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BOUNDEDNESS OF MULTIPLE MARCINKIEWICZ
INTEGRAL OPERATORS WITH ROUGH KERNELS

Huoxiong Wu

ABSTRACT. This paper is concerned with giving some rather weak
size conditions implying the L? boundedness of the multiple Marcin-
kiewicz integrals for some fixed 1 < p < oo, which essentially im-
prove and extend some known results.

1. Introduction

Let RY (N =mor n), N > 2, be the N-dimensional Euclidean space
and SV~! be the unit sphere in RY equipped with normalized Lebesgue
measure do = do(-). For nonzero points 2 € RV, we denote 2’ = z/|z|.
For m > 2, n > 2, let 2 be homogeneous of degree zero, integrable on
Sm~1 x §7~1 and satisfy

[ o) = [ 0, m)dolas) <o
Suppose that

Py, (u Z agu! and Py, (v Z bt

be two real polynomlals on R with Py, (0) = Pn,(0) = 0.
The multiple Marcinkiewicz integral operator uq p along the
nomial curve” (Py,, Py,) is defined by

o dsdt\'/?
pa, p(f)(x1, z2) </ / |Fot(z1, T2) S—it—g) ,
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(yla yz)
I, T2) = // poo
Feal )= a|<s, <t 1YL Ey2 |1
x f(z1 — Pr, (l1])91, 22 — Prv, ([y2l)vh) dur dys

for all f € S (R™ x R™).

When Py, (u) = v and Pp,(v) = v, we denote pop by ug. Ob-
viously, the operator pqo is a natural analogy of the high-dimensional
Marcinkiewicz integral introduced by Stein [17]. It is well-known that
the Marcinkiewicz integral is an important special case of the Littlewood-
Paley-Stein functions and that it plays a key role in harmonic analysis.
Ones can consult [6, 7, 14, 15, 16, 17, 18, 23, 24], among numerous
references, for its development and applications. In particular, for the
multiple Marcinkiewicz integral operator pg, Ding [9] first showed that

if Q € L (log*L)? (§™~1 x §7~1), that is,
2
//S s 1901, v2)| (log™12(v1, ¥5)1)” dor(v1)do (y3) < oo,
™m X 77—

then ugq is bounded on L?(R™ x R™). In 2000, Chen, Ding, and Fan
[2] proved that uq is bounded on L? (1 < p < o0), provided that
Q€ LYS™ ! x "7 1)(¢ > 1). Subsequently, Chen, Fan, and Ying
[4] extended the result of [9] to any p € (1, o). In 2003, Hu, Lu, and
Yan [13] proved that if for a > 1/2, Q satisfies the following condition

sup / / QW )]
Eiesm—l’ééesn—l K m—1 XSn—l

1 1 «
x | log log ) do(y})do(yh) < oo
(oo sy ) aotihir

then pq is bounded on LP(R™ x R™) for 1+ 1/(2a) < p < 1+ 2a.

The condition (1.2) in the one-parameter case was originally defined
in Walsh’s paper [22] and developed by Grafakos and Stefanov [12] in
the study of LP-boundedness of Calderén-Zygmund singular integral op-
erator. For the sake of simplicity, we denote that for o > 0,

Go(S™ 1 x " H={Qec L}(S™ I x " 1) : Q satisfies (1.2)}.

Employing the ideas in [12], ones easily see that L(log¥L)2(S™ ! x
S 1) and Go(S™ ! x §™1) for a > 1 do not contain each other, and
Ugs1 LI(S™ 1 x S"~1) is a proper subset of Go(S™1 x §*~1) for any
a > 0, also, of L(logtL)2(S™ 1 x g7~ 1),

where

(1.2)
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The operator pq is closely related to the multiple singular integral
operator Tq introduced by Fefferman and Stein [11], which naturally
generalize Calderén-Zygmund [1] singular integral operator on one pa-
rameter, where

To(f)(z1, £2) = p.v. // ik, ) 228 (21— 1, T2 — Yo)dy1dys
rexre Y12 ™

with € satisfying the same conditions as in pg. In both T and ug,
the singularity is along the diagonal {z; = y1} and {z2 = y2}. Re-
cently, many problems in analysis have led one to consider singular
integrals with singularity along more general sets. One of the princi-
pal motivations for the study of such operators is the requirements of
several complex variables and large classes of “subelliptic” equations.
We refer the readers to Stein’s survey articles [19, 20| for more back-
ground information. In this paper, we focus our attentions on uq p,
which have singularity along sets of the form {z; = Pn,(ly1])y1} and
{z2 = Pn,(|y2)v5}. In 2001, Chen, Ding, and Fan [3] proved that if
e LI(S™1 x §"~1) (¢ > 1), then ugq p is bounded on LP(R™ x R"),
1 < p < 00, and the bound is independent of the coefficients of Py, and
Pp,. Later on, Ying [26] (resp., the author [25]) extended the result of
[3] to the case Q € L(log*L)%(S™~! x S7~1) (resp., 2 belongs to certain
block spaces).

