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SEMIGROUP OF LIPSCHITZ OPERATORS
YOUNG S. LEE

ABSTRACT. Lipschitzian semigroup is a semigroup of Lipschitz op-
erators which contains C semigroup and nonlinear semigroup. In
this paper, we establish the cannonical exponential formula of Lip-
schitzian semigroup from its Lie generator and the approximation
theorem by Laplace transform approach to Lipschitzian semigroup.

1. Introduction

Let X and Y be Banach spaces over the field K, and let C' C X and
D CY. A function T : C' — D is said to be a Lipschitz operator if there
exists a constant M such that

Tz = Tyl| < M|z —y]|

for all z, y € C.
Let Lip(C, D) be the space of Lipschitz operators from C' to D and
let the Lipschitz seminorm of T' € Lip(C, D) be

Tl = sup{|[Tz = Tyll/[|lz =yl : 2,y € C, x # y}.
Then (Lip(C, D), || - ||Lip) is a seminormed linear space. If T is linear,
then ||T'||L;p is the usual operator norm of 7.
Let g € C and let Lip,,(C, D) ={T € Lip(C, D) : Txq = 0}. It was
known in [4] that Lip,,(C, D) is a Banach space.

DEFINITION 1. An operator family {T'(¢t) : t > 0} C Lip(C,C) is
called a Lipschitzian semigroup on C' if the following conditions hold.
(i) T(0) = I, the identity operator on C.
(i) T(t)T(s) =T(t+s) for t, s > 0.
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(iii) For each x € C, T'(t)x is continuous in ¢ > 0.

The Lipschitzian semigroup {7'(t) : t > 0} is said to be exponentially
bounded if there exist constants w and M > 1 such that ||T°(¢)||Ly <
Me*t for all t > 0.

Next we define a Lie generator of Lipscitzian semigroup (see [2]).

DEFINITION 2. The Lie generator of Lipschitzian semigroup {7(¢) :
t > 0} is the linear operator B : D(B) C Lip(C,K) — Lip(C, K)
consisting of all (f, g) such that f, g € Lip(C, K) and

forall z € C.

In this paper our purpose is to develop the Laplace transform ap-
proach to a Lipschitzian semigroup. We show that the Lie generator
can be represented by the Laplace transform of Lipschitzian semigroup
and Lipschitzian semigroup may be recovered from its Lie generator by
the cannonical exponential formula. The approximation of Lipschitzian
semigroups can be shown by the equicontinuity. In this paper, C is
closed and a Lipschitzian semigroup is exponentially bounded.

2. Semigroup of Lipschitz operators

First we will show that (A] — B)~! can be represented by the Laplace
transform.

LEMMA 1. Let B be the Lie generator of Lipschitzian semigroup
{T(t) : t > 0} satisfying ||T(t)||r;p < Me“* for all t > 0. Suppose
that xq is the fixed point of {T'(t) : t > 0}, that is, T(t)xo = xo for all
t > 0. Then for all A > w,

(i) (M —B)~!is a bounded linear operator on Lip,,(C, K) with ||(A —
B)| < M/(>\ W)
(i) (M — = [T e Mf(T(t)x)dt for f € Lip,,(C,K) and
T € C’.
(iii) For f € D(B) N Lip,,(C, K), limy ..o AN — B)"'f = f.
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Proof. Let A > w. Since {T'(t) : ¢ > 0} has a fixed point zy and
f € Lip,,(C, K), we can define a linear operator R(\) : Lip,,(C, K) —
Lip,,(C, K) by

(RN (@) = / TN (T ()t

0

[ eruaon - f(T(t)y))dt'
< /OOOe-w|f||up||T<t>||Mp||x—y||dt

< Mfllalle =yl [~ e t-ar
0

M| fl|Lip
= =, ||z —yl].

