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WEAK QUASI-SMOOTH o-COMPACTNESS
IN SMOOTH TOPOLOGICAL SPACES

WoN KEUN MIN AND CHUN-KEE PARK*

ABSTRACT. In this paper, we introduce the concepts of weak smooth
a-closure and weak smooth a-interior of a fuzzy set and obtain some
of their structural properties. We also introduce the concepts of
several types of weak quasi-smooth a-compactness in terms of the
concepts of weak smooth a-closure and weak smooth a-interior of
a fuzzy set and investigate some of their properties.

1. Introduction

Badard [1] introduced the concept of a smooth topological space
which is a generalization of Chang’s fuzzy topological space [2]. Many
mathematical structures in smooth topological spaces were introduced
and studied. Particularly, Gayyar, Kerre and Ramadan [5] and Demirci
[3, 4] introduced the concepts of smooth closure and smooth interior
of a fuzzy set and several types of compactness in smooth topological
spaces and obtained some of their properties. In [6] we introduced
the concepts of smooth a-closure and smooth a-interior of a fuzzy
set which are generalizations of smooth closure and smooth interior
of a fuzzy set defined in [3] and also introduced several types of a-
compactness in smooth topological spaces and obtained some of their
properties.

In this paper, we introduce the concepts of weak smooth a-closure
and weak smooth a-interior of a fuzzy set and obtain some of their
structural properties. We also introduce the concepts of several types
of weak quasi-smooth a-compactness in terms of the concepts of weak
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smooth a-closure and weak smooth a-interior of a fuzzy set and inves-
tigate some of their properties.

2. Preliminaries

Let X be a set and I = [0,1] be the unit interval of the real line.
IX will denote the set of all fuzzy sets of X. Ox and 1x will denote
the characteristic functions of ¢ and X, respectively.

A smooth topological space (s.t.s.) [7] is an ordered pair (X, 7),
where X is a non-empty set and 7 : IX — I is a mapping satisfying
the following conditions:

(01) 7(0x) =7(1x) = 1;

(02) VA, B € I*, 7(AN B) > 7(A4) AT(B);

(03) for every subfamily {A; :i € J} C IX,

T(Uies Ai) > Nieg T(As).

Then the mapping 7 : IX — I is called a smooth topology on X. The
number 7(A) is called the degree of openness of A.

A mapping 7 : IX — I is called a smooth cotopology [7] iff the
following three conditions are satisfied:

(C1) 7*(0x) =7"(1x) = 1;

(C2) VA, B € I*, 7*(AU B) > 7*(A) A 7%(B);

(C3) for every subfamily {A4; : i
Nicg T (AZ)

If 7 is a smooth topology on X, then the mapping 7* : IX — I,
defined by 7*(A) = 7(A°) where A° denotes the complement of A, is
a smooth cotopology on X. Conversely, if 7% is a smooth cotopology
on X, then the mapping 7 : IX — I, defined by 7(4) = 7%(A°), is a
smooth topology on X [7].

For the s.t.s. (X,7) and a € [0,1], the family 7, = {A € IX :
T7(A) > a} defines a Chang’s fuzzy topology (CFT) on X [2]. The
family of all closed fuzzy sets with respect to 7, is denoted by 77 and
we have 75 = {A € I* : 7%(A) > a}. For A € I and a € [0,1], the
Ta-closure (resp., T,-interior) of A, denoted by cl,(A) (resp., int,(A)),
is defined by clo(A) = {K € 75 : A C K} (resp., int,(A) = U{K €
To : K C A}).
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Demirci [3] introduced the concepts of smooth closure and smooth
interior in smooth topological spaces as follows:

Let (X,7) be a s.t.s. and A € IX. Then the 7-smooth closure
(resp., T-smooth interior) of A, denoted by A (resp., A°), is defined by
A=n{K eI* :7(K)>0,AC K} (resp., A° = U{K € I* : 7(K) >
0, K C A}).

Let (X,7) and (Y, 0) be two smooth topological spaces. A function
f: X — Y is called smooth continuous with respect to 7 and o [7]
iff 7(f~1(A)) > o(A) for every A € IY. A function f : X — Y
is called weakly smooth continuous with respect to 7 and o [7] iff
o(A) > 0 = 7(f~1(A) > 0 for every A € IY. In this paper, a
weakly smooth continuous function is called a quasi-smooth continuous
function.