A question that arises naturally is whether the general operator uq p
is bounded on LP(R™ x R"™) under condition (1.2) for & > 1/2. Our next
theorem will give a positive solution to this problem.

THEOREM 1. Let Q) be a homogeneous function of degree zero and
satisfy (1.1). IfQ € Go(S™ ) x S"~1) for a > 1/2, then ugq_p is bounded
on LP(R™ x R™) for 1 + 1/(2a) < p < 1+ 2a. And the bound is
independent of the coefficients of the polynomials Py, and Py;,.

REMARK 1. Theorem 1 is an essential improvement and extension
over the results in [3] and [26]. And the result of [13] is a natural
consequence of our result when Py, (u) = u and Pn,(v) = v.

In addition, the other two weaker conditions on 2 are that Q €
LlogTL(S™ ! x §" 1) and Q € Gy/2(S™! x §"~1). By the ideas of
[22], Chen, Fan and Ying [5] and Choi [8] obtained the L?(R™ x R")
boundedness of ugq, provided that Q € LlogTL(S™ 1 x S*~1). And it is
not difficult to verify that LlogTL(S™ x S*71) C Gy p(8™ ! x S*~1)
(see Proposition 1 in Section 4). In our next theorem, it will be show that
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Qe /Z(Sm_l x 8771 suffices to imply the L?(R™ x R") boundedness
of HQ -

THEOREM 2. Suppose that Q is a homogeneous function of degree
zero and satisfies (1.1). Then puq is bounded on L?(R™ x R™), provided
that ) € G1/2(Sm—1 X Sn—l)'

REMARK 2. Since for a > 1/2, Go(S™ ! x §"71) C Gl/z(Sm”l X
S™—1), which is a proper inclusion, and the method of [13] does not
work for the case 2 € G, /2(5’"”‘1 x 8™ 1), Thus Theorem 2 essen-
tially improve the corresponding result of [13] for p = 2. An interesting
problem is whether 2 € G; /2(.‘5””_1 x S"~1) also suffices to imply the L2-
boundedness of o p, moreover, the LP-boundedness of pq, p for p # 2.

This paper is organized as follows. In Section 2 we shall introduce
some notations and give some technical lemmas. The proof of Theorem
1 will be given in Section 3. Finally, we shall prove Theorem 2 in Section
4. We remark that our some ideas in the proofs of our main results are
taken from [10, 3, 13, 22], but our methods and techniques are more
delicate and complex than that of [10, 3, 13, 22].

Throughout this paper, we always use the letter C' to denote positive
constants that may vary at each occurrence but are independent of the
essential variables.

2. Main lemmas

Let us begin by introducing some notations. For given polynomials
Py, and Py,, we denote

Al A2
P>\1 (u) = Z alul, and P>\2 (’U) = Z bl’Ul,
=0 =0

where A\; € {0, 1, ..., N1} and Xy € {0, 1, ..., Nao} with ap = by = 0.
For j, k € Z and s, t € R, we denote

B;.’,’i = {(:vl, T2) ER™ X R™: 205 < |z1] < 27F1s, 2%t < || < 2k+1t}.

Let Q be as in Theorem 1. For Ay € {0, 1,..., N1} and Ay € {0, 1,...,
N3}, we define the functions U;.”,i;/\l’)‘z and |a;.7’,t€; Mgl Py letting their
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Fourier transforms be

Ast (g]_ €2 // yl? yé)
(2.1) Tk Mda (51 = 7 Bt [y |™Hye |t

s e=ilPxy (101w +rg (e ez 98] gy

o (&1, &2)| S // LLIC ¥
(2_2) Tj,k; A1, A2 = 2itkst sit |y1im 1|y2ln 1

we—ilPry Ber Y5+ P (192062 ] gy .

Then

-1 -1
(2.3)  sTUT I (x1, 22) Z Z 27tk y ]’k NN, * (@1, 22),

j=—00 k=—
and by definitions and (1.1), it is easy to see that for A\; € {0, 1, ..., N1}
and A2 € {0, 1,..., No},

5ot oy (61, €2) = B3 (61, E2) =

It is also easy to see that

hold uniformly for j, k, s, £, Ay and As.
For all positive integers A; and Ag, we define the maximal functions
by

Ast

ks A Ao L =C

~s,t
< c and H J»k )‘11)‘2

Tans (@1, 22) = sup sup [lo2f, |+ flz1,22)|
7, kez s, t>0

LEMMA 1. For each pair Ay and Ay, 03, ,, is bounded on LP(R™ xR"),
1 < p £ o0, and the bound is independent of the coefficients of Py, and
Py,.

