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Distribution of a Sum of Weighted Noncentral
Chi-Square Variablesl)

Sunyeong Heo? and Duk-Joon Chang3

Abstract

In statistical computing, it is often for researchers to need the distribution of a
weighted sum of noncentral chi-square variables. In this case, it is very limited to
know its exact distribution. There are many works to contribute to this topic, eg.
Imhof (1961) and Solomon-Stephens (1977). Imhof’s method gives good approximation
to the true distribution, but it is not easy to apply even though we consider the
development of computer technology. Solomon-Stephens’s three moment chi-square
approximation is relatively easy and accurate to apply. However, they skipped many
details, and their simulation is limited to a weighed sum of central chi-square random
variables. This paper gives details on Solomon-Stephens’s method. We also extend
their simulation to the weighted sum of non-central chi-square distribution. We
evaluated approximated powers for homogeneous test and compared them with the true
powers. Solomon-Stephens’s method shows very good approximation for the case.

Keywords © Newton-Raphson iteration, Wald test; Homogeneous test.
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A8 24 744 4 24AFAA ("M% LNGINTV)

o 8.600E— 06
V,+ V,= | —3.636E—06 2.706E— 06
—3.081E—06 1.019E—06 2.137E—06
e
norm |AES &F| A & L éj—;i’iig L;]- _):} A4
0 0.05 0.05 0.05 0 0.05 0.05
0001 | 0.058160 | 0.058152 | 8.727E-06 | 7.481E-06 | 4.137E-06 | 4.924E-05
0002 | 0.084766 | 0.084722 | 4405E-05 | 2.593E-05 | 2.458E-05 | 2.347E-04
0004 | 0205156 | 0.205031 | 1.248E-04 | 3550E-04 | -1.804E-05 | 1.997E-03
0.006 | 0405315 | 0.404096 | 1997E-03 | 9.305E-04 | -9.030E-04 | 3.111E-03
0008 | 0634044 | 0631704 | 2.340E-03 | 9.188E-04 | -1.003E-03 | 3.123E-03
0010 | 0819217 | 0817720 | 1497E-03 | 1.553E-03 | -1.278E-03 | ~1.278E-03
0015 | 0989495 | 0.990273 | ~7.784E-04 | 5.145E-04 | -1.278E-03 0
0020 | 0999899 | 0.999941 | -4.195E-05 | 4.503E-05 | -1.375E-04 0
0.030+ 1 1 ~2.164E-11 | 3826E-11 | -1.650E-10 0
x 1) wrEol A ZAbgte kA 23
<E 32> K=4¢ 9, gt ARE 24 A 2AFH A (A4 FSPEDCT)
o 0.00009597
V,+ V,= [-0.00007682 0.00007528
—0.00001592 6.432E— 07 0.00001527
norm |48 %8| 24 B8 iAE AE - B4 AE
g7 | mean [ Az Ay
0 0.05 0.05 0.05 0 0.06 0.05
0002 | 0056251 | 0.056251 | 6.300E-06 | 9.177E-06 | 3.752E-07 | 4.732E-05
0004 | 0076809 | 0.076778 | 3.077E-05 | 7550E-05 | -1602E-05 | 7.613E-04
0006 | 0113040 | 0.113851 | 8.933E-05 | 3550E-04 | ~1.804E-05 | 3.105E-03
0008 | 0166329 | 0.166141 | 1.883E-04 | 5.258E-04 | -1499E-04 | 3.070E-03
0010 | 0230557 | 0.230162 | 3.945E-04 | 7.828E-04 | -1.102E-03 | 3.102E-03
0015 | 0415435 | 0414541 | 8939E-04 | 1.095E-03 | -1.273E-03 | 3.123E-03
0020 | 0589407 | 0588308 | 1.099E-03 | 1474E-03 | ~1268E-03 | 3.123E-03
0025 | 0729010 | 0727883 | 1.127E-03 | 1.354E-03 | -1.276E-03 | 3.122E-03
0030 | 0831393 | 0.830636 | 7.569E-04 | 1.494E-03 | -1.276E-03 | 3.123E-03
0050 | 0986769 | 0.987067 | -2.982E-04 | 4197E-04 | 4.197E-04 0
0.070% | 0.999804 | 0.999858 | -5.442E-05 | 1.167E-04 | ~4.116E-04 0
0.090%x 1 1 “2550E-07 | 6.902E-07 | -2.936E-06 0
£ 20 WBIA TAGEE FoA B wx 5 WEolA 2ARE FEA B
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<E 33> K=69 u, R8s AAAN 24} AAAT BA2A3 (8459 FM_SIZE)
.00019137
R R —.00008661 .00009771
Vi+ Vy,=|-.00003962 —8.099F—06 .00003732
—.00003689 —4.654F—06 6.828F£— 06 .00003223
—.00001715 1.023E—06 2.231EF—06 9.147FE—07.00001383
AE3 By - LA} IS
horm | S HE| 24 HE | ig‘i;g = ;*f B
0 0.05 0.05 0.05 0 0.05 0.05
0.002 0.051833 0.051832 6.047E-07 1.521E-06 5.048E-08 1.278E-05
0.004 0.057598 0.057593 5.232E-06 7.951E-06 7.539E-07 3411E-05
0.006 0.067999 0.067987 1.175E-05 1.169E-05 | -3.268E-05 | 3.862E-05
0.008 0.083856 0.083836 1.988E-05 | 4.013E-05 | -3.197E-05 | 3.915E-04
0.010 0.105670 0.105632 3.793E-05 1.419E-04 | -3.127E-05 | 1.433E-03
0.020 0.285222 0.285002 2.196E-04 | 4632E-04 | -3.862E-04 | 1.748E-03
0.030 0.504036 0.503593 4428E-04 | 6.436E-04 | -7.947E-04 | 1.742E-03
0.040 0.707341 0.706504 8.373E-04 T788E-04 | -8.014E-04 | 1.748E-03
0.060 0.947276 0.947317 | -4.053E-05 | 4.957E-04 | -8.010E-04 | 8.607E-04
0.080 0.996846 0.997113 | -2.666E-04 | 2813E-04 | -7.549E-04 0
0.100* 0.999947 0.999964 | -1.755E-05 | 2.816E-05 | -8511E-05 0
0.150%** 1 1 -3.934E-12 0 0 0
1S MBI ZAIZES TERA BE. o 97 wBolA ZAIGEE TEA B
<E 34> K=69 u), 48s AAYG A AR 20 BAEA (M58 FWRKLWCT)
.00013506
 |-.00005588 100009060
V,+ V,= |{—.00007373 —.00003351 .00011230
—-5.170F—-06 —1.120E—06 —4.000E—06 .00001058
| —6.547E—07 2.124F—-08 —7.137TE—07—1.703E—07 1.504F— 06
299 B8 - oA B8
A3 E | Al I E
norm |AE3 FE| ZA E E FEe T A 5
0.000 0.05 0.05 0.05 0 0.05 0.05
0.002 0.066330 0.066323 6.775E-06 1.360E-05 | -3.309E-05 | 3.896E-05
0.004 0.126586 0.126486 1.006E-04 3.363E-04 | -3.356E-05 | 1.746E-03
0.006 0.210041 0.209866 1.751E-04 4543E-04 | -7998E-04 | 1.696E-03
0.008 0.285243 0.285046 1.977E-04 5444E-04 | -8.019E-04 | 1.734E-03
0.010 0.346380 0.346243 1.367E-04 4.938E-04 | -8.001E-04 | 1.748E-03
0.020 0.550894 0.550765 1.286E-04 5391E-04 { -7.987E-04 | 1.749E-03
0.030 0.713423 0.713069 3.541E-04 6.122E-04 | ~7.992E-04 | 1.747E-03
0.040 0.853332 0.852681 6.515E-04 8.455E-04 | -8.009E-04 | 1.749E-03
0.060 0.985697 0.985969 | -2.721E-04 | 3.080E-04 | -7.928E-04 0
0.080 0.999720 0.999779 | -5.851E-05 | 9.352E-05 | -3.382E-04 0
0.100% 0.999999 1.000000 | -5.216E-07 | 1.059E-06 | -5.993E-06 0
0.150%* 1 1 -1.210E-16 | 5.7755E-16 | -5.440E-15 0

