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BEST APPROXIMATIONS AND ORTHOGONALITIES
IN 2k-INNER PRODUCT SPACES

SEONG S1K KiM* AND MIRCEA CRASMAREANU

ABSTRACT. In this paper, some characterizations of representa-
tion for continuous linear functionals on 2k-inner product spaces in
terms of best approximations and orthogonalities are given.

1. Introduction

Due to its applications, e.g., in optimization, the problem of best
approximation has a long history and gives rise to a lot of notions and
techniques useful in functional analysis. The usual framework of this
theory consists in Banach or Hilbert spaces because the geometry of
these spaces, via Birkhoff orthogonality or orthogonality with respect
to the inner product, yields the support for results of existence and
uniqueness for elements of best approximation. Also, the study of the
dual of these spaces offers remarkable information. For a huge part of
this theory the monograph of I. Singer [11] is a good reference.

In manifold setting, namely Riemannian spaces as the natural gener-
alization of Hilbert spaces, the problem of best approximation is treated
in M. Cragméreanu [1].

S. S. Dragomir [4], S. S. Kim, Y. J. Cho and T. D. Narang [10]
have given some characterizations of best approximation theorems for
continuous linear functionals in terms of norm derivatives for classical
framework.

Recently, M. Cragmareanu and S. S. Dragomir [2, 3] introduced the
notion of 2k-inner product as a generalization of classical inner products
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and obtained some properties e.g., uniformly convexity and Géateaux
differentiability.

In this paper, some characterizations of representation for continuous
linear functionals on 2k-inner product spaces in terms of best approxi-
mation and orthogonalities are given.

2. Preliminaries

DEFINITION 2.1. 3] Let X be a real linear space and k be a natural

number. A mapping (-,...,) : X% = X x--- x X — R satisfies the
N !
2k times
following conditions:
(1) (1z1+agza, x3,. .., T2k+1) = Q1(T1, 23, . .« , Tok1) +a2(T2, T3,
cov  Zogy1) for all a1, a0 € R,
(i) (Zo(1)--- »Toqek)) = (21,... ,T2x) for all permutation o of the

indices (1,... ,2k),
(iii) (z,...,z)>0ifx #0,
(iv) Cauchy-Buniakowski-Schwarz’s inequality (in short, CBS inequ-

ality)
2k
(@1, za) P < [ [ o mi)
=1
with equality if and only if z1,... ,zo are linearly dependent.
Then (-,...,-) is called a 2k-inner product and the pair (X, (-,...,-)) a

2k-inner product space.

For k = 1 we have the usual notion of an inner product, and for k = 2
we obtain the concept of Q-inner product from [5]-[7]. Also, it follows
that (0,z2,...,20) = 0 and (azy,. .. ,ax) = a?*(x1,... ,T2k).

ExaMPLES. (1) Let X = R™ and z; = (z},... ,2}) € R™. Then

n 2k
(-Tl,...,.TZk):Z( iE;)
=1

=1

(2) Let (2, A, 1) be a measure space consisting of a set (2, a o-algebra
A of subsets of €1, and a countably additive and positive measure y on
A with 4(Q) < co. Then on X = L?*(Q, A, p) and z; € X,1 < j < 2k,
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we have the 2k-inner product

(Z1y..- ,T2k) '/I—[:zz Ydu(t).

THEOREM 2.2. If (X, (-,...,")) is a 2k-inner product space and a
mapping || - |lak : X — R is defined by ||z|j2x = (z,...,z)'/?*, then
| - llex is a norm on X.

Proof. Using the property (iv) of Definition 1.1,

oyl =3 (2’“) (202, )

=0 i times 2k-—1 times

<Z( ol e

=0
= (llzllze + llyll2x)**,

which give the triangle inequality
Iz + yllox < @2k + lyll2e for z,y€X.
On the other hand, |z|2x > 0 for all x € X and ||z|j2r = 0 implies

x=0.
Finally, we also have

laz|l2k = |||k,

where o € R and ¢ € X. Thus, ||z{2x is a norm on X. This completes

the proof. O
CoroLLARY 2.3. If (X,(,...,-)) is a 2k-inner product space with
the norm ||z||ox = (=, ... ,2)'/?%, then the norm ||z||2 satisfies the fol-

lowing generalization of parallelogram identity:

k
2k
2k a2k —
lo+ ol + o=l =23 (o ) (e ey )

2i times 2(k—i) times
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DEFINITION 2.4. [2] A real normed linear space is said to be a 2k-
normed space if its norms is defined by a 2k-inner product.