The proof of Lemma 1 is similar to that of Proposition 2.1 in [3], we
omit the details.

LEMMA 2. Let s,t > 0, 5,k € Z and Q € Go(S™ ! x S 1) for
a > 1/2. Then for each pair A1 and \g, there exist C > 0 such that
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(i)
A;:IZ A17A2(§1’€2) - a:;:]f}, Al_ly)\2 (51752)
I N
: — B g1 (E1,62) F BT a 122 (61, 8)]
2.4)

S len{l, '21)‘18 a)\1£1| ]2k'\2t)‘2b)‘2§2|,
2% 5N ax, 125780l
(ii) if |2¥22472by, E9| > 2972 then

-~ t ~8.1
Tk ane (61:62) = T a1 (61, 62)]

2. —a
( 5) < C|2]A15/\1a)\1€1| min {1, (10g|2k)‘2t)‘2b)\2§2|) } ,

and
(26) 157 x 20 (61 €2)| < Cmin {1, (1og|22225,81) } ;

(iii) if [27M sMay €| > 29N, then

~8,t ~8,1
U;k A1, )\2(51752) ;,k )\1’)\2_1(51752”

2.7 . _
(2.7) < C|2k>‘2t’\2b>\2§2|mm{1, (log\27’\13)‘1a>‘1§1|) a},

and
(2.8) A;,i AL A2(§1’§2)| < Cmin{l, (log|2j>\13)\1a>\1§1|)_ }3

(vi) if [27%MsMay, &| > 29N and |2832¢72b), &5 > 2972, then

~8,t
]s,k A1, ,\2(§1a€2),

2.9 i - _
29) SC’min{l, (logl2™ M ar, &) (logl22t by, 1) }

Here C are independent of j, k € Z, s, t > 0, (£, &) € R™ X R™ and the
coefficients of Py, and P,.
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Proof. (2.4) follows from the following inequality

st ~s,t ~s,t
G5k ane (€1:62) = T3k a -0, (€1, €2) — Tk 3y 1 (61, €2)

~8,
+ 05k a—1, 0161, €2)]
= C// 2(y1, o)l
gm—1y gn—1
2 2 ‘
x ’ / / e_i{PM—1(2787"1)51-y{+P,\2_1(2ktr2)52.yé}
1 N1
. )\ ,
% [eﬂbkzw“k%zﬁz'ya — 1] dr1dr2‘d0(yi)d0(y§)-
To prove (2.5), we write

~8,t ~8,t
Gk aana (€15 €2) = T3k —1,0, (61, €2)

2
- ‘// Q(yll’ yé) |:/ e_iP*§(2ktm)§2~yédr2:|
Sm—1xgn-1 )

2 ) .
] G R B PA P
1

By van der Corput lemma, we have

2
; k
[ emimattrsiar,

—-1/)\2
1 <C (2% by llelies - wal)

This together with the trivial estimate

2
(2.10) / P @) v g | < 1

1

implies

2
/ e—iPAz(2ktr2)€2~yédr2
1

22y -yl 1\
<Cmin{1, {5222 :
< U min { ( |2k>\2t>\2b/\2§21
Since t/log®t is increasing in (2%, +00) for any a > 0, we can deduce
that for o > 1/2, if |2F*2¢72by,&| > 2272, then

. log® (2%%2(g} - y| 1) }
<C 1, — .
= mm{ Tog® (|2F%2 22Dy, &)

2
(2.11) / e~ P (2tra)ea vl gpy

1
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On the other hand, it is easy to see that
(2.12)

2

. ; . iAW A .

/ e~ -1 (F sty [e‘“‘*l2J LM 1] dri| < C|27MsMay, &),
1

Combing (2.10)-(2.12) with (1.2), we obtain (2.5).
Similarly, we can conclude (2.7).
It remains to prove (2.6), (2.8) and (2.9). Since

Ast Py (20 1y
Jk A1,A2 gl’ 52) //Sm Ly gn-1 y17 y2) I:/ - Xl( sT1) 1y1d7«1:|
[ / TP (Htra)e yszZ} do (yl)da (92)
1

Invoking (2.11) and the similar estimate

2 ,
/ e—z'P,\1 (2 sr1)é1-4 dry
1

log*(2°M ¢} - 4] 71)
log®(|27M sMay, &)
if 2%y &) > 2°M,

by (1.2) we can get (2.6), (2.8) and (2.9). This completes the proof of
Lemma 2. O

< C’min{l,

Now we take two radial Schwartz functions ¢1 € S(R™) and ¢o €
S(R™) such that ¢;(r) = 1for |r] < 1and ¢i(r) =0for |r| > 2 (i =1, 2).
Let ¢;(r) = ¢i(r?) (i = 1, 2) and define the measures {T; ’,i; agt DY

