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STUDY ON THE TENSOR PRODUCT SPECTRUM

DonNnGg HARK LEE

ABSTRACT. We will introduce tensor product spectrums on the ten-
sor product spaces. And we will show that o[P(Ty,Tz,...,Ty)] =
Pllo(Ty),0(T2),...,0(Tp)] = o(T1, T, ..., T).

1. Introduction

Let X1 ® Xo ® -+ ® X, denote tensor product space of the complex
Banach space X;,1 < i < n and X;®0X,®---®X,, the completion of
X10Xo®--®X,.

Let BL(X) denote the class of the bounded linear operators on the
complex Banach space X and 71 ® T, ® --- ® T,, be a tensor prod-
uct operator on X = X;@Xo® - --®X,,. Gelfand’s theorem means that
if n is an abelian Banach algebra with unit containing the elements
Ty, Ty, ..., T, and P(z1,29,...,2,) is a polynomial in n variables, then
A= (A, A2, ..., \) € o(P) = o|P(Th,Ts,...,T,)] if and only if there
exists a homomorphism h : 7 — C such that A = (A, A, ... \,) =
RIP(Ty,Ts,...,T,)], where o(P) is the spectrum of a polynomial P([8, 13]).

The spectral mapping theorem means that when A : X — X is a
bounded linear operator acting on the complex Banach space X and
§(A) denote the family of all complex-valued functions f that are an-
alytic on some open neighborhood of o(A) and when f € §(A), then

a(f(A)) ={fVIA € o(A)} = F([o(A)]) ([8, 13-16]).
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2. Main result

Let P(A1, A2, ..., Ap) be a polynomial in n variables such that P(\y, Ag,
) = AMAgeoo A, € Chor \; € C,1 < i < n. Then we obtain the
following result.

THEOREM 2.1. Let X; be a complex Banach space and X{@X,® - - -
®X,, the completion of the tensor product space X; @ Xo ® -+- ® X,
with respect to some cross norm.

Let T; € BL(X;) and if P(A1, A2, ..., \,) is a polynomial in n variables
such that P()\l,)\g,...,)\n) :)\1)\2)\71 e C fOI")\i € C,l SZSTL
Then O'[P(Tl,TQ, ce ,Tn)] = O'(T1 ®T2 & .- ®Tn)

Proof. In[2], Brown and Pearcy show that o(T1 @ To ® --- ®@ T;,) =
o(Ty)o(Ty)---0(T,), where T} ® T, ® -+ ® T,, is the tensor product
operator of 11,1y, -+, T, on X = X;®0Xy®---®X,. In [1], Martin
Schechter show that o[P(T1,Ts,...,T,)] = Plo(T1),0(1s),...,0(T,)] =
o(T)o(Ty)---o(T,).

In [4, Corollary3], B.P.Rynne show that the spectrum of the operator
T1 ®T2 (SO %) Tn on X = X1®X2®®Xn iS given by O'(Tl ®T2 X
T, = { -\, € C|\; € 0(T;),1 <@ < n}. That implies;
O'(T1®T2®®Tn):O'<T1)O'(T2)O'(Tn) ]

Let n be an abelian Banach algebra with unit, containing the elements
Ty, Ts,...,T, and let h : n — C be a homomorphism. Then we can
obtain the following result.

LEMMA 2.2. Let n be an abelian Banach algebra with unit, containing
the elements Ty, T5,...,T,. If h : n — C is a homomorphism, and
P(T1,Ts,...,T,) is a polynomial in n variables, then h[P(1Ty,T5,...,T,)]
= Plh(Th,Ts,...,T,)].

PT’OOf. Let h[P(Tl, TQ, Cen ,Tn)] = h[kl(Tl,TQ, c ,Tn) + kQ(Tl,TQ, e
T+ + ko(Ty, Ty, ..., Ty)"] for scalars ki, 1 < i < n.
Since h is a homomorphism, hlki(Ty, Ty, ..., T,) + ko(T1, Ts, ..., T)* +
k(T Ty o T = k(T3 T, . T) + koh(Th, T, . . . To)? +
oo+ by h(Th, Ts, .., T,)" = Plh(Th, Ty, ..., T,)]. This means that
h[P(TlvTQa"'7Tn)]:P[h(T17T27"' 7Tn>]' [

Let P(By, Bs, ..., By,) be a polynomial in n variables such that P(B;, B,



Study on the tensor product spectrum 3

,Bn) =B xByx---xB, = {Z: (al,ag,...,an)|ai € B;,1 <1< TL}
Let us state the following result.