A function f: X — Y is smooth continuous with respect to 7 and
o iff 7*(f71(A)) > o*(A) for every A € IY. A function f: X — Y
is weakly smooth continuous with respect to 7 and o iff 6*(A) > 0 =
7*(f71(A)) > 0 for every A € IV [7].

A function f: X — Y is called smooth open (resp., smooth closed)
with respect to 7 and o [7] if and only if 7(A) < o(f(A)) (resp.,
7*(A) < o*(f(A))) for every A € I'X.

A function f : X — Y is called smooth preserving (resp., strict
smooth preserving) with respect to 7 and o [5] if and only if o(A) >
o(B) & 7(f~1(A)) > 7(/~'(B)) (resp., o(4) > o(B) & r(f1(4)) >
7(f~Y(B))) for every A,B € IY.

If f: X — Y is a smooth preserving function (resp., a strict smooth
preserving function) with respect to 7 and o, then 0*(A) > o*(B) <
*(f~1(A)) > 7*(f~1(B)) (resp., o*(4) > o*(B) & 7*(f1(A)) >
7*(f~Y(B))) for every A, B € IV [5].

A function f : X — Y is called smooth open preserving (resp., strict
smooth open preserving) with respect to 7 and o [5] iff 7(A) > 7(B) =
o(f(4)) = o(f(B)) (resp., 7(4) > 7(B) = o(f(4)) > o(f(B)) for
every A, B € IX.

3. weak smooth a-closure and weak smooth «a-interior

In this section, we introduce the concepts of weak smooth a-closure
and weak smooth a-interior of a fuzzy set in smooth topological spaces
and investigate some of their properties.
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DEFINITION 3.1[6]. Let (X,7) be a s.t.s., a € [0,1) and A € I¥.
The 7-smooth a-closure (resp T-smooth a- 1nter10r) of A, denoted by
A, (resp., A%), is defined by A, = N{K € I* : 7*(K) > at*(A),A C
K} (resp., A2 = U{K € I : (K) > ar(A), K Q A}).

Demirci [4] defined the families W (7) = {A € I* : A = A°} and
WH(r) = {A € I : A = A}, where (X,7) is a s.t.s. Note that
AeW(r) s A e W*(r).

We define the families W, (1) = {4 € X : A= A%} and Wi(1) =
{AecIX:A=A,}, where (X,7) is as.t.s. and a € [0,1). Note that
AeW,(r) e A e Wi(T).

DEFINITION 3.2. Let (X,7) be a s.t.s., a € [0,1) and A € IX.
The weak 7-smooth a-closure (resp., weak 7-smooth a-interior) of A,
denoted by wcl, (A) (resp., wint,(A)), is defined by wel, (A) = N{K €
I* . K € Wi(r),A C K} (resp., wint,(4) = U{K € I* : K €
Wa(r), K C A}).

THEOREM 3.3. Let (X,7) be a s.t.s., « € [0,1) and A € I’X. Then
(a) A Cwely(A) CAC A,
(b) A2 C A° C winta(A) C A.

Proof. (a) Let K € I’ and A C K. Then 7*(K) > ar*(4) =
7(K) > 0 and 7*(K) > 0 = K = K,, ie., K € W*(r) by The-
orem 3.6[6]. From the definitions of A,, A and wcl,(A) we have
A Cwely(A) C AC A,.

(b) Let K € I and K C A. Then 7(K) > ar(A) = 7(K) > 0 and

T(K)>0= K = K2, ie, K € W,(r) by Theorem 3.6[6]. From the
definition of A2, A° and wint,(A) we have A2 C A° C wint,(A) C A.
0J

THEOREM 3.4. Let (X,7) be a s.t.s.,, a € [0,1) and A, B € IX.
Then

(a
(
(
(
(

) AC B = wcly(A) C wcl,(B),
b) A C B = wint,(A) C wint,(B),
c) (wcl (A))°¢ = winty(A°),

d) welo(A) = (winta(A%))°,
e) (wint,(A))¢ = wely (A°),
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(f) winto(A) = (wely (A©))C.