Tk g (61 €2)
N . No
=Gean@ &) [I e@sdas) [ e2"tbuts)

I=X1+1 I'=Xo+1

Ny Ny
=G kn—1n & &) [[ e@'aty) T @2 t'bre)
=X U'=MXo+1

N1 N2
— o1&, &) J[ er@stagr) [] w22t brés)

=141 V=X

N1 N3
+ 8 k10160 &) [[ e1@'san) ] w22t 0r&a),
=X\ =X
for j,k € Z, s,t > 0,and \y = 1,2,...,Ng, and A2 = 1, 2,..., No,
where we use the convention [];c5 4; = 1.
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st ~s,t P
o P;)e)cause U]S',k;o,,\z (&1, &) = U;vk; a0(1s &2) =0, it is easy to see that
1
N1 N2 -1 -1

sTH T Fyy(z1, 2) = Z Z Z Z 2tkr ;;: a X fT, 22).

A1=1dg=1j=—00 k=—00
And by Lemma 2, we have the following estimates for {7"\;”,2’ Adet

LEMMA 3. For \; =1,2,...,N,and A = 1,2,...,Ng, 5, t > 0,
a>1/2,
D) [Fan (61 &) < Cl27h1sMay &[22 822y, 5]

(i) if |2F2¢P2py, €] > 2972, then

ljlﬁ a1 &) < C127MsMay &)log™?(2R2t2b), 6
(iii) if |27 sMay, €] > 20M | then

'7,1: AL A2 (&1, &)| < CIQkMt)‘szz{z[log“"‘I2j>‘1.s)‘1a)\1§1|;

(vi) if[29MgMay €] > 2%M and |2M2¢h2by, 65| > 2902, then

. - —CX
|7/';(3”,§7 ALz (&, &) <C (lOgIQ”‘lsAlaM&D (longkAzt)Qb,\ngI)
Here C' are independent of the coefficients of Py, and Py,.

Proof. Write

1
H e1(2's'ay€1) and Tx(\g) = H P2(2 1 by&y).
I=X\1+1 V=X o+1
Then
Hl()\l — 1) = H1(>\1)go1(27"\13’\1a)\1§1) and
M2(Az — 1) = M2(A2) (221723, 65).
By these notations, we can write
(2.14)
Tkl &) =35k e (&1, &)1 (A)I2(A2)
A;,’/tc a—12 (€1, &) (A — DITa(A2)
A;;tc A ae—1(815 E2) T (A2 (A2 — 1)
+0],k;A1—1,A2_1(§1, &)L (A — DIz (A2 — 1).
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Thus, it is easy to see that

.t
}:r;qvk; )\1,A2 (61’ 62)]
< Iy (M) (Ag)|
st st st e
* {|<U;”“'\1"\2 =i -1~ Ogkiaua—1 T Ok, A1—1,A2—1) (38 52)'
-+ |(8Js':lt;>\1—1,)\z - 3;:12; A1_1,)‘2_1)(£1, §2) 11— (2j>\15/\1a)\1§1)|

syt ~s,t
+ ’(U;,k;)q,)\z-—l =0k n—1,00-1) (€15 52)‘ 11— (2528725, 6))

o7t am1nam1 1 €] 11— 12N M ar, E)1E - 2 (24002, 80)
Notice that
(2.15) 11— p1(2MsMay, )] < C12771sMay, &1,
and
(2.16) |1 — pa(2F2822by,£5)| < C|2M2t02by,, £,
by Lemma 2, we get (i).
Secondly,

|%7,’1:, ,\1,,\2(51, 52)‘
< \ ijltc; e T 3;,’;;,\1—1,,\2) (&, 52)‘ 1L (A1)1I2(A2)|
+ a;,’ltc; A—1. (615 §2)H1(/\1)H2(/\2)’ ll - <p1(2j’\13)‘1a>\1§1)|
| (B s = T rm1nam1) (61, €| MO0 — 1))
+ a;:lf:;)\l—l,)Q_l(gla £ (A1) (A2 — 1)’ |1 - 901(2j)‘13)‘1a)\1§1)| .
Observe that
(2.17) (M —1)=0, if [2F2h2py &) > 290
Then using Lemma 2’s (2.5) and (2.6), we obtain (ii).
Similarly, note that
(2.18) (A —1)=0, if [2PMsMgy &> 2%,
we can get (iii).
Finally, (vi) follows from (2.9), (2.17) and (2.18) with (2.14). This
completes the proof of Lemma, 3. O

Also, by Lemma 1 and the definition of 7'; ’,;‘; A g WE have

(2.19) < Clflp

p

s,t
SUp SUD |75 5, * f ‘
S KEZ 5,150
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for Ay € {1,2...,N1}, Ay € {1,2,...,N3} and p € (1, 00), and the
bounds are independent of the coefficients of the polynomials.