Recall that a normed linear space (X, | - ||) is said to be uniformly
convez if given € > 0 there is a § > 0 such that ||z| < 1, {ly]| < 1, and
lz+yll >2—46, then ||z —y|| <e.

THEOREM 2.5. If X is a 2k-normed space, then X is uniformly
convex.

Proof. Let € > 0 be given. Then there is a § > 0 such that
22k: . (2 . 5)2]6 < €2k.

Let ||z|l2x < 1 and lyll2x < 1 and [z + yllak > 2 — 6. Then, by the
parallelogram identity and the CBS inequality, we have

k
2k
c+yl2E 4+ |z —yl2k =2 ( ,)(m,...,x, e )
lz +ylizx + Iz — yli2% ;:O 2k — 1) Yy hY

21 times 2(k—1) times
< 92

and so [[z—y(|28 < 2%%—||lz+y||2F < €2*. Therefore we have ||[z—yl|2k < €.
This completes the proof. |

Recall that on a normed space (X, ||||) an element z € X is said to be
Birkhoff orthogonal to an element y € X (write z L gy) if ||z + Ay| > ||=]|
for all A € R ([8]).

DEFINITION 2.6. Let (X, (-,...,-)) be a 2k-inner product space and
z,y € X. An element 2 € X is said to be 2k-orthogonal to an element
y € X (write x1logy) if (z,...,z,y) =0.

DEFINITION 2.7. Let X be a 2k-normed space and € € [0,1). An
element x € X is said to be e-CBS-orthogonal to the element y € X
(write z Lopsy(e)) if

(Y2, @) < ellelzr ™yl
for all z,y € X.
If € = 0, then z is 2k-orthogonal to y.

Let X be a 2k-inner product space. Fixed an element y in X and
consider the functional f : X — R defined by f(z) = (z,y,...,y) for
all x € X. Then f is a continuous linear functional on X and

1f (@) < Nyl lzllax
for all z € X. Also, we have | f|| < Hy||§],:_1 On the other hand, we
have {|fllllyllzc > f(y) = llyll3%. Therefore, we have ||f|| = lyll3x "
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3. Orthogonalities and best approximations

THEOREM 3.1. The norm ||-||2x of a 2k-normed space X is a Gateaux
differentiable with

tyllok — s
lim |z + tyllox = llzll2s _ (z,... ,2,9) for z#0.

=0 ¢ [ e

(x) 7(z,y)=
Proof. Let x,y € X with z # 0 and ¢ is a nonzero real number. Since

1 1 %kl 2k
“(llz + tyll2% + ||2l12F) = = E ooty ty ),
t(”fﬂ vllak vallzk) 7 . r z,ty, Y

1

=0 i times 2k—i times
we have ok ok
. +t — ||l
lim = + tyll5e — ll=ll5% = 2%(z, ... ,1,).
t—0 t
Also, since
1
< (e + tyllar — llzll2k)
1 lz + tyli3k — ll=(I3%
—_ % k—i 1)
t(llz + tyllky + lzlls) Simy e + tyllz, el
we have
lig 1%+ tyllze = l2llor _ 2k(z,...,2y) _ (2., 7,y)
tgr(l) t - 9 kL k-1 2k—1
=15, 2% lzll5%
This completes the proof. [l
LemMma 3.2, If (X,(-,...,-)) is a 2k-inner product space, then the

2k-orthogonality is equivalent with the Birkhoff orthogonality.