Proof. (a) and (b) follow directly from Definition 3.2.
(¢) From Definition 3.2 we have

(welo(A) = (N{K e I* : K ¢ WX(1),A C K})°
—U{K°: K €I’ K° € W,(7), K° C A°}
=U{U € I* : U € Wu(r),U C A%}
= wintq(A°).

(d), (e) and (f) can be easily obtained from (c).

THEOREM 3.5. Let (X,7) be a s.t.s., a € [0,1) and A, B € IX.

(a) wcla(OX) = Ox,

b) A C wely(A),

c) wely(A) = wely (wely (A)),

d) wely(A) Uwely(B) C wel, (AU B),
e) welo (AN B) Cwely,(A) Nwely (B).

Proof. (a) By Theorem 3.4[6], (0x), = Ox, i.e.,, 0x € Wi(7). From
Definition 3.2 we have wel,(0x) = Ox.

(b) follows directly from Definition 3.2.

(¢) From (b) we have wcl,(A) C wely(wely(A)). From Definition
3.2 we have

welg(wely(A)) = N{K € I* : K € WX (1), wcly(A) C K}
={KelI*:KecW:(r),n{UcI*:UecWi(r),
ACU} CK}
C{KeI*:KeWi(r),ACK}
= wcly(A).

Hence wel, (A) = wely, (wely (A)).
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(d) Since AC AU B and B C AU B, wel,(A) C wely, (AU B) and
wcly(B) C wely, (AU B) by Theorem 3.4. Hence wely(A) Uwely(B) C
wely, (AU B).

(e) Since ANB C Aand ANB C B, wclo(AN B) C wely(A
and wcly, (AN B) C wely(B) by Theorem 3.4. Hence wel, (AN B)
wely (A) Nwely (B).

~—

N

O

THEOREM 3.6. Let (X,7) be a s.t.s.,, a € [0,1) and A, B € IX.
Then

Proof. The proof is similar to the proof of Theorem 3.5.
O

THEOREM 3.7. Let (X,7) be a s.t.s., « € [0,1) and A € IX. Then
(a) 7%(A) > 0 = wcly(A) = A,
(b) 7(A) > 0 = winty(A) = A.

Proof. Let 7%(A) > 0. Then A, = A, i.e., A € W(7) by Theorem
3.6[6). Hence A € {K € I* : K € W*(1),A C K}. By Definition 3.2,
wely,(A) C A. By Theorem 3.3, A C wely(A). Hence wel,(A) = A.

(b) Let 7(A) > 0. Then A% = A, ie., A € W,(7) by Theorem
3.6[6]. Hence A € {K € IX : K € W,(7), K C A}. By Definition 3.2,
A C winty(A). By Theorem 3.3, winty(A) C A. Hence wint,(A) = A.

0J

THEOREM 3.8. Let (X,7) be a s.t.s., « € [0,1) and A € I’X. Then

(a) if there exists a § € (ar*(A),1] such that A = clg(A), then
A=wcly(A) = A= A,,

(b) if there exists a B € (at(A),1] such that A = intg(A), then
A = winty,(A) = A° = A2.
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Proof. (a) If there exists a § € (a7*(A),1] such that A = clg(A),
then A C welo(A) € A C Ay = Ngsare(a) clg(A) C clg(A) = A by
Theorem 3.8[6] and 3.3. Hence A = wel,(A) = A = A,.

(b) If there exists a § € (ar(A),1] such that A = intg(A), then
A = intg(A) - UB>ar(A) intg(A) = Ag C A° C winta(A) C A by
Theorem 3.8[6] and 3.3. Hence A = wint,(A) = A° = A9.

0J

DEFINITION 3.9. Let (X, 7) and (Y,0) be two smooth topological
spaces and let a € [0,1). A function f: X — Y is called weak smooth
a-continuous with respect to 7 and o iff A € W,(0) = f71(A) €
W (7) for every A € IY.

THEOREM 3.10. Let (X,7) and (Y,0) be two smooth topological
spaces and let o € [0,1). If a function f : X — Y is weak smooth
a-continuous with respect to T and o, then

(a) f(wela(A)) C wely(f(A)) for every A € IX,

(b) welo (f71(A)) C f Y (wely(A)) for every A € TV,

(c) f~Hwinty(A)) C wint,(f~1(A)) for every A € IY.