THEOREM 2.3. Let X; be a complex Banach space and X;@X,® - - -

®X,, the completion of the tensor product X; ® X, ® --- ® X,, with
respect to some cross norm and let T; € BL(X;),1 <i < n.
Suppose that n is an abelian Banach algebra with unit, containing
the elements Ty, Ts,..., T, and \; = h(T;) for some homomorphism,
h for \; € C,1 < i <n. Then o[P(T1,T5,...,T,)] = P[(c(T1),0(T3),
o)) =o0(Ty, Ty, ..., T,).

Proof. By [7, Theorem 2.5], o[P(T}, T, ..., T,)] = Pl(c(11),0(Ts), ...
o(Tn))]-
Let A = (A, Aoy, ) € o[P(Th,Ts,...,T,)]. Then by Gelfand’s
theorem, there exists a homomorphism A : n — C such that A =
()\1, )\2, ce . 7)\n) - h[P(Tl, TQ, ce . 7Tn>]
Since \; = h(T;) for some homomorphism h, A = (A, Ag,..., \,) =
h[P<T17T27 s 7Tn>] S 0(T17T27 s 7Tn) ([7])
Similarly, if A = (A, Aa, ..., \y) € 0(T1,Ts, ..., Ty), then A = (A1, \g,
M) € o[P(Ty,Ts,...,T,)]. This means that o[P(Ty,Ts,...,T,)] =
o(Ty, To, ..., Th). O

The projection property of the joint spectrum is given by the relation
mlo(T1, Ty, ..., Ty)] = o(T1, Ty, ..., Tk), k < n, where 7 is the projection
of C" onto C* given by (A1, Az, ..., An) = (A1, Ag, oo, Ar).

Then we can obtain the following result from theorem 2.3.

COROLLARY 2.4. Let X; be a complex Banach space and X;@X,®
-+ ®X,, the completion of the tensor product space X1 @ Xo ® --- ® X,
with respect to some cross norm. Suppose that n is an abelian Ba-
nach algebra with unit containing the elements 1,75, ..., T, for T; €
BL(X;),1 < i < n and \; = h(T;) for some homomorphism h for
N\ € C,1 < i < n. Ifr is the projection of C" onto C¥ given by
(A, A2y ooy An) = (A1, Aoy ooy M), kB < n, then wlo(T, Ty, ..., T,)] =
O'(Tl,Tg,...,Tk>,k <n.

Proof. By Theorem 2.3, o[P(T}, T, ..., T,)] = o(T1, T3, ..., T,) holds.
Since 7 is the projection of C" onto C*, we have w[o (P (11, Ty, ..., T,))] =
o(T\, To, ..., ). k < n. 0

Let us state the following result by the spectral mapping theorem.
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THEOREM 2.5. Let H; be complex Hilbert spaces, 1 < j < n and
H=H®H® - -®@H,andletT; € BL(H;), T; =1LQL® - T, ®
Iit1 ® - ® I,, where I; is the identity operator on H;, 1 < j < n and

T=(T\,Ty,...,T,) € BL(H). N
If f is an analytic function on an open neighborhood G of o(T,H) =
O'(T) into Cn7 then O'(f(Tl, TQ, c. 7Tn)) = f(O'(Tl X T2 R R Tn: H))

Proof. Since f is any analytic function on an open neighborhood G of
o(i H) in to C", by spectral mapping theorem, o(f(fl,fg, o ,ﬁ)) =
f(o(T\,Ty,....T,)) holds. In [3], A.T. Dash and M. Schechter have
shown that o(T}, Ty, ..., Tp) = o(Ty, Hy) x o(Ty, Hy) X - -+ x o(T,,, H,).

This implies that f(o(T1,Ts, ..., T,)) = f(o(Ty, Hy) x 0(Ty, Hy) X « -+ X
o(T,, Hy)). In [6, 2.6 Corollary|, Zoia Ceausescu and F.H.Vasilescu have
shown that U(Tl,Hl) X U(TQ,HQ) X oo X O'(Tn,Hn) = O'(Tl ®T2 XX
T,,H). This means that f(o(71, H1) X 0(Ty, Hy) x --- x 0(T,,, Hy,)) =
floe(ThTh®---®T,, H)).

We obtain the desired result. O
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