Proof. If x 1oy and x # 0, then since 7(z,y) = 0, zL gy. Conversely,
if z1 gy, then since 7(z,y) = 0 and a 2k-inner product space is smooth,
z1oky. This completes the proof. O

Let X be a normed linear space and ' a nondense subspace of X.
Ifz € X\G and g, € G, then an element g, is said to be the best
approzrimation element of  in G if

= goll < llz — gl
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for all g € G. The set of all elements of best approximation of z in G is

denoted by Pg(z). A proper linear subspace E of X is called proziminal

in X if, for every z € X, the set Pg(z) contains at least one element.
The following theorems is well-known ([11]):

THEOREM 3.3.. Let (X, || - ||) be a normed linear space, G a linear
subspace of X, z, € X \ G and g, € G. Then g, € Pg(z,) if and only
if (.’L‘ — go)J_BG.

THEOREM 3.4. Let X be a normed linear space and H be a hyper-
plane in X such that 0 € H. Then H is proximinal in X if and only if
there exists y € X \ {0} such that ylpH.

In [8], it is know that L gy on a normed linear space if and only if
there exists a continuous linear functional f such that

Ifl=1, flz)=l=zl and f(y)=0.

THEOREM 3.5. Let X be 2k-normed space, G a linear subspace in
X andx € X\ G. If g, € Pg(x), then there exists a continuous linear
functional f : X — R such that

(1) f(z) =z — goll2x-
(2) f(g) =0forallgeG.

@) 7l = 1.

Proof. Suppose that g, € Pg(z). Then ||z — go||2k < ||z — gl|2x for all
g € GG and there exists a continuous linear functional f, on X such that

1
Ilw—gonk’

Put f = ||z — goll2xfo. Then f satisfies the conditions (1), (2) and (3).
This completes the proof. ([

| foll = folg)=0 forallge G and f,(z)=1.

COROLLARY 3.6. Let X be a 2k-normed product, G a linear subspace
in X and z € X \ G. The following statement are equivalent:
(1) 9o € PG(CE),
(2) 7(z — g0,9) =0 for all g € G, where T is given by (x),
(3) There exists a unique continuous linear functional f : X — R
with the properties:

flz—g0) = v = goll2x, f(9) =0, f(y) <llyllor forall yeX.
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THEOREM 3.7. Let (X, (-,...,-)) be a complete 2k-inner product
space and f be a nonzero continuous linear functional on X, g, € Ker(f)
and z, € X \ Ker(f). Then the following statements are equivalent:

(1) 9o € PKer(f)(xo)-

(2) flx)= m%(w,mo — oy -+ yZo— go) for all z € X.

Proof. (1) = (2): If go € Pger(s)(2o), then (2o — go)LoxKer(f). Let
Wo = Zo — go. Then, since f(z)w, — f(wo)x € Ker(f) for all z € X we
have w, Lok (f(2)wo — f(w,)z), which implies

f(wo)

w3k

f(z)

(Z,we, ... ,wo).

for all x € X and so we have (2).
(2) = (1): Suppose that (2) holds. Then ||f|| < @l and so

1Zo—0oll2k

F(o -
7o — gollan < LE =D 0o

I1

forall g € Ker(f). Therefore g, € Pxer(s) (o), that ié,go € Pxer(s)(%o)-
This completes the proof. U

COROLLARY 3.8. Let (X, (+,...,-)) be a complete 2k-inner product
space and f be a nonzero continuous linear functional on X. Then the
following statements are equivalent:

(1) Ker(f) is proximinal in X.

(2) There exists at least one yy € X \ {0} such that f(z) = (z,yy,
.,yy) forallz e X.

(3) There exists at least one vy € X \ {0} such that |f(vs)| =

£ logllag=".

4. Representation of a continuous linear functional

Let (X, (-,...,)) be a 2k-inner product space. If Y is a non-empty
subset of X, then the set

chssf — {y c X : yJ_CBSa;(s) forall z¢€ Y}
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is called the € — CBS-orthogonal complement of Y.
The following results is given by [9]:

LEMMA 4.1. Let X be a 2k-inner product space, Y a non-empty
closed proper subspace of X and ¢ € [0,1). Then Y1¢85¢ js non-empty.

THEOREM 4.2. Let X be a complete 2k-inner product space, Y a
non-empty closed subspace of X and € € [0,1). Then we have X =
Y +Yiesse foralle € 0,1).