Hence |[R(A) f]|ip < M|[f|[Lip/(A —w) and so [|[R(A)[| < M/(A —w).
Let f € Lip,,(C,K) and x € C. Then
(R)NT()z) — (RN f) ()
_ / e F(T(s + t))ds — / e F(T(s)z)ds

0 0

= M /t T f(T(s)x)ds — / T f(T(s)x)ds

0

= (eM—1) /000 e M f(T(s)x)ds
—e)‘t/o e M f(T(s)x)ds.

Hence

li FADEO) = (RON@) _ gy ) - £()

t—0t t

for all z € C. That is, R(\)f € D(B) and (Al — B)R(\)f = f.
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Let f € D(B)N Lip,,(C, K). Since (Bf)(T'(t)z) = limy_o+ 2 (f(T(t+
$)7) — F(T(t)x)) = L f(T(t)),
BOBN@ = [ BT
< _ad
- / N F(T(t)2)dt
— / (T (1))t — £ (o)
— ABOW)(@) - f(2).

So we have R(A\)(A[—B) f = f forall f € Lip,,(C, K)ND(B). Therefore

we have

(M= B 1)(@) = (RON@) = [ e

0

for all f € Lip,,(C,K) and z € C.
Let f € D(B)NLip,,(C, K). Since \(A[—B)™'f = (A\[-B)"'Bf+,
INAM = B)7'f = flliy = (M = B)"'Bf ||y
M
< 1Bl

—w
Hence limy .o A(M — B)™1f = f. O

LEMMA 2. Let B be the Lie generator of Lipschitzian semigroup
{T(t) : t > 0} satistying ||T(t)||rip < Me*" for all t > 0. Let R(\) =

(M[—B)~! for A\ > w. Suppose that xy is the fixed point of {T'(t) : t > 0}.
Then for all f € Lip,,(C,K) and x € C

(RN (h)x) — (RN f)(2) = (ARA) = I) fu)(2),

where f, € Lip,,(C, K) is defined as f,(z) = foh f(T(t)x))dt.
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Proof. By integration by parts, we obtain

(AR — I)f)(x)
) / (T (0)2)) — fula))dt

= A/Ooo e—”(/ohf(T(Hs)x)ds—/hf(T(s)x)ds dt
- A/OOOe‘W/hth( ds—/f

- /Oooe‘“(f(T(Hh)) F (T () e
(RO)F)(T () — (RO @),

Now we can prove the cannonical exponential formula.

THEOREM 1. Let {T'(t) : t > 0} be a Lipschitzian semigroup on C
satisfying ||T(t)||Li;p, < Me*" for all t > 0 and let B be its Lie generator.
Suppose that {T'(t) : t > 0} has a fixed point xy € C and Lip,,(C, K) C
D(B). Then for all x € C' and f € Lip,,(C, K),

F(T(t)2) = lim ((1 _ %B)” f) (), >0,

n—oo

Proof. Let A > w. Then ((A\] — B)~'f)(z) is the Laplace transform
of f(T(t)z) and so we have [1, Theorem 1.5.1]

dd: (M =B)"'f)(z )Z/OOo e M(=)" f(T(t))dt.

By induction on n, we obtain

(()\[ B
/ / Atn+- +t1)f( ( 4+ tl)x)dtn - dty

_ /0 (n - 1)! FT(O)2)dt

Thus we have

(1 =By () = L (- By (e,
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By the Post-Widder inversion formula,

. L n n+1 d"
STy = T (=175 ()" e (A= B)” e )A’;
— Jm (1= 2B "))

By Lemma 1, lim,, oo (I — £ B)~1f) () = f(z) for all f € Lip,,(C, K)n
D(B). Let f € Lip,,(C,K). Since Lip,,(C,K) C D(B), there exists
{fu} in Lip,, (C, K) N D(B) such that limy_..c fy = f. So
(= 2B) f)(@) - f(2)
< (T =SBy )~ (= =B ) @)
HIT = 2B f) (@) — fula)| + (o) — F(2)]
< (I =B 1+ DI = fellull = ol
HIT = 2B (@) — fula)]
Hence we obtain lim, (I — LB)~Lf)(z) = f(z) for f € Lip,,(C, K)

and so the result follows. O

Before establishing the approximation theorem of Lipschitzian semi-

groups, we present approximation theorem of Laplace transforms given
in [5].

