NN(k )i
N(Z)U{J HON(K)

() N(&)]U {5} n N (k)]

) + {7’} NN (&)
k) + {7} NN (&)
=c (k).

Similarly, we can show that ¢/(j,k) = ¢/(j/, k') for each k = 1,2,...,n
Thus the proof is complete. ]

COROLLARY 2.4. Let G be a connected normal bipartite graph such
that N (i) is a symmetric neighborhood of G for some 1. If {i,%'} is not
an edge of G then the graph G’ obtained by adding the edge {i,7'} to G
is normal.

For example, let G be a bipartite graph defined in Figure 1. Then G
is normal, and G'(Figure 3) obtained by adding the edge {4,4'} to G is
normal. In fact, the reduced adjacency matrix of G’ is ;

10100
11010
AGY=100 111
01110
01001

This A(G’) is a normal matrix.

THEOREM 2.5. Let G be a connected normal graph, and let G’ be
the graph obtained by deleting every symmetric edges in G. Then G’ is
normal.

Proof. Let E, be the set of symmetric edges of G and let a; =
{i1,%2,...,%k}, o = {3],15,...,1}} be the subsets of vertex sets X and
X' with corresponding to E,, respectively. Let ¢(3,7),c (¢, 5') be the
co-degrees of G'. Since G is normal,

c(6,5) = ING) N NG| = NE) N NG| = (@, 5).
So

¢(4,5) = IN@O)NN@G) — 2| = INE)NN() —aa| = (@, 7). O
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FIGURE 3. The graph G’ obtained by adding the edge
{4,4'} to G

For example, let G”(Figure 4) be a bipartite graph with deleted all
symmetric edges from above example graph G. Then the reduced adja-
cency matrix of G” is

00100
10000
AG")=10 0 0 0 1
00000
01000

This A(G”) is a normal matrix.

A matching of a graph G is a set of pairwise vertex disjoint edges,
and a perfect matching is a matching in which each vertex is adjacent to
an edge. Now we characterize the normal bipartite graph by matching
of a graph G.

THEOREM 2.6. Let G be a connected normal graph which has at least
one nonsymmetric edge, and let G’ be the graph obtained by deleting
every symmetric edges in G. Then for some k > 1, there exist pairwise
disjoint matchings M, ..., My in G’ such that E(G') = My U---U M
and |M;| > 3 foreachi=1,... k.

Proof. Let (i,j') be an edge of the graph G'. Since by the normality
of G, deg(i) = deg(i') and deg(j) = deg(j5’) in G'. So there is an edge
(4,k") € G' and (k,j') is not in G'. If k = 4, then (4,5') and (j,) are
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FIGURE 4. The graph G” obtained by deleting every
symmetric edges in G

symmetric edge which is not in G’. So k # 1. Since deg(k) = deg(k') in
G, there is an edge (k,l') € G'. Ifl =i, then M3y = {(¢,5"), (4, k'), (k,7')}
is a matching in G’ with |[M7| = 3. If | # i, then there is an edge
(I,m’) € G', and m = i we can obtain a matching M; in G’ with
|M;| = 4. In this process, we can obtain a matching M; in G’ with
|M1] > 3. Let G” = G’ — M;. We can construct a matching M, with
|M2| > 3 in a similar manner. So we can obtain a disjoint matchings
Ml,Mg, .. .,Mk in G’ such that E(Gl) = M1 U---u ka and IM1| > 3.
The proof is complete. O

3. Signed bipartite normal graphs

In [8], a signed graph is a graph in which every edge is labelled with
a‘+1’or a ‘—=1’. An edge (u,v) labelled with a ‘41’ (respectively, ‘—1’)
is called a positive edge (respectively, negative edge). Let G be a signed
bipartite graph. We define the positive neighborhood of a vertex z in G,
denoted Ny (z) to be the set of vertices in G adjacent to z by labelling
+1. The positive co-degree of two vertices z and y in G, denoted ¢y (x, y),
is the number of vertices in (N4 (z) NNy (y))U(N_(z)NN_(y)) and the
negative co-degree of two vertices x and y in G, denoted c_(z,y), is the
number of vertices in (N4 (z) NN_(y))U(N—-(z)NN4(y)). Recall that if
G is an unsigned bipartite graph, simply the neighborhood of a vertex x
in G, denoted N(z) to be the set of vertices in G adjacent to =, and the
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co-degree of two vertices z and y in G, denoted ¢(z,y), is the number of
vertices in N (z)NN(y). If G is a signed bipartite graph with bipartition
X={12,...,n} and X' ={1',2,...,n'}, then G determines an n x n
(0,1, —1)-matrix A = [a;;], where

1, {i,7/} with label +1,
aij = 0, {i,4'} with no label,
-1, {i,j'} with label - 1.

We call A the signed reduced adjacency matriz of G. Then we obtain
the following.

THEOREM 3.1. Let G be a connected signed bipartite graph with
partitions X = {1,2,...,n} and X' = {1,2',...,n'}. Then G is normal
if and only if for any two vertices ¢ and j of G,

C+(i7j) - C..(’I:,j) = C+(i,,jl) - c—(ilaj/)-

Proof. Let A(G) be the n x n (0,1, —1)-matrix which is obtained
by labelling each edge of G. Since G is normal if and only if A(G) is
normal, the theorem is an immediate consequence from the conditions
of normality. O

From Theorem 3.1, we see that the normality of (—1,0, 1)-matrices
was interpreted as co-degrees of graph. Now we have the following the-
orem from the normality of (—1,1).

THEOREM 3.2. Let G be a connected signed complete bipartite graph
with partitions X = {1,2,...,n} and X’ = {1',%,...,n'}. Then the
followings are equivalent for any two vertices ¢ and j of G;

(1) G is normal,
(2) C+(i7j) = C+(i/aj/)3
(3) c-(i,7) = - (', 5").

Proof. Since G be a complete bipartite graph. So we know that the
following; if we know ¢4 (7, ) then c_(¢/,5’) is determined by c (7, j')
and vice versa. From Theorem 3.1, we complete this proof. 0

In this paper, we have seen that graph representations of normal
matrices with entries are in {—1,0,1}, {—1,1} or {0,1}. We may extend
these results to general normal matrices whose corresponding graph is a
weighted bipartite graph.
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