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FUZZY (WEAK) IMPLICATIVE HYPER K-IDEALS

YoUNG BAE JUN AND EUN HwAN RoH

ABSTRACT. Fuzzy (weak) implicative hyper K-ideals are introduc-
ed, and relations among fuzzy weak implicative hyper K-ideals,
fuzzy implicative hyper K-ideals and fuzzy hyper K-ideals are dis-
cussed.

1. Introduction

The study of BC'K-algebras was initiated by K. Iséki in 1966 as a
generalization of the concept of set-theoretic difference and propositional
calculus. Since then many researches worked in this area. The hyper-
structure theory (called also multialgebras) is introduced in 1934 by F.
Marty [9] at the 8th congress of Scandinavian Mathematiciens. Around
the 40’s, several authors worked on hypergroups, especially in France
and in the United States, but also in Italy, Russia, Japan and Iran. Hy-
perstructures have many applications to several sectors of both pure and
applied sciences. Recently in (8] Y. B. Jun et al. introduced and studied
hyper BC K-algebra which is a generalization of a BC K-algebra. In [1]
and (2] R. A. Borzooei et al. constructed the hyper K-algebras, and
studied (weak) implicative hyper K-ideals in hyper K-algebras. In [7]
and [6] Jun and Shim studied the fuzzy (positive implicative) hyper K-
ideals in hyper K-algebras. In this paper, we introduce the notion of
fuzzy (weak) implicative hyper K-ideals, and investigate related prop-
erties. We give relations among fuzzy weak implicative hyper K-ideals,
fuzzy implicative hyper K-ideals, and fuzzy hyper K-ideals.
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2. Preliminaries

We include some elementary aspects of hyper K-algebras that are
necessary for this paper, and for more details we refer to [2] and [10].
Let H be a non-empty set endowed with a hyper operation “o”, that is,
o is a function from H x H to P*(H) = P(H) \ {0}. For two subsets A
and B of H, denote by Ao B theset |J aob.

acAbeB

By a hyper I-algebra we mean a non-empty set H endowed with a
hyper operation “o” and a constant 0 satisfying the following axioms:
(H1) (zez)o(yoz) <moy,

(H2) (zoy)oz=(zo2)o0y,

(H3) z < «,

(H4) z<yandy <z implyz =y

for all z,y,2z € H, where z < y is defined by 0 € z o y and for every
A,BC H, A < B is defined by Ja € A and 3b € B such that a < b. If
a hyper I-algebra (H, o,0) satisfies an additional condition:

(H5) 0< z forall x € H,

then (H,o,0) is called a hyper K-algebra (see [2]).
In a hyper [-algebra H, the following hold (see [2, Proposition 3.4]):

(al) (AoB)oC=(AoC)oB. (a2)zo(zoy)<y.

(a3) zoy<zo zoz<y. (ad) AoB<C & AoC < B.
(ab) (xoz)o(zxoy) <yoz. (a8) (Ao C)o(Bo(C)< Ao B.
(a7) Ao (Ao B) < B. (a8) A < A.

(a9) A C B implies A < B.

for all z,y,2z € H and for all nonempty subsets A, B and C of H.
A nonempty subset I of a hyper K-algebra H is called a weak hyper
K -ideal of H (see [2]) if it satisfies

I oel,
(12) Vz,y € H) (xoyCIl,yel = zel).
A nonempty subset I of a hyper K-algebra H is called a hyper K -ideal
of H (see [2]) if it satisfies (I1) and
(13) Vz,y € H) (xoy<I,yel = zel).

We now review some fuzzy logic concepts. A fuzzy set in a set X is
a function A : X — [0,1]. For a fuzzy set A in X and o € [0,1] define
U(A; ) to be the set

U(4;a) :={z € X | A(z) > a},

which is called a level set of A.
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A fuzzy set A in H is called a fuzzy weak hyper K -ideal of H (see [7])
if it satisfies

(Vz,y € H) (A(0) > A(z) > min{ag%gyﬁ(a), A(y)}).

A fuzzy set A in H is called a fuzzy hyper K-ideal of H (see [7]) if it
satisfies the following conditions:
(F1) (Vz,y € H) (z <y = A(z) > A(y)),

(F2) (Vz,y € H) (A(z) > mm{ inf A(a), A(y)})‘

aczoy

3. Fuzzy (weak) implicative hyper K-ideals

In what follows let H denote a hyper K-algebra unless otherwise
specified.

DEFINITION 3.1. [1] A nonempty subset I of H is called a weak im-
plicative hyper K-ideal of H if it satisfies (I1) and

(Vz,y,z€ H)((xoz)o(yoz)C I, z€l = z€l).

