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PERFECT CODES ON SOME ORDERED SETS
JEH GWON LEE

ABSTRACT. Using the concept of codes on ordered sets introduced
by Brualdi, Graves and Lawrence, we consider perfect codes on the
ordinal sum of two ordered sets, the standard ordered sets and the
disjoint sum of two chains.

In the classical coding theory all perfect codes are completely de-
scribed in terms of parameters (cf. [2, 3]). They are mathematically
interesting structures. Brualdi et al. [1] recently introduced the notion
of a code on an ordered set. In this paper we consider perfect codes on
the ordinal sum of two ordered sets, the standard ordered sets and the
disjoint sum of two chains.

A chain is an ordered set in which every two elements are comparable
and an antichain in which no fwo elements are comparable. Then we
denote by n and n denote the chain and the antichain, respectively, on
the set {1,2,...,n}. Let P and @ be two disjoint ordered sets. The
disjoint sum P + Q of P and @) is the ordered set on P U Q such that
r<yifandonlyifz,y€ Pandz<yin Porz,y€.QQand x < yin
@, and the ordinal sum P & @ of P and Q is obtained from P + @ by
adding the new relations x < y for all x € P and y € Q.

Let F, be a finite field with ¢ = p? (p a prime, d a positive integer).
For u = (u1,... ,un) € Fy, the support of u and the Hamming weight
of u are respectively given by

Supp(u) = {i : 1 <i<n,u; #0},

'wH(‘u) = |Supp(u)|.
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Brualdi et al. [1] generalized the notion of Hamming weight to that of
P-weight, where P is an ordered set on the set of coordinate positions
of vectors in F7. For such a P, the P-weight wp(u) of u € Fy is defined
to be

wp(u) = [(Supp(u))|,

where (Supp(u)) denotes the smallest ideal containing Supp(u). (Recall
a subset I of an ordered set is an idealif a € [ and b < a = b€ I.)
Now one can show that P-distance dp(u,v) = wp(u — v) is a metric on
Fy. If P is an antichain, then P-weight and P-distance are, respectively,
Hamming weight and Hamming distance of classical coding theory. If
Fy is endowed with P-distance, then a subset C of F} is called a code
on P over Fy. Let z be a vector in Fy' and r be a nonnegative integer.
The P-sphere with center x and radius r is the set

Sp(z;r) ={y € Fy : dp(z,y) <}

Then C' is called a perfect code on P over Fy provided there exists an in-
teger r such that the P-spheres of radius r with centers at the codewords
of C are pairwise disjoint and their union is Fy.

LEMMA 1. Let C be a perfect code on an ordered set over F,. Then
the number of codewords of C' is a power of q.

Proof. Cf. Lemma 34 [2]. O

First we characterize perfect codes on the ordinal sum of two ordered
sets. From now on, we use x1Zs - - - £, instead of the usual vector nota-
tion (xy,Z2,... ,%y,). So,forz =z122- - Ty € Frandy =y1y2-yn €
]Fg, we write xy = 122 - TY1Y2 - Yn € ]F;”"‘". In the following the-
orem, for x € F' and y € Fy , xy means that z has its coordinate

positions on P and y has its coordinate positions on P’.

THEOREM 1. Let P and P’ be ordered sets with |P| =m and |P'| =
n, respectively. Then every perfect code C on P & P’ over F, satisfies
one of the following:

(i) |IC| > ¢" and, for each y € Fg,{x € F* : zy € C} is a perfect
code on P of the same size. .

(ii) |C| < ¢"™ and C = {zyy : y € Cyp}, where Cy is a perfect code
on P" and y — x, is a map from Cy into F".
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Proof. Let C be a perfect code on Q = P& P’ over F,. Then |C| = ¢*
for some k£ by Lemma 1. Suppose that the Q-spheres of radius r with
centers at the codewords of C' are pairwise disjoint and their union is
]F;”"'". Now we have two cases to consider.

(i) If £ > n, then |Sg(z;7)| < ¢™ and so r < m. For any y € Fy,
there exits z € Fy* such that zy € C. For, if there is y € Fy} such that
xy ¢ C for any x € F", then dg(zy,c) > m > r for any c € C, which is
a contradiction. Now, for each y € Fp, {z € F? : zy € C} is a perfect
code on P of the same size.