Proof. (a) For every A € I, we have
FHwela(f(A) = fTHNU e IV : U € Wi(0), f(A) CUY})
2 NU el fTIU) € Waln), AC fTHU)})
=n{ffU)eI*:UeI, f (U) e Wi(r),AC f~H(U)}
DN{KecI*:KecWi(r),ACK}
= wcly (A).

Hence f(wcly(A)) C wely(f(A)).
(b) For every A € IV, we have

fFHwelo(A) = fFHN{U eI’ :UecWi(o),ACUY})
D fHNU el : f7HU) e Wi(n), fH(A) € FHU)Y)
=n{fH ) eIr*:uecl¥, f~YU) e Wi(r),
eV VRl (%)
DN{K cI*: K cWi(r),f (A C K}
= welo(f71(A4)).
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(c) For every A € IV, we have
fHwinto(A)) = f7HU{U € IY : U € Wo(0),U C A})
*1(U{U€IY1f HU) € Wa(r), fTHU) € £~ ( )})
=U{f'(U)eI*:UeI", f1(U) e Wa(r),
Uy c A}
CU{K eI : K € Wo(1),K C f~'(A)}
= winto(f 1 (A)).
O
DEFINITION 3.11. Let (X, 7) and (Y, o) be two smooth topological

spaces and let o € [0,1). A function f : X — Y is called weak

smooth a-open (resp., weak smooth a-closed) with respect to 7 and o
iff Ae Wo(r) = f(A) € Wy(0o) (resp., A€ Wi(r)= f(A) € Wk(0))
for every A € IX.

THEOREM 3.12. Let (X,7) and (Y,0) be two smooth topological
spaces and let o € [0,1). If a function f : X — Y is weak smooth
a-open with respect to T and o, then f(wint,(A)) C winty(f(A)) for
every A € IX.

Proof. For every A € I, we have
f(winto(A)) = f(U{U € I* : U € W,(1),U C A})
C f(UU e I : f(U) € Walo), f(U) € f(A)})
=U{f(U) eI :U eI, f(U) e Wa(o), f(U) C f(A)}
CU{K ecI¥:KcW,(o),KC f(A)}
= wint,(f(A)).

4. Several types of weak quasi-smooth a-compactness

In this section, we introduce the concepts of several types of weak
quasi-smooth a-compactness in smooth topological spaces and investi-
gate some of their properties.
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DEFINITION 4.1. Let o € [0,1). A s.t.s. (X,7) is called weak
smooth a-compact iff every family in W, (7) covering X has a finite
subcover.

DEFINITION 4.2. Let o € [0,1). A s.t.s. (X, 7) is called weak quasi-
smooth nearly a-compact iff for every family {A; : i € J} in W, (1)
covering X, there exists a finite subset Jy of J such that

Uiegowintq (wely (4;)) = 1x.

DEFINITION 4.3. Let a € [0,1). A s.it.s. (X, 7) is called weak
quasi-smooth almost a-compact iff for every family {A4; : i € J}
in W, (1) covering X, there exists a finite subset Jy of J such that
Uiejowcla(Ai) = 1)(.

THEOREM 4.4. Let (X,7) and (Y,0) be two smooth topological
spaces, a € [0,1) and f : X — Y a surjective and weak smooth a-
continuous function with respect to T and o. If (X, 7) is weak smooth
a-compact, then so is (Y, o).

Proof. Let {A; : i € J} be a family in W, (o) covering Y, i.e.,
UieJAi = 1ly. Then Uiejfil(Ai) = fﬁl(ly) = 1x. Since f X =Y
is weak smooth a-continuous, {f~1(A;) : i € J} C W4 (7). Since (X, 1)
is weak smooth a-compact, there exists a finite subset Jy C J such
that Ujes, f1(A;) = 1x. From the surjectivity of f, we have 1y =
fx) = f(Uiesf 1 (A:) = Uies f(f71(A)) = Uieso Ai. Therefore
(Y, 0) is weak smooth a-compact.

U

THEOREM 4.5. Let o € [0,1). Then a weak smooth a-compact
s.t.s. (X, T) is weak quasi-smooth nearly a-compact.