Applying (2.19), by the similar arguments to those used in Lemma 1
of [10], we can obtain the following lemma.

LEMMA 4. For arbitrary functions {g;},

1/2 1/2
>

2
s,t ) 12
Tiks Arhe * 9ok <Cll S lgixl
j, kGZ j’ kEZ
Po Po

for 1 < pp < o0, A1 € {1,2,...,N1} and Ay € {1, 2,...,No}, where C
is independent of the coefficients of the polynomials Py, and Py,.

3. Proof of Theorem 1

By Minkowski’s inequality, it follows from (2.13) that
Lo, p(f)(z1, 72)

1/2
2
oo oo | N1 N3 -1 -1 dsdt
—— i+k,__s,t
[ [ 2 X % 2l fanm)| 5
0 JO |y =1)=1j=—o00k=—00

N1 N2 -1 -1

. 00 poo 1/2
S5 S 5w ([T [t s e )

Ar1=1A1=2j=—00 k=—o0

IA

N1 N2 —1 -1 - . o0 , 2 dsdt 1/2
< Z Z Z Z 2‘7+ </ / Tg,’O;A1,A2 * f(xla :Eg)l ?)
A=l =2j=—oc k=—0o0 0 0
N1 N2 oo pooO ot 2 dsdt 1/2
- Z Z Too * f(@1, wz)l —
A=1x=2 WO JO §
1 1
1/2
_ LR 22 st 2 dsdt
- Z Z ZZ e * (@1, T2) v .
A1=1 A =2 1 J1 JEZ kEZ

Thus, to prove Theorem 1, it suffices to consider the LP(R™ x R")
boundedness of The operator
(3.1)

By, ae (F)(1, 22) = /12/12 Z

7. kez
for Ay € {1,2,...,N1} and Ay € {1, 2,..., Na}.

1/2

2
P
7-js,k; A ¥ f(z1, 332)~ dsdt
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For each j, k € Z and each fixed pair A; and Ao, by the definition
kidp A, 1U IS €asy to see that if either ay, = 0 or by, = 0, then

Take two radial Schwartz functions ¢; € S(R™) and ¢, € S(R™) such
that

Ho<¢i<l, i=12

(ii) sgpf(wl) C {27™ < |&| < 2M} and supp(ye) C {272 < & <
2721,

(iii) D gez (¢1(2d’\1a,\1£1))2 =1 for all & € R™\{0} and
S ez ($2(2P2b3,6))? = 1 for all & € R™\{0}.
Let 91,4(61) = ¢1(2ap,&1) and 9y,1(&2) = ¥2(22by,&,). Define the
multiplier operators \I/}i and \I!l2 by
Uif(6) = pra@)fl6)  and  UEf(&) = vau(&) (&),
and \Iltli ® \I’l2 by

(W@ WD) f) (&, &) = ¥r.a(€)¥1(&) Fl&r, &).

Then by checking the Fourier transforms, it is easy to see that for any
test function f,

flar, 22) =Y Y (W@ U)PS) (21, 22).

dezZ lez

We can write

ﬁ)\l, Aa (f)(ml, x?)

- (2l

(3.2) JEZ ke

2> (LT

dez lez

x (1P * (B_a® T )D) (@1, 22)

9 1/2
dsdt) .

To establish the LP-boundedness of [iy,, ,, we first consider the map-
ping G defined by
(3.3)

. s,t 1 2 s,t
g: {gj,k;d,z}. — 3> (T a® T (gj,k;d,l) (1, z2) :
7,k€Z; d,leZ
dlez ikez
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By the same arguments as those used in [13, pp.78-81], we easily know
that G is bounded from 19(LP(R™ xR™)(L2([1, 2] x[1, 2])(i?))) to LP(R™ x
R™)(L3([1, 2] x [1, 2])(1?)) for each fixed 1 < p < 2 and 1 < ¢ < p, that

is
2
( > / / —a® V) 5% 4 det>

1/2)|9

(3.4)
jkez d, leZ
D

< C>

dlez || \jkez

1/2]|9
2
5.,;; d’l( dsdt) ,  1<p<2,

P
and bounded from 19(L%([1, 2] x [1, 2])(ZP(R™ x R™)(I%))) to LP(R™ x
R™)(L2([1, 2] x [1, 2])(1?)) for each fixed 2 < p<ocand 1 < g < p =
p/(p—1),ie

(3.5)
9 17219
b
Z/ / Vg ® Vi) g7k, ay| dsdt
g.kez dlez
14
1/2||2 q/2
2
< CZ / / ?’z;wl dsdt , 2<p<oo.
dlez jkez
Y4

Next for each fixed pair A\; and Ag, we establish the LP(R™ x R")-
boundedness of /iy, »,. We consider the following two cases:

CAse 1. 14+1/(2a) < p < 2. By (3.4), we have that for any 1 < g < p,
Vinexe (DI

<Cc> (

dlez

1/2](9
2
J,k Mg ¥ (%5 d®\1!i_l)f)‘ dsdt) ,

p

3,k€ZL

For each fixed d, [ € Z, set
Ig1f(z1, z2)

(] kez

1/2
2
T * (F5- ®‘1’i_z)f)(w1,xz)] dsdt) .