THEOREM 2. For each m € N, let f,, € C([O oo) X) satisfying
[fm@)]] < Me®!, m € N, t > 0, and let F,(A) = [ e f.(t)
A > w. Then the following assertions are equiva]ent

(i) {fm : m € N} is equicontinuous at each point t € [0,00) and
lim,,, o0 Frn(N) exists for A > w.

(ii) limy,—co fin(t) exists for t > 0 and the convergence is uniform on
bounded t-intervals.

THEOREM 3. Let each B,, be the Lie generator of Lipschitzian semi-
group {T,,(t) : t > 0} satisfying ||T,(t)||rip < Me** for all t > 0. Let
R,(\) = (M —B,)™" for A\ > w. Suppose that {T,,(t) : t > 0} has a fixed
point xy € C' and lim,, .o, R,(A\)f = Ro(\)f for all f € Lip,,(C, K) and
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A > w. If Lip,,(C, K) C D(B), then

lim f(T,(t)x) = f(To(t))

n—oo

for all f € Lip,,(C,K) and x € C, and the convergence is uniform on
bounded t-intervals.

Proof. Let f € Lip,,(C,K) and A > w. By Theorem 2, it is enough
to show that {f(7),(t)z)} is equicontinuous. By Lemma 2, we have for
0<s<t

[(Ro(A) S NT(t)) — (Ro(A) f
< (R )(Tu(t)) — (Bl
(Rn

(Ta(s))]
NI (b))
)

)
H (BN ) Ta(t)x) = (Bn(N) ) (Tu(s) )]
+(R (A)f)( To(s)x) = (Ro(A) f)(Tn(s)x)|
< BN = B fllLapl T (0| il 2 = ol
H[Ba(NF = Bo(A) fllan| [Tn ()] | il = o

H(ARL(N) = D) (@) — (ARa(X) — 1) f™M) ()],

where fh fo (T, (t
Note that

(AR (N) = D) (x) = (ARu(A) = 1) f™) ()]
~ /0 e ( / F(To(a+ r)2)da)dr — / FT(r))dr]

< Me||fllwille = zoll(5

A

1(t —s).
2 b))
Therefore we have

[(Ro(N) ) (Tu(t)2) — (Ro(A) f)(Tn(s))]
= M(e” + e)||a — ao| || Ra (N f = Ro(N) f]2io
A

+()\ —w + 1)HfHLipMem||$ — IEQH(t - s)

and so {(R(X\)f)(T,.(t)x)} is equicontinuous at ¢.
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Next we will show that {f(T(t)z)} is equicontinuos at t. Let f €
Lip,,(C, K) " D(B). Then
[f(Ta(t)z) = f(Tn(s)2)]
< |A(Ta@)z) — (AR(A) ) (T (t)2)]
FARA) S (Ta(t)z) — BN f(Th(s)x)]
HARA) ) (Tn(s)z) = F(Tuls))]-
Let € > 0 be given. By Lemma 1, there exists A; such that
[F(Ta(t)z) = (A Ro(M) ) (T (t))]
HO BN Tals)r) — F(T(5)2)] < 5

By the equicontinuity of { Ro(A)f(T,(t)x)}, there exists 6 > 0 such that
|Ro(N) f(Tn(t)z) — Ro(N) f(T(s)x)| < €/(2A1) for |s —t| < . Thus
(L)) ~ F(Tu(s)2)] < € for | € Lipyy(C, K) N D(B).

Since Lip,,(C, K) C D(B), {f(T.(x))} is equicontinuos at ¢ for f €
Lips, (C, K). O
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