x 1) mEelA 2Age FaA 2y

*% 97H9’] ‘ﬂ'}‘—i;oﬂ/K’] EA}-%}\'—% -'_?-—5],;(] 3),—:_%)_
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<% 35> k=8¢ w, A& AAE 2A Y 9 EAFHA (H57: FHICOST)
Vit V,=
00012195
— 00005497 00009075
~.00003137  —.00003501 00009704
~ 00001483 2.060E—06 —.00001373 00002965

—8.991E£—-06 2.338E—06 —3.756 £—06 2.981E—07 .00001215
—9.332E-06 7.356 £—06 — .00001076 1.882F—06 1.349E—-06 .00001019
—~1.249F—06 —1260E—-06 —3.853F—06 —3.770E—06 —1.774E—06 2.526E£—079.828E£—06

A9e &5 - 24 GF
37 | ®zux | #Ha EE
0.000 0.05 0.05 0.05 0 0.05 0.05
0.002 0.052225 0.052225 4.201E-07 6.486E-07 5.681E-08 4.893E-06
0.005 0.064800 0.064791 8.679E-06 7.622E-06 1.942E-06 3.154E-05
0.010 0.119662 0.119640 2.243E-05 4130E-05 | -2552E-05 | 4.025E-04
0.020 0.375866 0.375592 2.742E-04 4119E-04 | -5557E-04 | 1.145E-03
0.030 0.670004 0.669608 3.968E-04 5193E-04 | -5.718E-04 | 1.145E-03
0.040 0.864498 0.864177 3.215E-04 6.622E-04 | -5718E-04 | 1.145E-03
0.050 0.959678 0.959720 -4246E-05 | 3.223E-04 | -5718E-04 | 5380E-04
0.060 0.992129 0.992345 -2.196E-04 | 2449E-04 | -5.719E-04 0
0.070 0.999067 0.999166 -9.868E-05 1.422E-04 -3.861E-04
0.080 0.999936 0.999952 -1611E-05 | 2669E-05 | -8.150E-05
0.090 0.999998 0.999999 ~1.115E-06 | 2.077E-06 | -6.862E-06
0.100%* 1 1 -3.483E-08 | 7.196E-08 7.196E-08

£ 1H) el BA%E FHA R

norm |A#I & | ZA HE

OO0 IO

o]2] &t Solomon-Stephens?| 334 E7}o) Al FZAME S vlzd F BEXo 2418 2
HE HAZ ¥ ofvet HAFEHY 22 fEY HdEAo ¥ Folg B AT
Al $8% Solomon-Stephens®] 3x3 &7Fe]AF AL TFAAHA TEHAHS A
stx, T4AH7A4E A Wald AR AAHE T3 HIFTHEFT7E 00] obd el

259 3 EI)AFTAIE Ol Fkel g 2AE 232 TS FAT
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