648 Huoxiong Wu

By (2.19) and the definition of T;’,; A gr We easily see that for any func-
tions {hj,k}j,kEZa

<C

Po

sup |hjklll ,  1<pp<oo

s,t x h.
SUp - SUb 17; ka0 * ik :
] jkEZ

Jk€Z s\te(l, 2

Po

and

Tk *hik|dsat] < C |3 Ihgul
i kezZ 1 j,k€eL 1

Hence, by interpolation we get that for 1 < p < 2,
(3.6)
1/2 1/2
2
Thknde * hj,k’ dsdt <O X Ihul®

5,kEZ 7,k€Z
p p

On the other hand, by Plancherel’s theorem, we have

”IdlfHQ
=[S o Pl o)

] kEZ
J,k )\1 A2 (517 52 ‘ d€1déodsdt

= C/ / Z // 51’ &) j,’l:;)\l,)\z(fl, £2) 2d§1d§2d8dt,

1,kEZ

where E12 €1, &) € R™MxR™ : 200011 < (g £] < 2@d=3+DA1
j—d k=l = 1
(l—k—l))\z < |b £2| < 2(l—k+1))\2}'

Then by Lemma 3’s (vi), we get that ford >a+1and > a+ 1,

ITaflf <cC / / S [ [ (e senal)”

(3.7) 7,k€EZ ] d k—
(log|2k’\2t’\2b,\2§2]) d§1d§2dsdt

< C(dD)=**|£13-

Using interpolation between (3.6) and (3.7), it is easy to see that if
1 < p < 2, then there exists € € (2/(1 + 2a), 1) such that

(3.8) Hapifllp < CA)™*fllp,  dl>a+1
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Similarly, by using Lemma 3’s (i), we can get that for 1 < p < 2,
there exists a 8 > 0 such that

(3.9) 1Zaefllp < C2H°) fllp,  d 1< a1

By using Lemma 3’s (ii) and (iii), it is easy to deduce that for 1 < p < 2,
(3.10) g illp < Cd2%2%| fllp, d>a+1, I<a+1,

and

(3.11) | agill, < C2%175%||fllp, d<a+1, I>a+l,

where ¢ and 6 is the same as that in (3.8) and (3.9), respectively.
And for fixed p € (14+1/(2a), 2), we can choose 1 < g < p such that
gea > 1. Therefore, it follows from (3.8)-(3.11) that for 1 4+ 1/(20) <

p <2,
3 Mg
d,lez
< C Z Z 2q(d+l)9+ E Z 2qd0l—q5a
d<at11<a+1 d<a+11>a+1
YN s 3OS @) e
d>a+1i<a+l d>a+1>a+1
< C|Ifll5,

which implies
155, 2 (Dllp < Cllfllp,  14+1/(20) <p < 2.

CASE 2. 2 < p <1+ 2a. By (8.5), we have that, for 2 < p < co and
l<g<p =p/lp-1),

[2as, 2. (D)l7

ey | [ [ (Z

d,l€Z 3, kEZ

1/72|(2 q/2

2
s+ (Vg ©¥0)) ) s

4

For each fixed d, [ € Z, let

Ty if (1, wp) = (Z

J,k€EZ

1/2
2
T]}”g; Mg ((‘Iljl'—d ® \I’I2c—l)f) (331, 552)‘ ) .
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Then

(3.12) [Ea, 22 (HIF < (Wdz ] </ / ‘

Applying Lemma 4 and the Littlewood-Paley theory (see [21, Chapter
4]), we have
(3.13)

J3t fH dsdt>

1/2
2
”Ji’if“po <C ( 7';’1:; A ¥ (T_q® ‘I’i—l)f)‘

J,kEZ

1/2
<C (Z Q239 ‘I’%—z)f|2)
i

j k€T

Po
< Clfllpos 1 <po < oo.

Also, by Plancherel’s theorem and Lemma 3, we can get that, for s, ¢t €
1, 2],

(314) |33 fllz < C2H fla, if d<a+1, I<a+l;

(3.15) 171 fll2 < €2 £]l2, if d>a+1, [<a+1;
(3.16)  |lT3 1 fll2 < C2U7||f|2, if d<a+1, I>a+1;
(317) 171l < CdD) ™| fll2, if d>a+1, I>a+1.