DEFINITION 3.2. A fuzzy set A in H is called a fuzzy weak implicative
hyper K -ideal of H if it satisfies

(V2,2 € ) (A(0) 2 Ale) 2 minf_ inf  Ala), A)D).

EXAMPLE 3.3. Let H = {0,a,b} be a hyper K-algebra with the

following Cayley table:

) | 0 a b

0 {oy {o} {o}

a| {a} {00} {a}

b|{a,b} {0,a} {0,a}
Define a fuzzy set A in H by A(0) = A(b) = 0.6 and A(a) = 0.3. Then
A is a fuzzy weak implicative hyper K-ideal of H.

DEFINITION 3.4. [1] A nonempty subset [ of H is called an implicative
hyper K -ideal of H if it satisfies (I1) and

(Vz,y,z€ HY((zoz)o(yox)<I, z€l = z€l).

DEFINITION 3.5. A fuzzy set A in H is called a fuzzy implicative hyper
K-ideal of H if it satisfies (F1) and

(Vz,y,z € H) (A(z) > min{ae(mig(f)(yox)ﬁ(a), fl(z)})
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EXAMPLE 3.6. Let H = {0,a,b} be a hyper K-algebra with the
following Cayley table:

o| 0 a b

01{o} {0} {0}

a|{a} {0,0} {a}

b| {6} {0,b} {0,b}
Define a fuzzy set A in H by A(0) = A(b) = 0.7 and A(a) = 0.07. Then
A is a fuzzy implicative hyper K-ideal of H. But a fuzzy set B in H
given by B(0) = B(a) = 0.5 and B(b) = 0.05 is not a fuzzy implicative
hyper K-ideal of H since b < a but B(b) # B(a).

THEOREM 3.7. Every fuzzy implicative hyper K-ideal is a fuzzy hyper
K-ideal.

Proof. Let A be a fuzzy implicative hyper K-ideal of H. Since (zo
z)o(yox) < zxoy for any z,y,z € H, 3s € (xo2z)o (yoz) and
3t € z oy such that s < t. By (F1), we have A(s) > A(t). Thus we
get inf A(a) > inf A(a). Hence we have: for all 2,y € H,

a€(zoz)o(yox) aczoy

A(z) > min{  inf A(a), A(0)} > min{  inf A(a), A(y)} >

_a€(xo0)o(yox) i a€(xol)o(yox)
min{ .ienf A(a), A(y)}. Therefore A is a fuzzy hyper K-ideal of H. [
a€zoy

The converse of Theorem 3.7 may not be true as seen in the following
example.

EXAMPLE 3.8. Let H = {0,a,b,c} be a hyper K-algebra with the
following Cayley table:

o | 0 a b c

of{or {o} {o} {0}

al{a} {0} {a} {a}

b| {6y {0} {0} {0}

¢|{c} {0,a} {c} {0,a,c}
Define a fuziy set A in H by A(0) = 0.7, A(a) = 0.2 and A(b) =
A(c) = 0.5. Then A is a fuzzy hyper K-ideal of H, but A is not a fuzzy
implicative hyper K-ideal of H. since

A(b) # min{xe(b;%;g(wb) A(zx), A(0)} = A(0).

We give a condition for a fuzzy hyper K-ideal to be a fuzzy implicative
hyper K-ideal.
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THEOREM 3.9. Let A be a fuzzy hyper K-ideal of H. If H satisfies
the following condition

(1) (Ve € H) (VB C H)(z € z o B),
then A is a fuzzy implicative hyper K-ideal of H.
Proof. Assume H satisfies the (1). Then we have
(Ve,ye HY(VCCH)(zxe C=z€Coy).
Thus
A(x)

v

inf A(a)
a€xo(yox)
inf A(b)
be(zo(yox))oz
min inf  A(b),A(z
{bE(mo(yoz))oz ( ) ( )}

min inf A(b), A(2)}.
{be(woz)o(yoa:) ( ) ( )}

(AVARRN AV4

Hence A is a fuzzy implicatiye hyper K-ideal of H. a

THEOREM 3.10. Every fuzzy implicative hyper K-ideal is a fuzzy
weak implicative hyper K-ideal.

Proof. Let A be a fuzzy implicative hyper K-ideal of H. Since 0 < z
for all x € H, it follows that A(0) > A(z) for all x € H. Thus A be a
fuzzy weak implicative hyper K-ideal of H. O

The converse of Theorem 3.10 may not be true as seen in the following
example.

ExAMPLE 3.11. In Example 3.6, B is a fuzzy weak implicative hyper
K-ideal of H.

In general, a fuzzy weak implicative hyper K-ideal may not be a fuzzy
weak hyper K-ideal as seen in the following example.