THEOREM 4.3. Let (X,(-,...,-)) be a complete 2k-inner product
space and f be a continuous linear functional on X. Then there exists
ys € X such that f(x) = (z,yf,...,ys) for all z € X and ||f| =

lysliae "

Proof. If f =0, then y = 0. If f # 0, then we let z, € X with
f(zo) # 0. Since the subspace Y = Ker(f) is closed in X, there is a
unique y, € Ker(f) and a unique 2, € Ker(f)+2* such that z, = yo+2,.
It results that z, ¢ Ker(f). Let A € R with

A\2k~1 _ f(xo)
 lzolIZ

and y = Az,. Since f(z)zo, — f(20)x € Ker(f) for all z € X we have
ZO—‘-Qk(f(m)ZO - f(ZO)ZL'), that is, :

(f(.’IZ)ZO - f(zo)$7 Zgy .- ,zo) =0,

which implies

f(z) = HZ(OTIO) (T, 20y - -+ 5 20) = NN, 20,... , 2,)
= (2, A%0, ... ,AZ)
=(2,9,-..,9)

for all z € X.

Now, using CBS inequality, |f(z)| < ||:1:||2k||y||2'c ! and so Nrll <

3. And letting z = ¥—, we have
1f(x)l - (” “2kaya'-- ay)

=Ty ”%(y,y,-.- ')

= llyllz% "
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Thus, we have || f|| = ||ly[|2*~*. This completes the proof. O

CoOROLLARY 4.4. Let (X, (-,...,-)) be a complete 2k-inner product
space and f be a continuous linear functional on X such that Sker(s) =
{9 € Ker(f) : |lgll2r < 1} is weakly sequentially compact in X. Then

there exists yy € X such that f(x) = (z,yy,... ,yy) for all z € X and

£l = llyge2.

THEOREM 4.5. Let X be a complete 2k-inner product space, Y a
non-empty closed subspace of X and X # Y. Then for all ¢ > 0, there
exists a continuous linear functional f. such that

[fell <1 and [|felly <e

where || fe|ly = sup{|fe(x)| : |z|lox =1 forall ze€Y}.

Proof. Let € > 1. Then the statement is trivial. Assume that ¢ €
(0,1). By Lemma 4.1, there exists a nonzero element y. € Y ¢85¢ such
that

(2, Yer - - s Ye)| < ellllor]ye | 281

for all x € X. Taking . = ye/||ye|l, we have ||zc||2x < 1. The functional
fe : X — R is defined by

1
f€(x) = (IC,IEG, Tt awE) = —m(%ye,- e ,ys)-
1ylizk

Then we have || f.|| <1 and ||f||y < e. This completes the proof. [

THEOREM 4.7. Let X be a complete 2k-inner product space, f be a
non-zero continuous linear functional on X. Then for all ¢ > 0, there
exists a non-zero element . € X such that

|f(.’L') - (:c,me, cee ’xe)l S 6”33”2153

forallz e X.

Proof. Since f is a non-zero continuous linear functional on X, the
subspace Y = Ker(f) is closed in X and ¥ # X. Let ¢ > 0 and

d(e) = ¢/ 2|I£)-
If 6(e) > 1, then by Lemma 4.1, there exists en element y, € Y +¢55(©)
such that

(x) (@, ye, -+ )l < 8(e)lyllzellyell
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for all z € X. Let 0 < §(¢) < 1. Then there exists an element y. €
Y-+eBse guch that (x*) holds. Putting we = ye/||ye||2x, we have f(z)w,—
f(we)z € Y and by (xx*)

((f(@)we = fFwez,we, ... we)| < 8(e)||f(@)we — flwe)zlarllwellZi ™
< 26() 1 f NIzl 2x

= €l|z||2x

for all z € X. On the other hand, we have

(f(@)we = fwe)a, we, . .., we)
= f@lwellz — fwe)(z, we, ... ,we)

f(z) - Hf (?ﬁ)k (@ 5er- - 150,

Putting :vfk_l': "]; (fffg): Ye, We have

: (f(x)we - f(we)m,we,... ;we) = f(CL‘) - (SL',:L'E,... amé)

and
1f(z) ~ (z,2c, ... ,2)| < €f|z|2p.

This completes the proof. O
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