And the constants C' are independent of s, ¢t € [1, 2].
Using interpolation theorem, the inequalities (3.13)-(3.17) show that,
for any 2 < p < oo and 2/(1 +2a) <v <1,

3.18)  ||IJ24fll, < €2°C@HY| 1l if d<a+41, I<a+1;
d,1J llp P

(3:19) (I3} fllp < C2* £, if d<a+1, I>a+1;

(3.20) [|T31fllp < Cd™2 £, if d>a+1, I<a+1;

(3:21) 54l < C@) ™| £l f d>a+1, L>atl,
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For each fixed p € (2, 1 + 2a), we can choose ¢ € (1,p') and v €
(2/(1 + 2ax), 1) such that qgva > 1. Then the inequalities (3.18)-(3.21)
with (3.12) imply

1220, 2. (H)llp < Clifllps 2<p<l+2a

This completes the proof of Theorem 1. O

4. A proposition and the proof of Theorem 2

Let us begin by proving the following proposition in this section.
PROPOSITION 1. LlogTL(§™1 x S*71) C Gy o(S™ 1 x S771).

Proof. Let 2 € LlogTL(S™ 1 x §"~1). Then

//S 1 gn-1 (), z5)log™ |Q(z), ab)|do () )do(zy) < oo
m—1y gn—

To prove the proposition, it suffices to show that

[ 10 )
m—1y gn—

X (log log 1
ISR SR

holds uniformly for (&7, &) € S™~1 x §771,
For any given Q € LlogTL(S™ 1 x $"~1) and (&}, &) € S™~1x 771
set

E = {(z}, 2h) € S™71 x 8" 1 |Q(af, ab)| < |€] - 27| - 2h Y2

1/2
|> do(z})do(zh) < 0o

We write

//gm ] |Q(z}, z3)] (log|£1 ‘log|€2 ! 2|)1/2da(m’1)da(a:’2)
// (=7, 29)| <log|§1 lloglfg-lle) ii;(z'l)da(mg)

1
+// Qzy, x (log —~log ) do () do(xh)
e 70 2l (e rlorg gy ) do(andolas
= 51 + I,
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At first, we estimate I.

// Q] x5) <log| llogl§21 l>1/2 do(z)do(z5)
1

<
= gl y gn1 ,f/ . 1|1/2 ’fé -x2!1/2

1/2
(logm1 T loglg, ] ) do(x})do(xh)

/2 1 1 i/2 5
= 4wy _owp— ! in™ " “6,d
Wip—2Wn—2 /0 NI (oglcost91]> sin™ " “61df,

/2 1 1 1/2 o
1 in""“6,do
% /0 |cosflg|1/2 <Og|cosﬁgj) s 2002 < 00,

where 6; denotes the angle of ¢ and z (i = 1, 2), wy—o denotes the
Lebesgue measure of S¥~1 (N =m or n).
Next we estimate I>. Noting

1 1
EREAEEREAE

|z, x5)| > max{ } for (x4, =) € ES,

we have

I2 < C// ‘Q .’El, 1'2

x (log| (=, 74)[log|x), z4))"/? do(a})do (zh)

<C |22, 25)[log™ [z}, x5)|do () )do(x)) < oo.
gm—1ygn-1

This proves Proposition 1. O
Proof of Theorem 2. By Plancherel’s theorem, we have

e ()3
oo dsdt

= IFs f(xla 1:2)'2——61331(1:1:2
R™MXR™ JO

= / / //Rmxmn‘ Fsy 51,52)‘ d§1d§2@
“hh S L 3

G 161, &) derde ™%

- (L1 fcrs,t@l,sz)l?“dt} e, &)Pdeudes,
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where

0'st §1a €2 t// ngy‘? yzZL - _Zﬂi(gl'y1+§2'y2)dy1dy2.
st J S|, wal<t [921™ 2l

Thus, to prove Theorem 2, it suffices to show that

0o foo dsdt
/ / |55,2(é1, £2)]*—— < o0
0 0 st

holds uniformly for all (§;, &) € R™ x R™.
Note that 75 (&1, &2) = 71.1(8&1, t&2), we write

/ / Filen, )P

(s, t52>|2d3‘“ / h / " it )