(i) If & < n, then |Sg(z;r)| > ¢™ and so r > m. If z # z’ and
zy,z'y € C for z,2’ € F y € Fy, then dg(zy,z'y) < m and so r < m,
which is a contradiction. ]

COROLLARY 1. [1] Let P = n. Then C is a perfect code on P over
F, if and only if there exists an integer k with 0 > k > n such that
|C| = ¢* and the set of all vectors y_g41 - Ty such that z; ---z, € C
for some x1 -+ Ty_ € ]FZ;_’c equals to IF’;.

COROLLARY 2. [1] Let P, = 1@® n. Then, for each positive integer
m, the extended binary Hamming code with parameters [n = 2™,2™ —
m — 1,4] is a perfect code on P,_;. In addition, the extended binary
Golay code with parameters (24,12, 8] is a perfect code on P,3, and the
extended ternary Golay code with parameters [12,6, 6] is a perfect code
on P, 11-

Let P(X) be the power set of a set X with |X| = n. For a natural
number n > 3, consider the ordered set S, = ({4 € P(X) : |4| € {1,n—
1}}, €), which is usually called the n-dimensional standard ordered set.
Now we have a similar result to Theorem 1 for these important ordered
sets. Here, for z,y € Fy , zy means that z has its coordinate positions
on the minimal elements of S, and y has its coordinate positions on the
maximal elements of S,,.

THEOREM 2. For an integer n > 3, there is no perfect code C on S,
with |C| = q™. Otherwise, every perfect code C on S, satisfies one of
the following:

(i) |C| > ¢" and, for each y € Fy,{zx € F} : xy € C} is a perfect
code on the set of all minimal elements of S,, of the same size.

(i) |C| < q¢™ and C = {xyy : y € Co}, where Cy is a perfect code
on the set of all maximal elements of S,, and y — z, is a map from Cy
into IFy.
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Proof. Since |Sg, (z;7)| < ¢" for r < n and |Sg, (z;n)| = ¢" + n(g —
1)g™1, there is no Sy,-sphere of size g, whence there is no perfect code
C on S, with |C| = ¢™. Now the rest of proof is similar to that of
Theorem 1. O

Brualdi et al. [1] showed that there is no nontrivial perfect code on
a disjoint sum of two chains of the same size. This is still true for a
disjoint sum of two chains of different sizes.

THEOREM 3. For any positive integers m and n, there is no nontrivial
perfect code on m + n.

Proof. Let P = m+n withm >n > 1, where m = {1 < 2 <
-»-<m}andn= {1 <2 <--- <n'}. Suppose that C' a nontrivial
perfect code on P and that the P-spheres of radius r with centers at the
codewords of C are pairwise disjoint and their union is IE‘Z”+". Then we
have two cases to consider.

Case 1. r > m.

Let z =1 - zmzy - Zp and y = Y1+ YY1/ - Yo be any two
codewords of C. Then the vector xy -« Zm¥y1 - Ynr is contained in
Sp(z;r) N Sp(y; 1), contradicting the assumption that C is perfect.

Case 2. 7 < m.

Set I = min{r,n}. For £ = 21 -+ zpmz1 - 2 € C, let By = {y1---
Ym Y17+ Yo € Sp(w;7) ¢ Yo =2y, 1 < i < n} and B; = {y1- - ymyr
sy € Sp(xyr) 1 ye F xp,yy = x4,1 < j <1} for 1 <4 <1 Clearly,
|Bo| = ¢" and, for 1 <i <1, |B;| = (¢ — 1)¢""!. Now,

1
|Sp(z;r)| = E |Bi| =1(q — l)qr_1 +q¢" < q’"—l(l + 1)g
1=0
< qr—lql+1 — q'r+l'

Hence, |C| > ¢™™" when n < r, ie., Il = n. By the pigeon-hole prin-
ciple, there exist two distinct codewords £ = 1 - Zyx1/ - Ty and
Y = Y1 YmWY1 - Ynr such that z; = y; for m > ¢ > r. Similarly,
|C| > ¢™+t"~%" when r < n, i.e., | = n. Again, there exist two distinct
codewords £ =1 - - TpT1 * - Ty and Yy = Y1 -« YmY1/ - - - Ynr such that
z; =y; form > ¢ > r and z;7 = yy for n > ¢ > r. In both cases, the
vector x1 -+ TmY1s -+ - Yns iS contained in Sp(z;r) N Sp(y;r), which also
contradicts the assumption that C is perfect. _ g
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