Proof. Let (X, 7) be a weak smooth a-compact s.t.s. Then for every
family {A; : i € J} in W, (7) covering X, there exists a finite subset Jy
of J such that U;ej,A; = 1x. Since A; € W, (7) for each i € J, A; =
(A;)¢ for each ¢ € J. Hence A; = wint,(A;) for each ¢ € J by Theorem
3.3. From Theorem 3.3 and 3.4 we have wint,(A;) C wint,(wcly(A;))
for each 7 € J. Thus

I1x = Uies, Ai = Uicg,winto(A;) C Uje g wintq (wela (Az)),
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that is, Ujej,wints(wecly(A;)) = 1x. Hence (X,7) is weak quasi-
smooth nearly a-compact.
O

THEOREM 4.6. Let o € [0,1). Then a weak quasi-smooth nearly
a-compact s.t.s. (X, 7) is weak quasi-smooth almost a-compact.

Proof. Let (X, 7) be a weak quasi-smooth nearly a-compact s.t.s.
Then for every family {A4; : ¢ € J} in W, (7) covering X, there exists
a finite subset Jy of J such that U;e j,wint,(wcl,(A;)) = 1x. Since
winty(wely(A;)) € wel,(A;) for each @ € J by Theorem 3.3, 1x =
Uie s, winte (wely,(A;)) C Uiegowely(A;). Thus Use g wela(4;) = 1x.
Hence (X, 7) is weak quasi-smooth almost a-compact.

[

THEOREM 4.7. Let (X,7) and (Y,0) be two smooth topological
spaces, a € [0,1) and f : X — Y a surjective and weak smooth
a-continuous function with respect to 7 and o. If (X, 1) is weak quasi-
smooth almost a-compact, then so is (Y, o).

Proof. Let {A; : i € J} be a family in W,(o) covering Y, i.e.,
UjegA; = 1y. Then 1x = f~1(ly) = Ujesf1(A;). Since f is weak
smooth a-continuous with respect to 7 and o, f=1(4;) € Wy (r) for
each i € J. Since (X, 7) is weak quasi-smooth almost a-compact, there
exists a finite subset Jy of J such that U;e j,welo (f71(A;)) = 1x. From
the surjectivity of f we have 1y = f(1x) = f(Uses,wela (f7HA;))) =
Uie, f(welo (f71(A;))). Since f : X — Y is weak smooth a-continuous
with respect to 7 and o, from Theorem 3.10 we have wcl, (f~1(A)) C
f~Y(wely(A)) for every A € IY. Hence

ly = Uie, f(wela (f7H(Ai))) C Uies, f(f 7 (wela(A3)))
= UiEJowCloz(Ai)v

that is, U;e g, wcla(A;) = 1y. Thus (Y, 0) is weak quasi-smooth almost
a-compact.
U
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THEOREM 4.8. Let (X,7) and (Y,0) be two smooth topological
spaces, a € [0,1) and f : X — Y a surjective, weak smooth -
continuous and weak smooth a-open function with respect to T and
o. If (X, 7) is weak quasi-smooth nearly a-compact, then so is (Y, o).

Proof. Let {A; : i € J} be a family in W, (o) covering Y, i.e.,
UiesA; = 1y. Then 1x = f~1(1y) = Ujesf1(4;). Since f is weak
smooth a-continuous with respect to 7 and o, f~1(A;) € W, () for
each i € J. Since (X, 7) is weak quasi-smooth nearly a-compact, there
exists a finite subset Jy of J such that U;e s, wint,(wely, (f71(A;))) =
1x. From the surjectivity of f we have

ly = f(1x) = f(Uieswintq(wela (f 71 (A)))))
= Uie o f (winto (welo (f 71 (A1)

Since f : X — Y is weak smooth a-open with respect to 7 and o,
from Theorem 3.12 we have

flwinta(wela(f~1(4)))) © winta(f(wela(f71(4:))))

for each ¢+ € J. Since f : X — Y is weak smooth a-continuous with
respect to 7 and o, from Theorem 3.10 we have wel,(f~1(A;)) C
f~ 1 (wely(A;)) for each i € J. Hence we have

ly = Uie s, f (winto (welo (£ (4:))))
f (71 (4:))))

(
C Uiesywinto(f(f~ (wela(A;))))
(wely(Ay)).

(
C Ujegowint o (f(welq
(

= Ujej,winty

Thus U;e g, winty(wely (A;)) = 1y. Hence (Y, 0) is weak quasi-smooth
nearly a-compact.
0
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