[]
L L LT e e

= Ji+ o+ J3+ 4

2 dsdt
t

For Ji, by the vanishing property (1.1), we have

// // (y1>y2)
<1, lya|<1 [¥2|™™ [y [m=yaln—1

x g~ 2mi(s€] 1+t yz)dy dys M

// //.//Sm 1xSn19(y1,y2){ Zmrlsélyl—l}

% [6—2mrzt§2 vy _ 1] do'(yl)da('y2)d7"1dr2‘ %
< C”QHLI(Sm-lxs"‘l)’

where C is independent of (&1, &) € R™ x R™.
To estimate Jo, for s € [0, 1] and &} € S™!, we denote

Ey={yleS™ " : |¢ it > s} x sn1

and

Ey={yi € S™: &gyl <M} xsmh
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Then
_Qm, vs)
ly1 <1, [y2(<1 ly1|™ 2 g2 lya ™zt
__21rz(s§1 y1+t€s-y2) dyl dy2 dsdt
LA ot o
Sm—1y gn~ ~1
X e —2miratéy Yy IJ drldrz do(y}) da(y2)| dift
< 2/ / / g Q yl, y2) (/ / —2msr1§1 0
1
L ~2nirst6ivi 1) drydrs ) dof yl)da(m){ o
a1 [ i // i
2
% [e—Zmrztfz vy 1] d’r‘ld’f‘z) dsdt
= 2(Ja1 + J22).
Let

1 1
A(Ell"f./ﬁla yll,yé, s’t) = [; / 6—27\'131‘161-1;’1 [e-2mrgtg2.y2 . 1] dridrs.
0

Then, for Js1, we have

T :f”/l [ [ etk

XA §1a£2’ ylay27 8, t)dg(yl)do-(yZ) det

/ / //stm yl,yz)x (1 v2)

XA(£13525 ylv y27 S, t)da(yl)da(y2) det

{//Sm 1xgn-1 1201, 12) (_/ / X (Y1s ¥2)]

AL Ebs st 5, t>|2dsdt) do () do<y2>}

|£1 y1|'
{// yl,yz (
Sm— 1><Sn—
/ [ —2mitra€h Yy 1] d’l‘z
0

2
27”57”1£x y1 dT‘

dz;it> da(yl)dd(yz)}

X
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<c{//ﬂm15nl i 1)l (1o Igllyll)l/zd(f(y;)da(yg)}

For J22, note that

1 2misri€l -y 1 v
e~ 2misry 1'y1dr1 < <_——_>
A Slfll : ylll
1
/ [e_mtm&é-yé — 1] dro
0
we have

T = {f fsm e 1904, 95|
(/ / XEz y17’!/2)|A(§17§2; ylayz, 8 t)l

dsdt 1/2 do(

2

and

< Ct,

dsdt y1>da(y2>}

C{//Sm 1xgn— 11/2 Q1 )| [(/1 XE; (Y15 yé)md8>
([ #%)] (yl)do@z)}
=¢ {/ /Sm—lxsn—l [£2xs, o)l </1<>° 31—+11/‘2d3> 1/iiff(yi)cr(y’z)}2

§ CI|Q|I%1(Sm—1XSn—1) S C

Thus J; < C.

Similarly, we can conclude that J; < C.

It remains to estimate Jy. For s, t € [1, 0o) and (£}, &) € S™1 x
S™=1 set

Dy={gy € S™ 't J& i 2 M x {gh e SV & uh| Tt > £12Y,
={yieS™ 1 gyl = s x{yhe SV (g yhl T < V2,
Dy={yy € 8™ . |&-yhI™t < sV x{yh e S"TL: | uhlTt > ¢1/2),

={res™ " g -nlTt < sV x{yp e PTG vnlT < £1/2)
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dsdt

* e / / ! ! ' ! ' / det
+ L 5 Qy1, y2)B(&1, &2, ¥1, v, 8, t)do(yy)do(yz) e

o o ' ' 7 I3 ! / / ’ 2d8dt
+ / / / / e}, o) BEL €2, Yhr vy 5, D)o (y)do ()| B2
1 1 D3 st

2
dsdt
+ / b Q(ylla yé)B(617£2,, yll,yé’ S,t)dO’(y;)dU(yé) ?}

Jaz + Jaz + Jua),

i
.
)
+»—A

1 1
B(fi,ég, y'l,ylz, s, t) = /0 /0 6_27r[sr1§1.y1+tT2€2'y2]d7‘1d7'2.

Similarly to estimating Jo; and Jo9, we easily obtain that

1 1 \"? ’
J<C// Q’,’(l,l,)d'd’
a1 < { s s 21 92) {log e log i | do(yr)do(u2)
<G
1/2 2
Jao < C{//sm—lxsn 1|Q(y1,y2)| (log i l/ t3/2dt) dU(yl)dU(yz)}
<G
1/ ' ' ’
sa<od [ [ okl (e [ ds) doi)doti)
<G
., o q o q 1/2 , , 2
el [ [ k([ s [ pmat) o)
<C.
This completes the proof of Theorem 2. O
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