ExaMpPLE 3.12. Let H = {0,a,b} be a hyper K-algebra with the

following Cayley table:

o | 0 a b

0|{0,a,b} {0,a,b} {0,a,b}

a| {a} {0,a,0} {a,b}

b| {a,b} {0,a} {0,a,b}
Define a fuzzy set A in H by A(0) = 0.8, A(a) = 0.7 and A(b) = 0.07.
Then A is a fuzzy weak implicative hyper K-ideal of H. But A is not
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fuzzy weak hyper K-ideal of H since A(b) # min{ i{})f )A(w), Ala)} =
re(vboa )
A(a).

In general, a fuzzy weak hyper K-ideal may not be a fuzzy weak
implicative hyper K-ideal as seen in the following example.

ExAMPLE 3.13. Let H = {0,a,b} be a hyper K-algebra with the
following Cayley table:

) | 0 a b

op{o} {0} {0}

a|{a} {0,a,0} {b}

b| {6} {0,a,b} {0,a}
Define a fuzzy set A in H by A(0) = 0.8, A(a) = 0.5 and A(b) = 0.2.
Then A is fuzzy weak hyper K-ideal of H. But A is not a fuzzy weak
implicative hyper K-ideal of H since

A(b) # min{we(boi(%ﬁ(aob)ﬁ(w), A(0)} = A(a).

THEOREM 3.14. Let A be a fuzzy weak hyper K-ideal of H. Then
the following assertions are true:

(i) If H satisfies the condition (1), then A is a fuzzy weak implicative
hyper K-ideal of H. ~
(ii) If 0 € H is a right scalar element and if A is a fuzzy weak im-

plicative hyper K-ideal of H, then A(z) > iI%f )A(a) for all
acrolyor

z,y € H.

Proof. (i) It is similar to the proof of Theorem 3.9.
(ii) Let 0 € H be a right scalar element and A be a fuzzy weak
implicative hyper K-ideal of H. Then we have

A(z) >min{ inf  A(a), A(0)}

a€(zo0)o(yor)

=min{ inf A(a), A(0)}
a€zo(yox)

= inf A(a)
a€xo(yoz)

for all z,y € H. This completes the proof. I

THEOREM 3.15. If A is a fuzzy (weak) implicative hyper K-ideal of
H, then the level set

U(A;a) :={zec H|A(z) > a}

is a (weak) implicative hyper K-ideal of H when U(A;a) # 0 for o €
[0, 1}.
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Proof. Let A be a fuzzy implicative hyper K-ideal of H. Assume that
U(A;a) # 0 for a € [0,1]. Then there exists a € U(4; «) and so A(a) >
a. Since 0 < z for all x € H, it follows from (F1) that A(0) > A(z).
Thus 0 € U(4; ). Let z,y,z € H be such that (zoz)o(yox) € U(4; )
and z € U(A; ). Then A(z) > aand A(b) > aforallb € (zoz)o(yoz).

Hence inf  A(b)) > a. Thus we have
be (zoz)o(yox)

A(z) >min{ inf = A(b),A(2)} > 0.

be(woz)o(yox)
Therefore € U(A; o) and this implies that U (4; ) is a fuzzy implica-
tive hyper K-ideal of H. Clearly, if A is a fuzzy weak implicative hyper
K-ideal of H, then U(A; «) is a weak implicative hyper K-ideal of H. [J

THEOREM 3.16. Let A be a fuzzy set in H such that U(4;a), a €
[0,1], is a nonempty (weak) implicative hyper K-ideal of H. Then A is
a fuzzy (weak) implicative hyper K-ideal of H.

Proof. Let x,y € H be such that < y. Since y € U(4; A(y)), we
have x € U(A; A(y)) because U(A; A(y)) is an implicative hyper K-ideal
of H. Hence A(z) > A(y), which proves (F1). Now for every z,y,z € H,

let s =min{ inf  A(a), A(z)}. Then z € U(A4;s) and
a€(zoz)o(yox)

A(b) > inf  A(a) >s
a€(zoz)o(yox)
for all b € (zoz)o(yox). Hence b € U(4;s), i.e., (xoz)o(yox) C U(A4;s)
and thus (zoz)o(yoxz) < U(A;s) by (a9). Since U(A; s) is an implicative
hyper K-ideal of H, it follows from Definition 3.4 that = € U(A4;s).
Therefore

A(z) > s=min{ inf A(a), A(2)}.

a&(zoz)o(yox)
for all z,y,2 € H. Clearly, if A is a fuzzy set in H such that U(A4; ),
a € [0,1], is a nonempty weak implicative hyper K-ideal of H, then A
is a fuzzy weak implicative hyper K-ideal of H. O
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